
Algebraic Geometry

Homework 5
Due Date: 30/04/2026

Instructions: Please show all your work clearly. You may ask the tutor and discuss ques-
tions with other students, but the solution must be written in your own words. Be sure to
cite any sources that helped with your solutions (no points will be deducted).

1. Let 0 6= w ∈ Λrkn with r < n, and consider the linear map

φ : kn −→ Λr+1kn, v 7−→ v ∧ w.

Then
rank(φ) ≥ n− r.

Moreover, equality holds if and only if w is a pure tensor, i.e., there exist vectors
v1, . . . , vr ∈ kn such that

w = v1 ∧ · · · ∧ vr.

2. Consider the Plucker embedding f : G(r, n) → P(n
r)−1. Fix a basis {e1, . . . en} of kn,

then f is expressed by sending an n× r matrix A to

A→ [wI := detAI ]I⊂{1,2,...,n} ⊂ P(n
r)−1,

where for each I = {i1, . . . , ir} ⊂ {1, 2, . . . , n}, AI is the corresponding r × r minor.

Example: Let r = 2 and n = 4. Consider the matrix

A =

[
a11 a12 a13 a14
a21 a22 a23 a24

]
which is sent to

f(A) = [w1,2 : w1,3 : w1,4 : w2,3 : w2,4 : w3,4] ∈ P5

where each coordinate is calculated as:

w1,2 = a11a22 − a21a12 w1,3 = a11a23 − a13a21 w1,4 = a11a24 − a21a14
w2,3 = a12a23 − a22a13 w2,4 = a12a24 − a22a14 w3,4 = a13a24 − a23a14

(a) Find explicitly the image f(G(2, 4)) ⊆ P5.

(b) For any I, show that

UI := f−1({wI 6= 0}) ∼= Ar(n−r).

(c) Show that UI is a affine cover of G(r, n), whose pairwise intersections are non-
empty.
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(d) Prove that G(r, n) is irreducible of dimension r(n− r).

3. Let f : X → Y be a morphism of affine varieties. If the induced map

f ∗ : A(Y )→ A(X)

is injective, then f(X) is dense in Y .

4. Show that the blow-up of P1× P1 at a point is isomorphic to the blow-up of P2 at two
distinct points. (Complete the sketch of the proof given in the lecture)

5. Let a = (1 : 0 : 0), b = (0 : 1 : 0), and c = (0 : 0 : 1) be the three coordinate points of
P2, and let U = P2 \ {a, b, c}. Consider the morphism

f : U → P2, (x0 : x1 : x2) 7→ (x1x2 : x0x2 : x0x1).

(a) Show that there is no morphism P2 → P2 extending f .

(b) Let P̃2 be the blow-up of P2 at {a, b, c}. Show that f extends to an isomorphism

f̃ : P̃2 → P̃2.

This isomorphism is called the Cremona transformation.

6. For given n, d ∈ N>0 consider the Fermat hypersurface

X := Z
(
xd0 + · · ·+ xdn

)
⊂ Pn.

Describe the tangent space TpX at a point p ∈ X using the Jacobian criterion. Show
that X is smooth for all choices of n, d, and K.
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