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OUTLINE

@ QuOoT SCHEME
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QUOT SCHEME

e C smooth projective curve of genus g.
e V — C vector bundle of rank n.

Quot scheme Quoty(C, r, V) parameterizes short exact sequence

rank F = n—r,

0>E—>V-—>»F—-0 el = ol
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HYPERQUOT SCHEME

o Fix tuples of non-negative integers

r=(n,n,...,r) and d=(di,do,...,dx)

Hyperquot scheme HQuoty(C, r, V), parametrizes chains of quotient
sheaves

rank F; = n —rj,

ViR = e = I deg F; = d;

(ICTP) HYPERQUOT SCHEME SEPT 24TH 2025



HYPERQUOT SCHEME

@ Fix tuples of non-negative integers

r:(rl,rg,...,rk) and d:(dl,dz,...,dk)

Hyperquot scheme HQuoty(C,r, V), parametrizes chains of subsheaves

rank E,' =,

EE—E—- - —E <=V deg E; = deg V — d}.

(ICTP) HYPERQUOT SCHEME SEPT 24TH 2025



COHOMOLOGY CLASSES

Consider the universal sequence,
0—=& ==& —meV—>Fr—»- = Fr—0,

on HQuoty x C where w¢ denote the projection map to C.
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COHOMOLOGY CLASSES

Consider the universal sequence,
0—=& ==& —meV—>Fr—»- = Fr—0,
on HQuoty x C where w¢ denote the projection map to C.

Fix p € C, and denote rank r; vector bundles

=& forall 1 <j < k.
HQuoty x{p}

jlp
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COHOMOLOGY CLASSES

Consider the universal sequence,
0—=& ==& —meV—>Fr—»- = Fr—0,
on HQuoty x C where w¢ denote the projection map to C.

Fix p € C, and denote rank r; vector bundles

Eilp=§&j forall 1 <j < k.
HQuoty x{p}
Goal: Find top degree intersection numbers of Chern classes of &, J
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INTERSECTION NUMBERS

Denote the Chern classes

ajj = C,'(gj\‘/p) € H2i(HQuotd,Z).
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INTERSECTION NUMBERS

Denote the Chern classes

ajj = c,-(SXP) e H2i(HQuotd,Z).

We denote a tuple of natural numbers

1<j<k,

_ - ) _ m j
m—{m,JEN. 1<i<rn } and Rm_HHai’j
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INTERSECTION NUMBERS

Denote the Chern classes

ajj = c(&;

/,) € H'(HQuotg, Z).

We denote a tuple of natural numbers

1<j<k

) = = Ry _ mj ;
m:{m;JEN. 1<i<r, } and Rm_HHai’jJ

Let 9 = (g1, g2, - - -, gk) are formal variables. We define

B (a1 g2 oK) = Y ai'as? - / IR
=] [HQuot]
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OUTLINE

© SYSTEM OF EQUATIONS
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Equations

Zy z; r5) 23
Z11 Z12 0

Z22 0

0

0
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Zy V4l V4] z3
Zm—=7p 0

722 0

0

0

(ICTP)

HYPERQUO

Equations

a1 = (211 - 212)(211 - 222)

q2(z12 — z11) = 7,
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HYPERQUOT SCHEME

Equations

a1 = (211 - 212)(211 - 222)
q2(z12 — z11) = 7,

Q2(222 - 211) = Z§2
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Zy Z] Z) Z3
Z11 Z12 0
221 Z22 0
Z31 Z32 0

(ICTP)

Equations

q1 = (z11 — 212) (211 — 222) (211 — 232)

q1 = (221 — z12) (221 — 222)(221 — 232)

a1 = (231 - 212)(231 - 222)(231 - 232)
(—@)(z12 — 211) (212 — 221) (212 — 231) = 71
(—q2) (222 — 211) (222 — 221) (222 — 231) = 23,

(—CIQ)(Z32 - 211)(232 - Z21)(Z32 - Z31) = 2332
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SYSTEM OF EQUATIONS

Consider k tuples of variables z1,25 ...,z where

@ZZO Z] Z) Zy Zky1 =Q0eCn
211 Z11 e e Z11 0
Zn,1 :
Zn 2 :
Zr2,2
0
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SYSTEM OF EQUATIONS

Consider k tuples of variables z1,25 ...,z where

=20 z1 2zZo - - Zx Zky1 =0ecC"

Z11 Z11 e e 211 0

zri,l

zr2,2

Zr2,2

Pi(zs) = (-1)7"q; ] Gi—a)+ [] (@—).

