A BOREL-WEIL-BOTT THEOREM FOR QUOT SCHEMES ON P!
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ABSTRACT. We study the cohomology groups of tautological bundles on Quot schemes over
the projective line, which parametrize rank r quotients of a vector bundle V on P!. Our main
result is an analogue of the Borel-Weil-Bott theorem for Quot schemes. As a corollary, we
prove recent conjectures of Marian, Oprea, and Sam on the exterior and symmetric powers of
tautological bundles.

1. INTRODUCTION

Let C be a smooth projective curve and V' a vector bundle of rank n on C. Let Quoty(C, V, )
denote the Quot scheme that parameterizes short exact sequences of sheaves

0—->S—->V-—->0Q—0 with deg@Q =d, rank@ =r.
Consider the universal exact sequence over the product Quoty(C,V,r) x C,
0->S8S—=p'V->0—-0 (1)

where p and 7 denote the projection maps to C' and Quoty(C, V,r), respectively. Given vector
bundles K and M on C, the associated tautological complexes on Quoty(C,V,r) are defined
as the pushforwards

K = R, (0K ® S), M .= Rr,(p*M ® Q).

When K14 and M are vector bundles, which occurs when the bundles K, M are sufficiently
positive, we call them tautological bundles.

The study of the Quot scheme Quoty(C,V,r) comes in two distinct flavors. When r = 0,
i.e. punctual Quot schemes, Quot,(C, V,0) is a smooth projective variety of dimension nd, and
Ll is a vector bundle of rank d for all line bundles L on C. In this case, the geometry of the
Quot scheme has close analogies with the Hilbert scheme of points on surfaces, manifesting,
for instance, in the cohomological behavior of tautological bundles. A closed formula for the
Euler characteristic of the exterior powers of Ll was computed in [OS], and a description of
their cohomology groups was conjectured. This conjecture was proved in [MOS] for C' = P
For arbitrary genus, it was partially proved in [Kru2], and fully resolved in [MN2] by studying
the derived category of the Quot scheme.

When r > 0, many of the techniques available in the punctual case no longer apply, and
not much is known about the cohomology of tautological bundles, except for some Euler
characteristic calculations in [OS| [SZ1l [SZ2]. In this article, we study the cohomology of
tautological complexes on Quoty(P!,V,r) for any vector bundle V' and any r. Our theorems
may be viewed as Borel-Weil-Bott-type results for Quot schemes on P! in direct analogy with
the classical theorem for Grassmannians.
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1.1. Cohomology of tautological bundles. We begin by fixing notation. For a partition
A= (A1,..., M), let |A| denote the sum of its parts, and let AT be its conjugate partition. We
write S* for the Schur functor associated to \; for example,

SOV =Sym‘V  and SOV = Aty

where (1)¢ = (1,...,1) with ¢ parts.
Let V be a vector bundle on P! of rank n; fix r < n. By [PR], there exists an integer
do = do(V,r) such that for all d > dy, the Quot scheme
Quoty(P!, V,7) (abbreviated Quoty)

is irreducible and generically smooth of dimension nd + rb + r(n — r), where b = —deg V. In
the special case V = (’)E‘f{l , one may take dg = 0 and Quoty(P!, V,r) is smooth and irreducible
for all d > 0. In the remainder of the introduction, we assume d > do(V, 7).

We now state our main result.

Theorem 1.1. Let K and M be vector bundles on P', and let i, \ be partitions satisfying
nd+rb+n
il + A < ———.
(i) If p # 0, then
H'(Quoty(PL,V,r), "KW @ S*ME) =0 for all i > 0.
(i) If =0, there is a natural isomorphism of graded vector spaces

H*Quoty (P, V,7), M) = S*H*(V @ M).

Remark 1.2. When M splits as a direct sum of line bundles of sufficiently positive degrees,
the complex M, and hence S*M | is a vector bundle. The isomorphism in part (ii) of
Theorem [1.1]
H°(Quoty(PY, V,r), M) ~ SAHO(V @ M)
is induced geometrically, by considering the morphism
Rr.p* (V@ M) — M9

arising from the universal sequence , taking the associated morphism of the Schur functor
and then applying the global sections functor.

Theorem greatly generalizes the results in [MOS], even for punctual Quot schemes, and
in the positive-rank setting, proves [MOS, Conjecture 1.3.1, 1.3.2] concerning the exterior and
symmetric powers of the tautological bundles. Specifically,

Corollary 1.3. Let L be a line bundle on P'. For all k < (nd +rb+mn)/(n —1), we have the
following isomorphisms of graded vector spaces

(i) H*(Quotg, \FLI) = AFH*(V ® L);

(ii) H*(Quotgy, Sym* LI9) = Sym* H*(V ® L).

Remark 1.4. In Theorem [5.5, we prove a more general result analogous to Theorem for
the tensor product of Schur functors applied to multiple vector bundles K7, Ko, ..., Ky and
My, Mo, ..., M;. Note that while Theorem is stated for line bundles, it is easy to upgrade
the theorem to allow vector bundles since every vector bundle splits on P!. Below, we state
the result in the case of trivial V', describing each cohomology group explicitly.
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Corollary 1.5. Let Ly, Lo, . .., L; be line bundles onP*. For any tuple of partitions A\, N2, ... A
satisfying [\ + [N2| + -+ + |N| < (nd +n)/(n —r), we have

n d ~J T n ] n
HP | Quoty(P', 01, r) ®S”L” = & sM'H (IS e K sMHOULIM,
deg L;<0 deg L; >0

where D =3 ., L,<0 |N|, and all other cohomology groups are zero.

Fixing the partitions and line bundles on P!, we may view the corresponding tautological
bundles on Quoty for any d, and study the asymptotic behavior of their cohomology groups as
d becomes large. With this perspective, we can view Theorem as a stabilization result. In
particular, as predicted in [MOS],

Corollary 1.6. For line bundles L1, Lo, ..., Ly and partitions X', \2, ..., \!

t
Zq x | Quoty(P*, ogr,r ),®S)‘]L;d]

d=0 j=1
1s given by a rational function with simple pole only possibly at g = 1.

The vanishing of higher cohomology in Corollary for line bundles of nonnegative degree
can be established without any restriction on the sizes of the partitions, at the expense of
imposing degree constraints on the line bundles involved. The next result is analogous to [Linl,
Theorem 3]; see Theorem for general V.

Theorem 1.7. Let Ly, Lo, ..., L; be line bundles on P of degrees at least d. For any tuple of
partitions A\, A%, ..., \t, we have

¢
H' | Quoty(P, 08", 7), QSVLY | =0 for alli > 1.
j=1

The space of global sections in Theorem [I.7] does not, in general, follow the description given
in Corollary The size constraint on the partition A appearing in Theorem [T.1]is quite close
to optimal; see [OS, Theorem 12] and Example Theorem implies that the dimension
of the space of global sections is equal to the Euler characteristic. The latter can be computed
by other means, such as torus localization (see [OS, Theorem 3] and [SZ2, Corollary 4.10] for

exterior powers) or via wall-crossing to other moduli spaces [HE].

1.2. Extension groups. When the degree of a line bundle L is sufficiently large, our method
also allows the computation of the global extension groups for Schur functors of the vector
bundle L%, The answer is expressed in terms of Ext-groups of Schur functors of the universal
quotient bundle on a Grassmannian (see Proposition [4.6). The Borel-Weil-Bott theorem for
the Grassmannian completely determines these Ext-groups and has the following implications.

Theorem 1.8. Assume V' splits as a direct sum of line bundles of nonpositive degrees. Let L
be a line bundle of degree at least d +b. Then

(i) For any nontrivial partition v with |v| < (nd+rb+n)/r and v <n —r,

H (Quotd7 (S"L[d])v) =0 foralli>D0.
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(ii) Let p1,pa,...,pr and k be nonnegative integers, and set |p| = p1 + p2 + -+ + pi. Assume
kE<(nd+rb+n)/(n—r),|p| < (nd+rb+n)/r, andt <n —r. Then

/P Pt k k—|p| [d] C_ > .
Exti (/\L[d]@)u_(g/\lj[d]’/\[/[d]) :{é\ 4 =0, k> |p|;

otherwise.

A similar statement holds upon replacing all )\ with Sym, and replacing the condition
t<n—r with |p| <n—r.

(iii) For any partition X, with |A\| < d and \y <n —r,

Ext!(SML sApldhy = C ‘= 0
0 2>1.
(iv) More generally, the set {S(L) : |\ < d, A\ < n —r} forms an exceptional collection,
ordered by the sizes of the partitions.

Remark 1.9. Note that the exceptional collection above generates only a subcategory of
the derived category of coherent sheaves on Quoty. A full exceptional collection built from
Schur functors of universal quotients on Grassmannian was studied by Kapranov [Kap]. For
Quot schemes of rank-zero quotients, a full exceptional collection (and, in higher genus, a
semiorthogonal decomposition) of the derived category was obtained in [Tod] and [MN2].
However, these methods do not directly extend to the case of higher-rank quotients.

Part (ii) of Theorem recovers the results on extension groups in [MOS] for Quot schemes
of rank-zero quotients, and partially proves [MOS| Conjecture 1.3.3] in the higher-rank setting.
Moreover, in Theorem we establish a mixed version of Proposition and Theorem
for two line bundles of consecutive degrees; this may be regarded as our main technical result.
We state a consequence for the duals of tautological bundles below.

Theorem 1.10. Assume V splits as a direct sum of line bundles of nonpositive degrees. Let
L1 =0pi(m —1) and Ly, = Op1(m) on P, with m > d +b. For any pair of partitions v
and p satisfying

v+ |pl < (nd+rb+n)/r and 0<vi+pu <n-—r,
all cohomology groups of the vector bundle (S”L[ri]_l)v ® (S/‘L%)V vanish.

1.3. Relation to quantum K-theory of Grassmannians. When V is the trivial vec-
tor bundle of rank n, the Quot scheme Quoty(P!,V,r) is a smooth moduli space (see [Sml])
that compactifies the space of morphisms from P! to the Grassmannian Gr(r,n) of degree d.
This viewpoint was taken up by Bertram [Ber2] to study the quantum cohomology ring of
Gr(r,n), and later to prove the Vafa—Intriligator formula [Berl, MO] for intersection numbers
on Quoty(C, V,r), which counts the number of maps from a fixed curve C of genus g to Gr(r, n)
satisfying some incidence conditions.

Recently, [SZ1], [SZ2] studied K-theoretic invariants on Quoty(P!, V,r) in the context of the
quantum K-ring of Gr(r,n) (cf. [BM]). Fix a point z € P! and set

Sy = S’Quotd x{z}s
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a rank n — r vector bundle on Quoty. By [SZIL Theorem 1.12], the Euler characteristics of
Schur functors of S, compute K-theoretic Gromov-Witten invariants: For partitions !, 2,
whose first parts are at most r,

X [ Moa(Gr(r,n), d), Q) evs, 7 (B) | = x | Quota(B, 05", 1), RS (S. (2)

i<3 i<3

Here B denotes the universal quotient bundle on Gr(r,n), and Mg 3(Gr(r,n),d) is the moduli
space of 3-pointed genus-0 stable maps to Gr(r,n) of degree d with ev,, the evaluation map at
the ¢-th marking. In this paper, we prove the following consequence of Theorem

Theorem 1.11. Let pt, 2, ... ut be partitions satisfying 0 # |put|+- - -+|ut| < (nd+n)/(n—r),
then
t

H' | Quoty(P', 08", 1), R)SM'S, | =0 for all i >0.
j=1

The Euler characteristics of Schur functors of S; were computed in [SZ2, Theorem 1.6 and
1.9]. The vanishing of Euler characteristics of these bundles was shown to provide enough
relations to completely determine the quantum K-ring of Gr(r,n). Theorem partially
answers [SZ2l Question 1.11] by upgrading a subset of the vanishing statements for Euler
characteristics to statements about individual cohomology groups. Using our results, one can
already prove that the K-theoretic Gromov—Witten invariant in vanishes for all sufficiently
large degrees d. We expect that our methods may in future shed light on positivity phenomena
in the quantum K-theory of the Grassmannian; see, for instance, [BM, BCMP].

1.4. Analogy with Hilbert scheme of points on surfaces. Let V be a vector bundle on a
smooth projective curve C'. The punctual Quot scheme, denoted Quoty(C, V) = Quoty(C, V,0),
parametrizes quotients of V' supported at zero dimensional scheme of length d. Punctual Quot
schemes have been extensively studied; we mention only a few relevant works here, including
computations of cohomology groups [MN1], descriptions of nef cones for divisors [GS], positivity
results for tautological bundles [Opr], and cohomology of tangent bundle [BGS].

For a line bundle L on C, the description of the cohomology groups for the tautological
bundle L9 and their exterior powers is explicitly given by the formula (see [MN2, Theorem 3]
for the statement involving extension groups)

H*(Quoty(C, V), AFLIy = AFH*(V @ L) @ Sym® *H*(O¢).

There is a parallel story for the Hilbert schemes X4 of d points on a smooth projective surface
X. For aline bundle L on X, the tautological bundle Ll defined similarly, has rank d. Indeed,
the cohomology groups are given by the formula [Scall, Krul]

He (X ARy >~ AR (L) @ SyméFH*(Ox).
The proofs of the above statement in both cases rely on studying the bounded derived categories
of sheaves D?(X ) and D?(Quoty(C,V)).
The description of cohomology groups of the symmetric powers Sym* L4 and general Schur

functors, is not known to admit a simple formula, for both X and Quoty(C, V). In special
case, Euler characteristics [Arb] and the space of global sections [Dan| [Sca2| of the symmetric
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products of tautological bundles L% on X4 admits a simple form. For instance, let L be a
positive degree line bundle on X = P2, then for all k < d + 1,

H (XM, Sym" L[d]> — Sym* H(L)

while all higher cohomology groups vanish. We predict that an anolgue of formulas in Corol-
lary also hold for Hilbert scheme of points on X = P2. We note here that tautological
bundles on the Quot schemes on surfaces have also been studied in [OP), IAJL™].

1.5. Proof strategy. For a fixed sufficiently large integer m, the Quot scheme on P! admits
an embedding into a product of Grassmannians, constructed by Strgmme [Sm),

tm : Quoty — Gl“(kl,Nl) X Gr(kQ,Ng),

as the zero locus of a section of a vector bundle K, expressed in terms of the universal bundles
on the two Grassmannians. In the rank-zero setting, [MOS] uses the Koszul resolution of

OQuot, to reduce the study of the cohomology of exterior and symmetric powers of L%] to the
cohomology of universal bundles on the product of Grassmannians, where the Borel-Weil-Bott
theorem applies.

We follow the approach of [MOS| to study the case of arbitrary rank, but the combina-
torial analysis of the vector bundles that show up in the Koszul resolution becomes rather
involved. To address this combinatorial proliferation, in Section [3| we provide a streamlined
combinatorial criterion for detecting the non-vanishing of the cohomology of universal bundles
on a Grassmannian, which may be of independent interest. A second ingredient is provided
by Horn’s inequalities, which give criteria for the nonvanishing of the Littlewood—Richardson
coefficients appearing in our expansions. By applying these two sets of criteria carefully, we
show that all cohomology groups vanish for every term in the Koszul resolution except the
first. We then conclude by computing the cohomology of the first term explicitly.

Our methods compute the cohomology of all Schur functors (subject to the relevant size

constraints) of the tautological bundles associated to consecutive-degree line bundles, L%]
and L[Ti]_l (new even in the rank-zero case). This is especially advantageous because Schur
functors of any tautological complex M4 can be expressed in terms of the Schur functors of

the tautological bundles L[:l]_l and L%] in the derived category of sheaves on Quot;. We then
[d]

leverage the explicit results about S*L,, | ® SP Lq[fll] to obtain results for the Schur complexes

S*MU | as well as their tensor products.

Assumptions on characteristic. Our results are valid for all algebraically closed fields of
characteristic zero. For ease of notation, we use C throughout. The main dependence on the
characteristic comes from the use of the Borel-Weil-Bott theorem for Grassmannians. The fact
that Schur functors of complexes respect quasi-isomorphisms, and therefore are well-defined
on objects in the derived category, also depends on the characteristic zero assumption.

1.6. Acknowledgements. We thank Arvind Ayyer, David Eisenbud, Hannah Larson, Alina
Marian, Leonardo Mihalcea, Noah Olander, Dragos Oprea, and Claudiu Raicu for helpful dis-
cussions. A.G. thanks the Simons Foundation for their support through the Joint SISSA /ICTP
PhD fellowship.
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2. COMBINATORIAL PRELIMINARIES

2.1. Notations. A partition A = (A1, A2, ..., \;) is a non-increasing sequence of non-negative
integers. The size of the partition is defined as |A| := A1 + Ay + - -+ + A\x. We can represent
A graphically by its Young diagram, which contains k£ rows of boxes with \; boxes in the ith
row. For example, the Young diagram of the partition A = (5,4,2,1), which has size |\| = 12,
is shown below:

The conjugate partition A is obtained by transposing the Young diagram of A. In the above
example, AT = (4,3,2,2,1).

The Durfee square of a partition A is the largest square contained in the Young diagram of
A, and the side length of the Durfee square is called the rank of the partition. In the above
example, \ has rank two.

2.2. Schur functors. Let W = CF be a complex vector space. For any partition A =
(A1, A2, ..., ), we denote by S*(W) the Schur functor, which corresponds to the irreducible
polynomial GL(W)-representation with highest weight A. The character of the representation
SMW) is the Schur polynomial sy(x1,z2,...,2x), and its dimension is given by the hook-
content formula:

dim S (W) = sy(1,1,... 1) = T Foeont(©)

T/ iy hook(c)

where for each cell ¢ = (i,7) in A is in the ith row and jth column, cont(c) = j — i and
hook(c) = 1+ (\; — j) + (Al — i) is the hook length of c.