CXGZj,l O(EZj+1
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NON-DEGENERATE SOLUTIONS

Let (g1, 9o2,-..,qk) be a k-tuple of non-zero complex numbers. Solve
coupled system of equations

Pi(zij) =0 foreach 1 <j < k,andl <i<rj.
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NON-DEGENERATE SOLUTIONS

Let (g1, 9o2,-..,qk) be a k-tuple of non-zero complex numbers. Solve
coupled system of equations

Pi(zij) =0 foreach 1 <j < k,andl <i<rj.

We say that a solution (21,25 . ..,2k) is non-degenerate if
Z1j
zj = has distinct elements for all j.
Z, j
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NUMBER OF SOLUTION

PROPOSITION (ONTANI-S—-XU 25)

For a generic choice of q = (q1, . .., qx) € (C*)¥, we have the expected
number of non-degenerate solutions

k |
H lj+1°

r 1—[‘
j=0 J+ J
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OUTLINE

@ REsuLTS

HYPERQUC IME SEPT 24T



MAIN THEOREM

THEOREM (ONTANI-S—-XU 25)

Let deg V = 0.

ng(q17q2a'--aqk Z HHe,(z )i - JE N (zy, . 2)

Z1,..,Zk j=1i=1
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MAIN THEOREM

THEOREM (ONTANI-S—-XU 25)

Let deg V = 0.

ng(q1>q2a-~-7qk Z HHG,(Z m'J J&- 1(21,..., k)

Zk j=1i=1

e Sum is taken over non-degenerate solutions (z1, ... ,zk),
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MAIN THEOREM

THEOREM (ONTANI-S—-XU 25)

Let deg V = 0.

ng(q17q2a'--aqk Z HHe,(z )i - JE N (zy, . 2)

Z1,..,Zk j=1i=1

e Sum is taken over non-degenerate solutions (z1, ... ,zk),
e and .
(i
J(z1,...,2x) = det (%) H A(z)
Zj1 jr .
1<j<k

Here A(X1, ..., Xm) = H#b(Xa — Xb)
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VAFA-INTRILIGATOR FORMULA

When r = (r) and V = 02",
HQuoty = Quot, .

We recover VI formula, proved by Bertram '94, Seibert-Tian '94, and
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VAFA-INTRILIGATOR FORMULA

When r = (r) and V = 02",
HQuoty = Quot, .

We recover VI formula, proved by Bertram '94, Seibert-Tian '94, and

THEOREM (MARIAN-OPREA 05)

Let my+2my+---+rm,=nd+r(n—r)(1—g). Then

[ T = o S T a(@m #7)
[Quoty]vir ;5;

¢ i=1

where the sum is over all tuples ¢ = ((1,...,(,) of distinct nth roots of

unity, and
JQO=TInct* TI -6
i=1

1<iAj<r
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PUNCTUAL HYPERQUOT SCHEME

The punctual hyperquot scheme HQuotq4(C, V) parameterizes successive
quotients of zero dimension suppport of V, that is,

r=(nn,...,n) and d=(di,ds,...,dk).
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PUNCTUAL HYPERQUOT SCHEME

The punctual hyperquot scheme HQuotq4(C, V) parameterizes successive
quotients of zero dimension suppport of V, that is,

r=(nn,...,n) and d=(di,ds,...,dk).

e Poincare polynpmial (Chen '01)
e Motivic invariants (Monavari-Ricolfi '22)

@ Derived category of punctual quot scheme (Marian-Negut '24)
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SEGRE INTEGRALS

COROLLARY (ONTANI-S—XU 25)