Every polynomial GL(W)-representation can be expressed uniquely as a direct sum of Schur
functors. Given two partitions A and u, one can decompose the tensor product as

<

SA(W) @ SH(W @S” W)& A, (3)

where the multiplicities c} , are the Littlewood—Richardson coefficients. The Littlewood—Richardson
rule provides a combinatorial description of these coefficients in terms of counting Little-
wood—Richardson tableaux. In the next subsection, we list the properties of Littlewood—Richardson
coefficients that we shall need in this article.

Let V' be another complex vector space. Schur functors naturally appear in the context of
Cauchy’s formula: for any non-negative integer ¢, there is an isomorphism of vector spaces

/\ Vew)= @ s (v)es (W), (4)
|nl=t

where the direct sum runs over all partitions p of size ¢.
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We will also require the following decomposition formula for the Schur functor of the direct
sum of two vector spaces

SV aew) =@ (S‘“(V) ® S (W))@CZ“B . (5)
a,B

Here the direct sum is taken over all partitions a and § such that |a| + |B] = |7]-

2.3. Schur functors associated to highest weights. Irreducible rational representations
of GL(W) are indexed by highest weights

n= (77177727" . ank)v

which are non-increasing sequences of integers 1y > 12 > - -+ > n. Note that each 7; is allowed
to be negative. For any highest weight 1, we denote the corresponding irreducible GL(W)-
representation by S7(W). For any m > —ny, we can express S7(W) in terms of the usual Schur
functor using the following isomorphism of GL(W)-representations

STW = det(W) ™™ & STHM™ 1,

where det(W) is the determinant representation and n + (m)* = (g1 +m,n2 +m, ..., n, +m)
is a partition. For any highest weight n, the dual of the corrresponding representation is given
by S"(W)Y = S™"(W), where

-n= (_Uk; —Mke—15-- -, _771)

The tensor product of two rational representations with highest weights n and p can also be
described using the Littlewood-Richardson rule

STW @ SPW = D (SYW)Peie, (6)
X

where y runs over all the highest weights with |x| = || + |p|, and the multiplicity is given

using the identity

X _ XT(m+k)"

e = Cnt(m)r ot (k) (™)

where m and k are any two integers, such that n+(m)", p+ (k)" and x+ (m+k)" are partitions.
Given a highest weight n = (n1,72,...,nk), it is sometimes useful to partition it into two

parts, where one consists of nonnegative integers and one consists of nonpositive ones. For

this, we use the notation n = (v, —d), where v, 0 are partitions. Note that due to the presence
of zeros, there isn’t necessarily a unique way to write n in this form.

Remark 2.1. Schur functors S”7 can be defined in the generality of vector bundles on a scheme.
The identities in the above discussion, such as , , and , all generalize verbatim. This is
explained in e.g. [Wey, Chapter 2]. Schur functors associated to a partition can be generalized
even further to perfect complexes, and it is well-defined up to quasi-isomorphisms. We explain
the case of length two perfect complexes in Section [5.1
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2.4. Horn’s inequalities. There is a vast literature on the study of Littlewood—Richarson
coefficients. In particular, a lot of it has been devoted to answering the following fundamental
question:

What are the conditions on the partitions «, 3 and ~ such that ¢’ B # 07
Knutson and Tao in their proof of the saturation conjecture [KT] showed that ¢! 75 0 if and
only if «, 8, and v are the eigenvalues of Hermitian matrices A, B, and C Wlth C’ A+ B,
respectively. We assume that the rank N of the matrices to be greater than the number of

parts in each of the partitions «, 3, and . Then using the identity for traces, trA+trB = trC,
we get,

N N N
2 oait) Bi=) v
i=1 i=1 i=1

In general, given A and B be N x N Hermitian matrices, define C = A + B. Let a =
(a1 >-->an),B=(p1>->0n)and v = (71 > --- > vn) denote the eigenvalues of the
matrices A, B and C written in non-increasing order.

Let I = (i1 <--- <) and J = (j; < --- < js) be increasing sequence at most N positive
integers such that 5 + j; < N 4+ 5. Then we have

Doty Bz w (8)
el jeJ keK

where K = (ky < -+ < kg) with k, = i, +jp —p for 1 < p < s; see [Ful] for a detailed
exposition.

In the following proposition, we enumerate various properties of Littlewood—Richardson
coefficients that will be used later in the proofs.

Proposition 2.2. Consider three partitions a, 3, and y such that c] 8 # 0. Then the following
hold:

(i) (Size constraint)
laf + 18] = [7l;
(ii) (Symmetry)

T
Y ’Y
CO(7B oﬂL ﬁT’

(iii) (Weyl inequality) For any positive integers i and j, we have
i + B > Vitj-1; 9)
(iv) (Dominance inequality I) We have v < ac+ f3, that is, for all s,

S S S
D<) it B (10)
i—1 i=1 i=1

(v) (Dominance inequality 1I) We have aU B < =y, that is, for all t,

t t 2t
ZO@' -I—Zﬁz‘ < Z%’-
i=1 i=1 i=1

Note that part (iii) and (iv) also holds when o, 3 and ~y are highest weights.
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Proof. Statements (i) and (ii) are standard facts about Littlewood-Richardson coefficients.
Statements (iii) and (iv) both follow from (8). Specifically, statement (iii) can be obtained by
letting I = {i},J = {j}. Statement (iv) can be obtained by letting I = J = {1,...,s}. We
now explain the proof of (v). Taking rank of matrices, IV, to be sufficiently large, the inequality

in implies

t+s t+s 2t4s
2ot X Bz )
p=t+1 p=t+1 p=2t+1
for any 2s + ¢ < N +t. Now take s larger than the number of parts in «, /3, and . Then (v)
follows by subtracting the above inequality from the equality in (i). O

3. INDICES OF PARTITIONS

In this section, we focus on certain cases of the Borel-Weil-Bott theorem, and pictorially
describe the combinatorial conditions on the partitions involved when a tautological bundle
has a nontrivial cohomology group. The notions of the ¢-index and the (¢;n)-index introduced
in this section will be key ingredients in our proofs later.

3.1. Borel-Weil-Bott. Let Gr(k, N) denote the Grassmannian of k-dimensional subspaces of
the vector space CV. Consider the universal exact sequence over Gr(k, N):

0— A= O&, yy) = B—0,

where A is the universal subbundle of rank k& and B is the universal quotient bundle of rank
N — k. The sheaf cohomology of Schur functors applied to A and B is described by the Borel—
Weil-Bott theorem [Bot]. We state below the version presented in [Wey, Corollary 4.1.9].

Theorem 3.1 (Borel-Weil-Bott). For any two non-increasing sequences of integers

p:(p17"‘7pk) and X:(Xla‘-wXka%

the vector bundle SP AV @ SXBY on Gr(k, N) has at most one non-vanishing cohomology group.
Let

w:=_(p,x)+(N—-1,N—2,...,0)
be the component-wise sum. If w contains a repetition, then all cohomology groups of SP(AY) ®
SX(BY) wanish. Otherwise, let o be the permutation that sorts w into a strictly decreasing
sequence, and

vi=cow—(N—-1,N—-2,...,0),
be a non-increasing sequence, then
HP (Gi(k,N), SPAY @ SXBY) =Ss7(CN)Y
where the cohomological degree D = (o) is the length of the permutation o, and all other
cohomology groups are zero.

Remark 3.2. When we consider Schur functors of the quotient bundle independently, Theo-

rem implies that for any partition A, the morphism induced from the tautological sequence
X BN A
S (’)Gr(k’N) — S'B
gives an isomporhism on the space of global sections

HO (Gr(k,N), s*rs) =~ sMCN).
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Similar statement holds for S*AY.

3.2. t-Index. The notion of the t-index of a partition v was introduced in [MOS] to systemat-
ically study the conditions which determine when all the cohomology groups of S¥B" vanish.
Here we recall, and later generalize this notion which plays a crucial role in the sections that
follow.

Definition 3.3. Fiz a positive integer t. We say that a non-increasing sequence of integers
X = (X1,X2,-- -5 Xm) has a well-defined t-index if there exists a nonnegative integer j such
that

Xj>ji+t and x4 <J.

In this case, the t-index of x is j. Note that the t-index of x is 0 (resp. m) if x1 < 0 (resp.

Remark 3.4. Note that every integer partition A has a well-defined 0-index, which equals the
rank of the partition. If A has a well-defined t-index j, then j must also be the 0-index (i.e.,
the rank) of A. Furthermore, if j is the 0-index of A, then A has a well-defined ¢-index if and
only if £ < A\j — j.

Example 3.5. Fix t = 3. Consider the integer partitions A = (6,5,2,1) and p = (7,4,2,2).
The Durfee square of both partitions A and p has side length 2. We observe that A has a
well-defined t-index, whereas p does not.

| [ T]
A= =

Lemma 3.6. Let x = (x1,-..,XN—k) be a non-decreasing sequence of integers. The vector
bundle SX(BY) on Gr(k, N) has a nontrivial cohomology group

HP(Gr(k,N),SX(BY)) £ 0 (11)
if and only if x has a well-defined k-index j, and the cohomological degree is D = kj.

Proof. 1t is a straightforward application of Theorem Indeed, is satisfied if and only
if
w=1(0,...,0,x1,.- ., xn-k)+(N—=1,..., N—k, N—k—1,...,0)
= (fk?"‘7f17 glv"‘agN—k)

has no repetitions, and D is the length of the permutation that sorts w. Observe that fr >
.-+ > f1 are consecutive integers, and thus we may choose j such that

g1>>g;> fk> > fi>gj01 > > gNoke

Hence the cohomological degree is D = kj. The required conditions x; > j + k and x;41 < j
follow from the inequalities g; > fi and gj11 < fi, respectively. O
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3.3. (t;n)-Index. To pictorially describe the conditions for the vanishing of cohomology groups
of the vector bundle S*(A) ® S"(B), we introduce the following generalization of the notion of
index.

Definition 3.7. Fix a positive integert and a tuple of non-increasing integers n = (N1, ..., n).
Write n = (v, —0), where vy and § are partitions describing the nonnegative and negative entries
of n. We say that a partition u has a well-defined (t;n)-index if there exists a non-negative
integer i such that

fivi—s > i+t—~1 and pips <i+61 forall s> 1.
We call such an integer i the (t;n)-index of .

Example 3.8. Fix t = 3 and n = (1,—1,—1). Consider the partition v = (6,4,3,1), and
observe that v also has a well-defined (¢;n)-index, equal to 2. We have § = (1,1) and v = (1)
in blue and red, respectively.

[ ]

!

L 41 02

However, v itself does not have a well-defined t-index. This example also illustrates that the
(t;m)-index of a partition is not necessarily equal to the rank of the partition.

Lemma 3.9. Let p = (u1,...,pr) be a partition and n = (n1,m2,...,Mn—k) be tuple of non-
increasing integers. Write n = (v, —0) for partitions v and 6. Suppose that the vector bundle
SH(A) ® ST(B) on Gr(k,N) has a (unique) nonzero cohomology group, namely
HP(Gr(k,N),S*(A) @ S"(B)) # 0.
Then the following hold.
(i) The partition p has a well-defined (N — k;n)-indez, i.e., there exists a natural number i
such that
fivi—s > i+ N—k—~! and pirs <i+0l foralls>1. (12)
(ii) The cohomological degree satisfies the bound
D < |0+ (p1 4 po+ -+ p) — 12

Proof. Let n = (v1,...,7% —0p,...,—061) be a tuple of non-increasing integers, where v and §
are partitions with at most ¢ and p parts respectively, and p + ¢ = N — k. We will show that
w has a well-defined (N — k;n)-index i given by the condition

wi>i+p and pi1 <i+p. (13)
Note that S*A =~ S™#AY and S"B = S~"(BY), where —n = (4, —). Theorem implies that
the vector
W= (—fhs--s—H1,01,--,0p, —Vg,---»,—71) + (N —=1,...,1,0)
has no repetition, and that D is the length of the permutation that sorts w. We split the

analysis into two parts, first looking at the entries of w that are strictly less than ¢, and then
at those that are at least q.
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1+p

0pYa - Y2m

01 02

By the definition of ¢ in , the entries strictly less than ¢ in w consist of

pra+(i—1)—pi ..., ptqg—m and g—1—17g ..., —71.
Subtracting ¢ — 1 from each of the entries above and negating, we may assume that there are
no repetitions among the following ¢ 4+ ¢ nonnegative integers

a1 +1, ..., o +i—1 and g, v-1+1, oo, g -1,

where o = (1 —p — 4, ..., i — p — 1). Lemma implies that o; s > q — ’yg for all s > 0,
which proves the first set of inequalities in . Moreover, the length of the permutation that
sorts the entries above (in the stated order) is at most |a|, hence the contribution to the length
of the permutation that sorts w is at most ip+ || (extra ip for moving the i entries containing
[, .., pi to the right of entries containing d1,...,0, in w).

Now we consider the entries of w that are at least ¢, namely

5p75p71+17"-751+p_1 and ﬁk—laﬂk—?“_la---aﬁl_‘_(k_i)_lv

where 8 = (i +p — pigy---,0 + D — pip1). Lemma implies ;s > p — ds, proving the
second set of inequalities in . Furthermore, the length of the permutation that sorts the
entries above contributes at most |§| to the length of the permutation that sorts w. Hence
D < 0] +ip +af = 0] + (1 + -+ pi) —i%. O

The following result is elementary; due to the lack of a reference, we provide a short proof for
completeness. We use the abacus notation for partitions (also called beta-sets in the literature
cf. [JK]). We adapt the proof from [Mac, (1.7)] to our setting.

Lemma 3.10. Let a = (a1, a2,...,q;) and X = (A1, A2, ..., Ng) be partitions with at most i
and q parts respectively. If the string of natural numbers

w = (O{Z’,Oéi,1 +1,...,01+17— 1,>\q,)\q,1 +1,..., M +q— 1)
has no repitition, then the permutation o that sorts w has length {(o) < |al, and
ai_SZq—/\l for all 0 < s <.

Proof. We define a sequence u = (ug, u1,ug,...) of 0’s and 1’s, by

1 ifme{a,...,on+i—1}
Um = .
0 otherwise.
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Similarly define v = (vg, v1,v2,...) € {0, 1} with 1’s placed exactly at the positions (A, ..., A1+
g—1). Note that w has no repetition if and only if u+wv € {0, 1}N. The length of permutation,
by definition, equals

E(U):#{(m¢n)€N2:n<ma vp =1, umzl}
<H#{(m,n) eN?:n<m, u, =0, Uy, =1} = |a.

Let © be the sequence obtained by flipping 1’s and 0’s in v. To observe the inequalities, we
will draw the lattice path diagrams for u and 0, such that 0’s denote increment in the y-
coordinate by one, and 1’s denote right step by increasing z-coordinate by one. The condition
u+wv € {0,1}" implies that for any m > 0,

number of 0’s in (ug, - . ., Uy,) > number of 0’s in (7, ..., Om),

and hence the lattice path of ¢ lies always below that of w.

q - N
N A

2
| g
[ %

o 1 2 3 - 8 i =114

By construction, the lattice path of u (denoted in blue color) carves out « over z-axis, with
aj_s be the y-coordinate for the s-th right step. Similarly, the lattice path of ¥ (colored
in red) carves out A over y-axis. The inequality follows easily by considering the rectangle
[s,s 4+ 1] x [0, ¢] in the i x g grid as showing in the sketch. O

4. TwWO LINE BUNDLES OF CONSECUTIVE DEGREES

Our main goal in this section is to study the cohomology groups of tensor products of Schur
functors applied to the tautological vector bundles L%]fl and L[TZ] on Quotg(P!, V,r), for line
bundles

Ly—1:=0pi(m—1) and Ly, := Opi(m)

when m is sufficiently large. We will prove slightly more general statement than what is stated
in the introduction for Schur functors corresponding to highest weights (see Section instead
of partitions. The statement is of independent interest, and we state it below.

Let us first recall the notations. We consider Quot scheme Quoty (P!, V,r), Quoty for short,
for the vector bundle V on P!, which splits as

VE=0(=b1)®O(=b2) & - & O(=bn)

where 0 = by < by < --- < b,, and thus the sum b = 2?21 b; is a nonnegative number.
Furthermore, we will assume that d > do(V,r) such that Quoty is an irreducible variety of
dimension nd + rb + r(n — r) for the rest of this article.
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Theorem 4.1. Let n = (v,—0) and p = (A, —v) be non-increasing sequences of lengths
rank L%]_l and rank L,[g,] respectively. Suppose v, \, v, 6 are partitions satisfying
(n—7)(Al + 7)) + (v +|d]) < nd + 7b+ n; vi+6 <n-—r.
(i) If either |5| # 0 or |v| # 0, and m > b+ d, then
H! (Quotd,SnL%_l ® S'OL[TZ]> =0 foralli>D0.

(it) If § = v =0, then, for m sufficiently large,

H (Quotd, s | ® SAL[;{]) >~ STHY(V & Lyp_1) ® SSHO(V ® L) (14)
and all higher cohomology groups vanish.

The condition for m to be sufficiently large in part(ii) of Theorem will be removed in the
next section. The proof of Theorem [£.1]is quite involved, its components will be split in several
subsections below. Using the same method, we will also obtain a bound on the cohomological

degree of S”Lgfﬂfl ® SpL,[fQ in Proposition that holds with no restrictions on v and p.

Remark 4.2. The condition b; = 0 is not an extra assumption, since there is an isomorphism
QUOtd(]Plv Va T) = QUOt d+rby (]P)lv V(bl)v T)a
which takes L,[i] to Lﬁjﬁﬂ on the right, which reduces the analysis to our cases.