Z /HQuotd]HSt' (Eip) = H f’ozi’

I

where s, (E;|,) are Segre series and

o =qq2 - qi(1+ qi+1 + gjr1gj+2 + - + gir1git2 - Gi)-
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SEGRE INTEGRALS

COROLLARY (ONTANI-S—XU 25)

Z /HQuotd]HSt' (Eip) = H f’ozi’

I

where s, (E;|,) are Segre series and

o =qq2 - qi(1+ qi+1 + gjr1gj+2 + - + gir1git2 - Gi)-

For any vector bundle £ — Y, we denote
st(E) = 14 tsy(E) + t?s2(E) + t3s3(E) + - -

where s;(E) is the j-th Segre class.
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r=(1,2) AND n=3

Let g = g — 1. The expected dimension
2(d1 + dg) —38.
Fix non-negative integers ¢, m1, my such that

_€+m1+2m2+3§

d:
2

COROLLARY (ONTANI-S-XU 25)

d—g—m g+j d—g—j
BZJ“ — 68 E g+J &

This formula also shows the positivity of the above numbers.
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r=(1,2) AND n=14

PROPOSITION (ONTANI-S-XU 25’)
Let v = (1,2) and V has rank 4 and degree zero. Then

Bﬁr’,rrn,v(% @)= <W(W—_52)>£5mlwm2 ((352 —Aw)(s? + 2W)>g—1

2_
e 92 q2(s* — 4w)

where w and s runs over the roots

wh = qlqg and s> —2ws+ g =0.
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SKETCH OF PROOF
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Genus g 2249795 Jiquoty]ir L
1 6
2 0
3 0
4 0
5 2°-3°¢7q3
6 0
7 2"-3"(a}q3 + 91 93)
8 0
9 219319848
10 0
11 211 .31 . 5(q8ql + qf )
12 0
13 213.313(q1%¢8 + 209743 + ¢¥q3°)
14 0
15 2.3 7(a1' 2 + 1" ;")
16 0
17 218.3(4q7 +35q102 + 4 93) a1 g3*
18 0
19 |23 (qf +83q102 + G3) (1 + 2) G1° 03"

(ICTP) HYPERQUOT SCHEME SEPT 24TH 2025



OUTLINE

@ VIRTUAL CLASSES
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VIRTUAL FUNDAMENTAL CLASS

Perfect obstruction theory and virtual cycles (Behrend—Fentachi'97,
Li-Tian'98)

Quot schemes admit a perfect obstruction theory (Marian—Oprea 05').

Perfect obstruction theory for relative Quot scheme (Gillam 11')
Perfect obstruction theory for HQuotq4(C,r, V):

When V = 02" (Ciocan-Fontanine-Kim—Maulik 14')

General V (Monavari—Ricolfi 24")
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OBSTRUCTION THEORY

Recall the universal subsheaves on HQuoty x C,

0=& =& > eV = i,

The obstruction complex of HQuoty4(C,r, V) is given by

\

k k
E = Cone @?{Omﬁ(c‘:i,g,’) = @%mﬂ(gf,gf+1) 9

i=1 i=1

Here Hom, the composition of Rm, and Hom in the derived categories.
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Z9 Z] Z3 Z3 Z4
Z11 Z12 713 0

Z22 223 0

733 0

0

(ICTP)

Equations

a1 = (211 - 212)(211 - 222)

Q2(212 - Z11) = (212 - 213)(212 - Z23)(Zl2 - 233)

CI2(222 - 211) = (222 - Z13)(222 - 223)(222 - 233)

93(213 — 212) (213 — 222) = 23
93(223 — 212) (223 — 222) = 233

q3(233 - 212)(233 - 222) = Z§13
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CONSEQUENCE

Choose ¢ < k.
l
[To Yo | St [ RelE 08,
el dezk Houotd]wr dezk [HQuotg]vir

Let z, denote the Chern roots Ez‘p

e(&)lp ® Eryalp) = H II Gie—o)

i=1a€zpyq
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COMPATIBILITY

PROPOSITION (ONTANI-S—-XU 25)