Remark 4.3. The special case when 1 and p are trivial in Theorem [4.1] implies that
HO(QUOtd7 OQuotd) =C,

while all higher cohomology groups vanish. This is consistent with the fact that Quotg(P!, O
is a rational variety [Sml.

pisT)

4.1. Stremme embedding. There is an embedding of the Quot scheme into a product of
two Grassmannians (see [Sm| for details):

v : Quotg(PY, V, ) < Gr(ky, N1) x Gr(k, No). (15)

The explicit values of k1, ko, N1, and No depend on the choice of an integer m > b+ d, and are
given as follows:

Ny = HY(V(m —1)) = nm — b, Ny = H(V(m)) = n(m +1) — b,
ry= rank(L%]_l) =rm+d, ro = rank(LIY) = r(m + 1) + d,
k1 = rank(L;{fﬁl) =(n—r)m-—>b-—d, ky = rank(Li) = (n —#)(m +1) — b — d.
We give a short overview of the construction. Let us recall the universal exact sequence
0—-S—=p'V—-0-—0,

on Quoty (P, V,r) x P! where m and p are projections to Quotg(P!, V,r) and P! respectively.
Twisting the above short exact sequence by p*L,, and pushing forward, we get an exact
sequence of vector bundles (since m > b+ d)

0 = m(S(m)) — H(V(m)) ® Oquot, — m(Q(m)) — 0. (16)

This gives us a morphism from ty,: Quoty(P!,V,7) — Gr(ks, Na). Similarly, twisting by
p*Lp,—1 yields an analogous sequence of vector bundles as in and hence a morphism
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tm—1: Quotg(PL,V,r) — Gr(ki, N1). The Strgmme embedding in is defined as ¢ :=

(Lm—la Lm)-
We have universal short exact sequences

0—->A —>W; =B —0
on each Gr(k;, N;) for i = 1,2 where
Wi = H(V(m—1)) ® Ogery,ny)  and Wa = H(V(m)) ® Og(iyn) -

By a slight abuse of notation, we use the same notation for the pullbacks of these bundles to
the product Gr(k1, Na2) x Gr(ka, N3) along the projection maps.

Consider the section Op1 — Op1(1) X Op1(1) defining the diagonal A C P! x P!. Taking
the tensor product with the pullback of V(m — 1) along the first factor of P! and passing to
cohomology, we get an inclusion map

Wi — Wa ® HY(Op1(1)).
Consider the following diagram on Gr(k1, N1) x Gr(kg, N2),

0 > .Al W1 Bl 0

|

0 —— Ay ®@ HO(Op1(1)) —— Wo® HO(Op1(1)) —— By ® H(Op1(1)) —— 0.
The composition
Al = W — Wo @ HY(Op1(1)) — By @ H(Op1 (1))
gives us a section s of the vector bundle
K :=A} ® By ® H*(Op1(1)).

Following the proof of [Sm, Thm. 4.1] with minor modifications, one shows that ¢ is a closed
embedding. Moreover, the image ¢(Quoty) is precisely the zero locus of the section s defined
above. We note here that

Llfl]_l =~ *(By) and LY~ ,*(By).

Similarly, we have
LI > 4)  and LI = r(4y).

4.2. Proof of Theorem Let ¢ : Quoty(P',V,r) — Gr(ki, N1) x Gr(ka, N2) be the
Strgmme embedding associated to the positive integer m, as in Section As discussed
in the previous section, ¢(Quoty) is the vanishing locus of a regular section s of the vector
bundle K. The assumption d > dy(V,r) implies that Quoty is a local complete intersection of
expected dimension

dim(Gr(k1, N1) x Gr(ka, N2)) —rank L = nd + rb+ r(n —r).
We thus have the Koszul resolution

e /\2 ICV — ICV — OGI‘(kl,Nl)XGI‘(kQ,NQ) — Lk OQUOtd — 0. (17)
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We can apply formulas and to decompose /\t KY as

t t
AKY = \(A R (B & BY)
= P st = (BY @ BY)

lul=t
T (ol
— @ SHA, K EB (SUBZV)@CZ,a'Caﬁ
=t B0

This shows that the direct summands of A* KV are of the form
S#AI KIS By with |u| = ¢ and there exist a, 3 such that ¢ ; - 7, 5 # 0.

Proof of Theorem [{.1. The tautological bundles in consideration can be expressed as a pullback
via (T5)

sl = *s"B, and SPLI = ,*SPB,.
Tensoring the Koszul resolution in with S7B; X SPBs, we obtain

¢

Vs Vi —— V2 0, (SﬂLEfj_l ® SPL[;?) — 0. (18)
where V; 1= (S"B; K SPBy) @ N\'KV.

We will show below in Lemma [.4] that for all ¢ > 1, all cohomology groups of V; vanish
(with the given conditions on m and the partitions involved). This implies that ¢ induces
natural isomorphisms of cohomology groups

Hi(Gr(k1, Ni) x Gr(k, No), S"B, K SPB,) = Hi <Quotd, szl @ SPL,[;?)

for all 7 > 0.

When 1 = v and p = X are partitions, Borel-Weil-Bott theorem (see Remark tells us
that the cohomology groups of SYB; and S*By are nonzero only in degree 0, where they are
naturally isomorphic to STH(V ® L,,_1) and S\H(V ® L,,), respectively. Hence, proving
part (ii).

If § (resp. v) is nontrivial, then by the Borel-Weil-Bott theorem (Theorem [3.1]), all coho-
mology groups of S"BB; (resp. SPBs) vanish whenever

0 <k (resp. v1 < ko).
Using the assumptions m > d + b and 61 + 1 < n — r, we have
h<n—-r—1<(n—-r—-10b+d <(n—rm-—(b+d) = ki,

and similarly v; < ko. Note that d + b > 0 (considering the degree of the subsheaf S C
V C (’)?,?1"). The extremal case d + b = 0 implies S is trivial, and thus b = d = 0, which
corresponds to the case when Quot, is the Grassmannian; there the claim follows directly from
Borel-Weil-Bott.

O
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1 1
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ki 4 O0pYa - Y2m
01 02
"

FIGURE 1. A schematic diagram for the shape of the partition p, whose (r1,7)-
index equals ¢. The first ¢ parts of p must lie to the right of bold red outline by
~ and the last k1 — i parts of u lie left of blue line defined by J.

4.3. Technical vanishing lemma.

Lemma 4.4. For allt > 1, all cohomology groups of Vy in vanish, if
(a) either § or v is a non-empty partition; or

(b) 6 =v =10 and m is sufficiently large.
Proof. Following the discussion in Section /\t KV splits as a direct sum

t t
AKY =P (S“Al X SU(BQV)@CZ,ﬁ'CZﬂ)

|pl=t

where p runs over all partitions of size ¢t and «, f and ¢ runs over partitions. We see that V;
has direct summands of the form

(S*A; @ S"By) K (SXBy) .
In order for such a summand to exist and have a nonzero cohomology group, the following
conditions must hold simultaneously:
e The Littlewood-Richardson coefficients are non-zero, i.e.,
f
CZUB ) 0375 ' Cg»*P # 0'

Here cé_ , 1s the generalized Littlewood-Richardson coefficient @ for GL,, (C)-representaions

and —p = (v, —\).
e Not all cohomology groups of S#.A; ® S"B; vanish over Gr(ki, N1). Lemma implies
that we have a well-defined

i:= (r1;m)-index of p.
Recall n = (v, —9) and note that ’y{ + (5{ < 71. The index 7 satisfies the following
Witl-s > 1+ 1T1 — ;f and  pips < i+5l for all s > 1.
This is illustrated in Figure
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9 4

FIGURE 2. A schematic diagram for the shape of x when it is a partition: The
ko-index equals j. The first j entries of x must lie to the right of bold red line
and the last 7o — j entries lie left of blue line.

e Not all cohomology groups of SXBY vanish over Gr(ka, N2). In such a case, Lemma
implies that we have a well-defined

j = ko-index of y.

The first inequality in Lemma implies that first j entries x1,...X; > k2+j. The second
inequality in Lemma and rank of By implies xjy1,...,Xr, < J. This is illustrated in
Figure [2]
We will apply the properties of Littlewood—Richardson coefficients, listed in Proposition [2.2
to arrive at a contradiction on the existence of the indices j and ¢, which would then show that
the conditions above cannot simultaneously be satisfied, whence all the cohomology groups of
V; must be zero. We divide this into four exhaustive cases:

Case 1: Suppose j > i. By Weyl’s inequality @, the condition ¢f 5 # 0 implies
aj + p1 > 0.
Similarly, from ¢} _, # 0 we obtain (recall —p = (v, =)
oj+v1 > x5 > 7+ ko.
Note that 81 < ,uJ{ < k1 (since ch st # 0) and ky — k1 = n—r. Combining the two inequalities
above yields,
aj>0;—b>j+keo—vi—ki>j+n—r—u.
Hence the conjugate of « satisfy

; ]
J= aj+(n—r—ul)' (19)
Using cg t gt # 0 and the assumption j > ¢, we have
a;+(n—r—ul) < Hjt+(n—r—wv1) < Hit(n—r—v1) <i+ 5Efn—r—ul) (20)

The assumption §; + 1 < n —r — 1 implies that 5( = 0. Hence we obtain j < i from

and , which is a contradiction.

n—r—uvi)
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Case 2: Suppose j < i < 2j. Applying dominance inequalities in Proposition [2.2] for
c<a+f8 and aUpB<uf,
. . T . .
arising from ¢ 3 and cg 8 respectively, we obtain:

o1t toy <ot o+ Bit e+ B

<ul 4ol
<iky+ (25 —4)i+ 9] (21)

The last inequality is evident by analyzing the shape of u in Figure Similarly, using the
dominance inequalities for

p<al+p" and afUpT <o,
and analyzing Figure [1| we obtain:
i(r i) = <t
<al+-+al 4+ +- 45
<ol -+l (22)
The non-vanishing of generalized Littlewood-Richardson coefficient c§7_ , 7 0 implies the fol-
lowing two identities:
o1t top>xat x|V (23)
ol +- ok <xl 4+ + 1A (24)
The first inequality simply follows from the dominance inequality , while the second
inequality requires an argument, that we provide in Lemma For the tuple y, we define
Xl for the number of entries in x that are at least s.
Combining the inequalities and , and analyzing the shape of x in Figure [2 we
obtain

Gl +7) = V| <xa+ -+ x5 — V| < ik + (25 —0)i 4|6 (25)
Similarly, by combining and and analyzing Figure [2] we have
i(r+1) =l <X X A < e+ (20— )7+ A (26)
These two inequalities and can be rearranged into the following useful form:
Gk2 = k1) < (i =)k = (i = §)° + 0] + v, (27)
Glra =) 2 (i = f)r+ (0= 5)° = Yl = AL (28)

Recall that ko — k1 = n —r and ro — r1 = r. Multiplying the first inequality by r and the
second by n — r, we get:

r(16] + [v]) + (n =) (|7 + M) = (i = 5) (n = r)r1 — k1) + n(i — §)°
= (nd +rb)(i — j) + n(i — j)*
>nd+rb+n,

where we used the inequality ¢ — j > 1 in the final step. This contradicts the hypothesis of the
lemma.
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Case 3: Suppose 2j < i. In the previous case, the assumption ¢ < 25 was used only in
, S0 using our new assumption 25 < ¢, we can replace by

(ks + ) — | < iy, (20)
while stays the same. We can rewrite and as

Jn=r)=jlks — k1) < (i = k1 — 5> + v, (30)

gr=3(rs=m) = (i=j)r+ i —3)° = =)l (31)

Multiplying and by r and n — r respectively, we obtain
Pl (= ) (9] + IA) = (= ) ((n = Py — k) + 172 + G — )20 — 1)

> (nd +rb)(i = j) + 5% + (n = 1) (i — j)* (32)
When j = 0, we have x; < 0. By Littewood-Richardson rule, we have v; < x1, so |v| = 0. Let
us assume j > 0 or |§| > 0, i.e. the hypothesis of part (a). Then using , we obtain the
inequality

r([6] + [v]) + (mn = r)(|y| + |A]) = nd + rb+ n,

which is a contradiction.

So let us suppose that 7 = 0 and |§| = 0, i.e. the hypothesis of part (b). Using j = 0,
gives us || + |y| > ir1 +i%2 > r1 = rm +d, so we get a contradiction for m sufficiently large.

Case 4: Suppose i = j. Since |u| =t > 1, i # 0. We can slightly modify the inequality
as follows:
Jlko+j—v)<o1+---+0j

< pl et

<iiky +i(2j — i+ 01).
But since i = j, we get v + 61 > n —r +14 > n —r, which is a contradiction. (|

Lemma 4.5. Suppose the generalized Littlewood—Richardson coefficient cf; (=) # 0, for
GL,, (C) representations, where o is a partition. Then for any positive integer s,

of +- ol =N <o+

T

= w; for all § > 0. The size constraint

Proof. Let x = (X1,-- -5 Xry) = (w, —0), and note that x
implies the equality
o] + [v| = [A] = |w| = [6]. (33)
It suffices to prove the inequality
ol oh =X+ 2 - 10,

and the the result follows after subtracting it from equation .

Fix an integer ¢ > max{61, A1 }, then we have the classical Littlewood-Richardson coefficient
ch, where 7 = (v,—\) + (¢)™ and ¢ = x + (¢)™ are partitions. Apply the Horn’s inequality
coming from cﬁﬂ # 0, we obtain

ol ol T e Ty 2l e Oy
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Note that Tgﬂ. = V]T and qﬁL_SH = Xi+j for all j > 0. Hence we finish the proof by letting M
large enough. O

4.4. Extension groups. We will now specialize Theorem [£.1]to calculate the extension groups
and prove all the conclusions in Theorem Note that the cohomology groups of Schur func-
tors of two dual tautological bundles in Theorem [1.10] immediately follow from Theorem

Proposition 4.6. Assume V splits as a direct sum of line bundles of nonpositive degrees.
Let L be a line bundle with degree at least d +b. Let v and \ be two partitions such that
rlv|+ (n—71)]A\| <nd+rb+n and vy <n—r. Then

Extt (5740, °11) = {I(){om CEELN - (1)
7> 1.

where B is the universal quotient bundle on the Grassmannian Gr(k, N), where N = dim H*(V®
L) and k = N — rank LI,

Proof. We follow the notation in the proof of Theorem We may express

yi
SY (L)Y @ S L) = @ (SU(L[d])\/)@CU,—A 7
n
where n = (m1,m2,...,MN,—k, ) = (7, —0) runs over tuples of non-increasing integers, and CZ )

are the modified Littlewood—Richardson coefficients . Horn’s inequalities imply that
nj <vi+ (=) <v; forallj>1,

hence |y| < |v] and 1 < v; < n — r. Similarly, we obtain |§| < ||, and thus Theorem
implies that all higher cohomology groups vanish and the zeroth cohomology group is expressed
in terms of the cohomology groups of By as stated. O

Proof of Theorem[1.8. Proposition immediately implies part (i), and a straightforward ap-
plication of the Borel-Weil-Bott theorem yields part (ii). The statement about the exceptional
collection follows by noting that A\ < n —r and m > b+ d imply A; < k1, and by invoking
[Kap| to observe that

{S*By : N <d, My <n—r}

is contained in a full exceptional collection for Gr(ki, Ny). O

4.5. Cohomological degree of the tautological bundles. In Section 4.2 we showed that,
E‘i}_l ® SPL%], all cohomology groups vanish, and
we explicitly computed H® under size constraints on 7 and p. Here we remove the constraints
on 7 and p and establish the vanishing of the higher cohomology groups, strengthening [Linl,

Theorem 1.3].

except for the space of global sections of S"L

Proposition 4.7. Assume V splits as a direct sum of line bundles of nonpositive degrees. Let
n=1(y,-90), p=(\ —v). Then for allm > d+0b,

HP(Quoty, S'LI | @ sPLId)y =0 for all D > |6] + |v].
In particular, when n =y and p = X are partitions,

HP(Quoty, 'L | @ LI =0 for all D > 0.
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Proof. First, recall the Koszul resolution , and note that it suffices to show
HD(Gr(kl,nl) x Gr(kg,n2),V;) =0 forallt>0, and D >t + || + |v].
Indeed, assume there exist partitions u, «, 8,0, x such that

HD<Gr(/€1,n1) x Gr(ka,na), (S Ay ® S"By) K (SXBQV)) £ 0,

with cgfﬁ “Co B c;(,, » 7 0. Recall the indices ¢ and j from the proof of Lemma Analyzing
the non-vanishing of the cohomology groups and the Littlewood—Richardson coefficients, in
particular, the inequalities , , and , implies
ke +3) = V| < pl 4+ +pd.
By Lemma [3.9(ii) the cohomological degree satisfies
D <koj + 18]+ (a4 -+ pa) — i =kaj + 8| +ip+ Y pl,
s>itp+1

where ksj is the cohomological degree contributed by SXBy. Adding the two inequalities above
yields

i+p
9 . oo s
J2—ip+ Y pl, 25 <itp,
5+ Ivl+ 1l > D+ Ry
4% —ip, if 27 > i+ p.

In both cases on the right, the expression is nonnegative, which is precisely what we need.
Indeed, if 2j > i + p, then j2 —ip > (i +p)?/4 —ip > 0, and if 2j < i + p, then
i+p
P—ipt > pl = P —iptilitp—2§)=(—4)> =0
s=2j+1

5. MULTIPLE LINE BUNDLES AND VECTOR BUNDLES

In the previous section, we calculated the cohomology groups of S”L%]fl ® S”L[fé] for suffi-

ciently positive m. We required m to be large enough so that these tautological bundles are
pulled back along a Strgmme embedding. In order to access those degrees inaccessible through
a Strgmme embedding, we work with Schur complexes, introduced in Subsection below.
This will allow us to bootstrap Theorem to prove Theorem [I.1]in full generality.

5.1. Schur functor of perfect complexes. For a partition A of n, let ) be the irreducible
representation of S, corresponding to A. Then Schur functors can be defined for a perfect
complex A of arbitrary length as S} A) = (7, ® A®")5" (see for instance Page 302 between
Theorems 9.11.4 and 9.11.5 in [EGNOJ). From this definition, it is also clear that in char-
acteristic zero, Schur functors respect quasi-isomorphisms: taking tensor products respect
quasi-isomorphisms, and taking S,, invariants is exact in characteristic zero.

When we write S*M for M1 is an object in the derived category of the Quot scheme,
we mean to represent M first as a perfect complex and take the Schur functor. In our case,
we can actually always represent M4 and M{4 as a map of vector bundles. Below we recall
definitions and basic properties of Schur functors associated to a partition and a map of vector
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bundles. The construction in this case is called Schur complexes in the literature. See [Weyl,
Chapter 2] for details.
Let X be a locally Noetherian scheme and let

D E1 — E2
be a map of vector bundles on X.