Fix p € C and 6y = (r1,...,r:,0,...,0),

1«[HQuoty(C,r, V)]'" = e(8l>|/p ® Erg1pp) N [HQuotq5,(C,, V)]V,

Consider
¢ : HQuoty(C,r, V) — HQuotgy;,(C,r, V)

by taking [E; < - -+ — Ex < V] to the composition

Eix(=p) = - = E(-p) = Epp1 = - > Ec = V.
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OUTLINE

© COUNTING MAPS
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MAPS TO GRASSMANNIANS

Quot scheme Quoty(C, r, O2") compactifies Mory(C, Gr(r, n))

Scv

o (Bertram, B-D-W '94): Counting maps using Quot scheme

@ (Marian-Oprea '05): Virtual intersection theory and recovered
Vafa-Intriligator formula

e (Marian-Oprea '09) Relation with Verlinde numbers on moduli of
stable bundles.
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MAPS TO GRASSMANNIAN

The cohomology ring H*(Gzr(r, n),Z) is generated by

{a,- =c(S): 1<i<r }, o;i =[Yi] Special Schubert cycle
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MAPS TO GRASSMANNIAN

The cohomology ring H*(Gzr(r, n),Z) is generated by

{a,- =c(S): 1<i<r }, o;i =[Yi] Special Schubert cycle

THEOREM (BERTRAM 94)

When d >> 0 compared to g, r and n, then VI formula is enumerative:
Fix distinct points p1, p2,...,pt € C, and special Schubert varieties in
general position Y;, Y, ..., Yi, then

1) 1

/ ﬁa'—{f'C—>Gr(r n): degf =d. }
[Quotg] .1 . . T f(Ps)EY,'S Vi<s<t
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FLAG VARIETY

Fix0<r1<r2<---<rk<n,

Fl(r,n)={Wi Cc Wh C--- C Wi C C":rankW; = r;}

Consider the universal subsheaves on Fl(r, n):

0—)51—>52—)---—)5k—)0§1’(7rn).

The cohomology ring H*(F1(r, n),Z) is generated by

< j <
{a;j =@l i EJ/ p Z’ } oj = [Yjj] Special Schubert cycle

v
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Are virtual integrals over hyperquot scheme enumerative? J

Difficulties:
o Multiple degrees di, do, ..., dx, that is

Ho(FI(r, n), Z) = 7
@ Lack of irreducibility results and lack of criterion when

[HQUOtd]Vir = [HQUOtd]
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GENUS ZERO

When C =P, HQuotq(P*,r, O5") is smooth and irreducible
e Quantum cohomology of Fl(r, n) (Ciocan-Fontanine 99', Chen 03')
o Enumerativity over P! (Kim 95)
e Multiple insertions and degenerations (Siebert-Tian 97)
@ Genus zero residue formula (Gu—Kalashnikov 24")

@ Residue formula using quasimaps (R.Ontani 25")
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RESULT

THEOREM (ONTANI-S-XU 25’)

When di >> dp, >> --- >> dy >> 0, the following virtual integral over

hyperquot scheme is enumerative: Fix distinct points p1,p2,...,p: € C,
and special Schubert varieties Y i, Yi, j», ... Yi,j. in general position such
that

Is < lj41 — lj,—1
then

t

degf:(dl,dg,...,dk); }
ai.j.=9f:C—=Flr,n):
/[HQuOtd]"ir s:]:E / { (r.) f(ps) € Yi,j, V1<s<t

v
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IRREDUCIBILITY

THEOREM (B-DASKAPOULOS-WENTWORTH 96, POPA-ROTH 03’)

The Quot scheme is irreducible of expected dimension when d >> 0 for
fixed g, r,n.

The hyperquot scheme HQuoty is irreducible of expected dimension when

di >>do>> - >>d >>0, forfixed g,r, n.

THEOREM (RASUL-SEBASTIAN 24)
Forr = (r1, ) and d = (di, d2), shows irreducibility of HQuotyq when

0 << di << db.
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Thank you!
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