Definition 5.1. Let A be a partition. We write S*(®)*® for the Schur complex of length ||,
so that

@)= P VB es B

v |v|=¢

is placed in ¢-th degree. The beginning of S*(®)*® looks like
SE - SYOE @ By - SVOE, @ A2E, 0 SV E, @ Sym2 By — - -

Sometimes it is useful to index homologically as well. We write S*(®), for the Schur complex
of length |\| associated to the map @, so that

M@),= P B esVE.

vCAlv|=q
is placed in (—q)-th degree. The beginning of S*(®), looks like
o Sym? By @ SV E, 6 A2E @ SV E, - By @ SVWE, - SME,.
Note that S*(®)s = S* (®)°[¢], where ¢ = ||
Proposition 5.2. If we have a short exact sequence
0— B 5 By 2 By — 0, (34)

where each E; is a vector bundle, then S*(V)y — S*E3 — 0 is ezact, and 0 — S*E; — SN ®)*®
18 exact.

Proof. Since Ej3 is locally free, the short exact sequence is locally split. Acyclicity can be
checked locally, so [ABW] Corollary V.1.15] implies that (S*¥), is acyclic. The same result
also shows that the cokernel locally agrees with S* E3, and the functoriality of Schur complexes
shows that the isomorphisms must glue, so, globally, the cokernel is also exactly S*Es.

The first statement applied to the dual of shows that the complex SN(®V : EY —
EY) — SMEY — 0 is exact. Dualizing this complex shows the second statement. O

Remark 5.3. In the theorem statements, such as Theorem|1.1} we sometimes write S*H*(V ®
M), where V, M are vector bundles on P!. The definition of the Schur functor is rather trivial
in this case, but requires caution. For instance, S*H®*(O(—k)), where k > 1, is the vector space

S’\THl((’)(—k)), concentrated in degree |A|.

5.2. Vanishing results for two insertions. In Theorem we computed the cohomology
L(il and L,[%]. We shall now use the properties of Schur complex

{d}

groups of Schur functors of L

to conclude results about vector bundles Lirﬁl and L and their Schur functors.
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Lemma 5.4. Let L,,,—1 and Ly, line bundles with m sufficiently large. Let p,v,~v, A be parti-
tions satisfying
lu| + v+ v+ A < (nd +1b+n)/(n — 7).
Then all cohomology groups of the vector bundles
L oI 0 LY | @ AL
vanish unless p = v = ().

Proof. Let m be sufficiently large such that part (ii) of Theorem holds. Now consider the
exact sequence of vector bundles

0 — pid w,, —2my s 0

where W,,, := m.(p*(V ® Lp,)).
We will first prove the case p = () and v # (). Applying the Schur functor S to the above,
then tensoring with the vector bundles F' := SVL%],l ® S’\L[Tfll] we obtain a complex

0—— FRS'LY — 5 Fos/(D,)*

which is exact by applying Proposition Therefore, the cohomology groups of the vector

bundle F' ® S”Lig } equals the hypercohomology groups of the complex F ® S¥(®,,)®. Now
consider the hypercohomolgy spectral sequence
EP = HPT9(Quoty, F @ S”(®,,,)°) (35)

whose first page is given by
EP?:= H9(Quoty, F @ S (®,,)7) .

By the definition of Schur complex, we note that F' @ S"(®,,)P splits as a direct sum with
summands of the form F®San®SﬁLq[g], such that |a|+|8| = |v| and |3] = p. Note that W,,
is a trivial bundle. Applying Littlewood-Richardson rule, we further split F ® S*W,,, ® S# L[fé]
into direct sum, with summands of form

'Ll | @ s1L (36)
where

Y+ Il = [+ A+ 18] < Y[+ (A + [v] < (nd +rb+n)/(n — 7).

Theorem implies that g-th cohomology groups of each of these summand vanish for all

q > 1. Therefore, H4(Quoty, F @ S*W,, ®SﬁL£§) =0, and thus E¥"? = 0 for all ¢ > 1. We will

now show that the first row corresponding to ¢ = 0
0= EYY 5 B — .o E‘f’"o —0 (37)
in page one is exact. Consider the diagram
W —4s W,
D

W, —2m, rld
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and the induced morphisms of complexes
F®8"(id)* —— F®S"(id)* — F @ S”(®,,)".

where F = SYW,,_1 ® S*W,,. Theorem implies that the induced morphism for each
summand in the p-th degree

SW,,,_1 @ STW,, — SYLY

d
m—1 ® ST]L'[m}
induces isomorphisms for the space of global sections, and hence induces isomorphisms
H°(Quoty, F © S (id)?) = H°(Quoty, F @ S¥(®,,)?) = EP°.

Note that the complex of trivial bundles F' @ S”(id)® (equivalently of their space of global
sections) is exact by Proposition and hence is exact. Therefore the spectral sequence
degenetates in page two with all the terms zero, so we conclude that

HP(Quoty, S"LiH @ STLY | SALI) = HP (Quoty, F @ S¥(®,,)%) = 0
for all D > 0. The same proof works when v = () and p # 0, and it gives us
HP(Quoty, ML @ ST | @ SMLIY =0 for all D > 0. (38)

When both i and v are non-trivial, we again consider the exact sequence,
0—— FoS'LY —— Fos/(®,)*

where F' := S“L;{;ﬁl ® S‘YLEE]_1 ® SM L. Running the same argument as above, we note that,
for each p, the bundle F' ® S¥(®,,)? splits as a direct sum with summands of the form

'L @l | @snrld

m

for partitions  with |n| < |A|+|v|. Since u is nontrivial, all cohomology of the above summands
vanish by , and hence

H?(Quotg, FF ® §"(®m)?) =0
for all p and g. This implies that each object in the first page of the corresponding hyperco-
homology spectral sequence is zero, and thus H? (Quoty, FF ® S”L;{g }) =0 for all D > 0. ]

We now prove Theorem about the vanishing of the cohomology of S, restriction of the
universal subsheaf S to Quoty x{z}, using Lemma

Proof of Theorem[1.11. Let L, = O(m) and L,,—1 = O(m — 1) for the same choice of m as in
part (ii) of Theorem and Lemma For a point x € P!, the short exact sequence

0—-Ly-1—Ly—0,—0

induces the short exact sequence involving tautological bundles

0 —— L;{,fﬁl LAY ACH > Sy 0.

on Quot,. Proposition provides a resolution

SM¥)y —— SAS, —— 0
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for a partition A\. When 0 # || < (nd + rb+ n)/(n — r), Lemma [5.4] applies to each term in
the resolution, and hence proving that all cohomology groups of S*S, vanish. The statement
involving multiple partitions is a simple consequence of Littlewood-Richardson rule. U

5.3. Proof of Theorem As noted in Remark every vector bundle on P! splits as
a direct sum of line bundles, so Theorem follows from the following statement concerning
multiple line bundles.

Theorem 5.5. Let K1, Ko, ... K, and My, Mo, ..., M, be line bundles on P'. For any tuples
of partitions pt, 12, ..., 1® and AL, N2, N\ satisfying

4 e A 4 N < (d b+ n)/(n— 1),

(a) If i1 is a nontrivial partition for some 1 <i < s, then

S t
H* | Quoty, Qs K[V 0 Qs M | = 0.

i=1 j=1

(b) If ut =---=p* =10, then

t t
H* | Quoty, Q¥ M | = RSN H(V © Mj).
j=1 j=1

Remark 5.6. The universal quotient p*V' — Q induces natural maps H*(V®M;) — H*(M ][d])
for each j. The proof below will additionally show that the isomorphism in part (b) is given
by taking Schur functors and tensoring these natural maps.

Proof of Theorem[5.5. Fix sufficiently large integer m such that Theorem (ii) and Lemma
hold for Schur functors of consecutive line bundles L,,—; = O(m — 1) and L,, = O(m). The

] [d)
J

key idea here is to represent each K i{d} and M " as two-term complexes involving only L,

and L%], so that we may analyze Schur functors of the latter instead.
Note that R'7,(Q®p*Ly,_1) = 0, where 7 and p are the projections maps for Quoty xP!.
The diagonal sequence for P! gives an exact sequence [Sml, Proposition 1.1]

0 —— W*L%_l ®@p*O(-1) — ook Q®p*Ly, —— 0
on Quoty xP!. For any line bundle M, twist the above sequence by p*(M ® L,), and push
forward via 7 to obtain an exact triangle

L9 @ Rrp MeLY ) 22 L Rep (M LY,)) — Mld L, (39)

m—1

in the derived category of coherent sheaves on Quoty. Explicitly, Rm.p*(M ® L)) = H*(M ®
Ly,) ® Oquot, is a trivial vector bundle supported in degree 0 or 1; the complex is identically
zero if deg M ® L)), = —1. This exhibits M 9] as quasi-isomorphic to a two-term complex of
vector bundles, denoted ®,,, which is

o { 4 @H (M@ LY, ) — Ll @ HO(M © LY,) if deg(M @ LY,)
L

>
M e H (MeLY, )L eH(MeLY) if deg(M®LY) <

0,
_1’
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where the first complex (®ps)e is viewed as concentrated in degrees [—1,0], and the second
(Par)® is concentrated in degrees [0, 1]. Similarly, replacing Q by S in the above argument, we
obtain the exact triangle

LY @ Rrp (Ko LY, ) 5 L ® Rrp* (K ® LY,)) Kl *L, (40)

for any line bundle K.
Thus, our problem is reduced to computing the hypercohomology groups of the complex

s t
G* = QRS (Uk,)* @ RSV (Dn,)°.
i=1 j=1

Note that we write S*' (¥g,)®, S (®yy,)* instead of S*' (U, )s, SV (Par, )e for all 4, j for ease of
presentation, but apply the corresponding construction in Definition depending on whether
Wk,, @y, are concentrated in degrees [0, 1] or [—1,0]. Now the degree ¢ term G in the complex
G* splits as direct sum of vector bundles of the form

seL' oL o s | o S0 Lld)

m m
for some partitions «, 3,7, d satisfying
jad + 18] = |u' [+ + [p*] and [y + o] = A+ + N,
If 1% is nontrivial for some 7, then either o or 3 is nontrivial, and thus, all its cohomology groups

vanish by Lemma Therefore, the first page of the hypercohomology spectral sequence for
G"* is identically zero, so we get H” (Quoty, G®) = 0 for all D > 0. This concludes the proof of

part (a).
To prove part (b), we will use the exact triangle

O
M T R (07 (V @ M) —— M L (41)

where R, (p*(V@M;)) = H*(V®M;)®@0Oquot,- Let us first observe that, when deg M; > d+b,
it is a vector bundle supported in degree zero, and whenever deg M; < 0, the complex M j{d} is
vector bundle R, (p*M; ® S) supported in degree one.

When deg M; > d + b, we apply Proposition to see that S M. J[.d] is quasi-isomorphic to
sV (©11,)e, supported in degrees [—|M[,0], with (—¢)-th term given by

. f o .
sVOu)g= @ MY oV (HV @ M)) ® Oguer,)
aCM,|a|=s
On the other hand, when deg M; < 0, we see that SN M. ][d] is quasi-isomorphic to sV (Oun;)°,
supported in degrees [0, |\ ], with g-th term given by
sV@um)'= @ sV st (H'(V e M) © Ogue,)
aCM,|a|=s

where M J{d}[l] = Rlm,(p*M; @ S). Now consider the complex

t
B — ®S)\J (@Mj)o’
j=1
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where we use cohomology notation for ease of presentation again. Observe that all cohomology
groups of each summand of each term E? vanish by part(a), except for the D-th term, with
D =3 eg M, <0 [N |, which contains the summand

J

& ST (HYV @ M)) © Oquot,) © X S (HO(V ® M;) @ Oquet, ) - (42)
deg M; <0 deg M; >0

Therefore, the hypercohomology spectral sequence degenerates on page two, and gives us
HP(Quotg, B*) = Q) sM'H'(VeM)e & SVH(V o M)
deg M; <0 deg M;>0

forD=>5" deg M; <0 |\, while all other cohomology groups vanish. Note that in computing H?
from , we use the fact that Oquoet, has no higher cohomology groups, which is a corollary
of Theorem as explained in Remark

Now assume 0 < deg M; < d+b—1 < m—1. In this case M]{d} is supported in degrees [0, 1],
and is quasi-isomorphic to (¥yy,)*® using the triangle . The latter complex is supported in
degrees [0, 1] and is given by

i e B\ (M © LY, ) — Li @ H'(M; © LY,)).
Thus, using the triangle , we get a quasi-isomorphism of M J[d] with the complex of vector
bundle concentrated in degrees [—1, 0] given by

LY e H (Mo LY, ) — L @ HY(M; ® LY,)) & HO(V @ M;) ® Oquet,.
and argue similarly. O

5.4. Vanishing without size constraints. We now turn to the setting when there is no
restrictions on the sizes of partitions. We will extend the result for two consecutive line
bundles in Proposition to showing vanishing of higher cohomology groups for multiple line
bundle.

Theorem 5.7. Assume V splits as a direct sum of line bundles of nonpositive degrees. Let
My, Ms, ..., M, be line bundles on P! of degrees at least d + b. For any tuple of partitions
ALUAZ N, we have
. t .
H' | Quoty(P,V,r), RSV MN | =0 foralli > 1.
j=1
Proof. Let m = d + b, and thus Proposition [£.7] applies whenever two consective line bundles

are involved. Let Mi, Mo, ..., M; be line bundles with degrees at least m, and consider the
short exact sequences of vector bundles ,

D,
0 » Lo @ HO(M; @ LY, ) il HY(M; ® LY,)) — Mj[d] —— 0
for each 1 < j < t. For any partitions A, A2, ..., A, we consider the complex of vector bundles

¢
G* = ® SRR
j=1
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Note that the complex is supported in degrees [/, 0] where ¢ = (|[A!| +--- + [\!|). Proposi-
tion implies that the complex

t
055G G = 5 G- RSV M,
j=1
is exact. The (—q)-th term G~7 splits as a direct sum with each summand of the form
d S1[d

SL | es°LH,
which by Proposition can only have zeroth cohomology. In particular, H*(Quoty, G=9) = 0
for all 0 < ¢ </ and i > 1, so we conclude that

t

H' | Quoty, ®S)‘ij =0 for all 4 > 1.
j=1

O

We now provide some concrete examples explaining why the size constraint is necessary in
the statement of Theorem [1.1] even though all higher cohomology groups vanish for positive
enough line bundles.

Example 5.8. Let V = (9]%912, r =1 and d = 2. For the line bundle Ly = Op1(4), the natural
map

NHY(V ® Ly) — H(Quoty, ASLI)
is not an isomorphism. This shows that the bound |\| < (dn + n)/(n — r) is sharp in Theo-

rem (L.

Our computation uses the Stgmme embedding of ¢ : Quoty — Gr(3,10) x Gr(4,12), cor-
responding to the twists m = 4,5. We have /\GLE] = L*S(16)Bl, which yields a resolution of
Ly N9 LE] as in . This then gives rise to a spectral sequence H*(V;) = H*~*(Quot,, /\GLLQ]).
By using the computer to run an exhaustive search, we find that there are exactly two
nonzero terms on the initial page of the spectral sequence: in addition to the term H°(Vy) =
ANSHO(V ® Ly), which has dimension dim H°(V,) = 210, the cohomology group H?3(Va4) is
also nonzero.

Specifically, let W1 = HO(V ® Ly), Wo = H°(V ® Ls), and let u = (10,10,4),0 = (6,6, 25).
Then the multiplicity

Z CZT5037B = 28

o,
is nonzero, and

H?(Gr(3,10) x Gr(4,12), Vay) = H3((S* A, © SU)B) B S7BY )2
= (S(i’vw)v[/1 ® S((2)12)W2v)e928
> ((det W1)®® @ (det Wy )#2)¥%® |

One possible choice of «, § would be

a=(3,3),

B =(3,3,25),
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for which the multiplicity is ¢/ Bc s=1L
2]

Since there are only two nonzero terms on the initial page and /\6L4 cannot have cohomology
in a negative degree, the induced map H?*(Va4) — H®(Vy) must be injective. In fact, there is
a short exact sequence

— ((det W) ®3 @ (det Wy )®2) %

— AW — HO(Quoty, /\GLE]) — 0.

Example 5.9. Let V = O]?El?’,?“ =1,d = 3. Then

H2(Quotd,Sym2(L[2d])v) = H?(Quotg, S (L[d]) ) # 0.

Note that the partition v = (2) satisfies the constraint that |v| < (nd + n)/r = 12, but fails
the condition of part (i) of Theorem because v1 = n — r is too large. This example also
shows that the same theorem cannot be upgraded to the statement that for |v| < (nd 4+ n)/r,

To see the non-vanishing of H?, we consider the Strgmme embedding ¢ : Quoty < Gr(3,9) x
Gr(5, 12), corresponding to the twists m = 2,3. Then we run an exhaustive search of all vector
bundles

V=St A; @ Sym? BY B SH (BY & BY)
on Gr(3,9) x Gr(5,12), where |u| < codim(Quoty(P*, V,r) C Gr(3,9) x Gr(5,12)) = 42. Let
w1 = (8,2,2) and po = (7,2,2), and let Wy = HY(V ® Lo), Wo = H°(V ® L3). We find that
the only vector bundles with nonzero cohomology groups arise from these two partitions:

HB3 Yy = s(D-2) (V) @ SU) (WY )07 = (W @ det Wy @ det Wy )®7,
B3y = 8D W) @ 8T (W) = (det W @ AMWY)P0,

The spectral sequence computing the cohomology of Sme(L[Qd])V in this case reduces to an
exact sequence

0 — H'(Sym (L)) = (Wiedet Wicdet Wy )27 — (det Wy @AWy )6 — H2(Sym?2(LE)Y)

While we don’t know how to describe this middle map explicitly, the cokernel H?(Sym? (L[Zd])v)
must be nonzero for dimension reasons.
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