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Abstract

W e study the presence of a logarithmic time scale in discrete appro ximations of

Sa wto oth Maps on the 2�torus. The tec hniques used are suggested b y quan tum

mec hanical similarities, and are based on a particular class of states on the torus,

that ful�ll dynamical lo calization prop erties t ypical of quan tum Coheren t States.

Keywor ds : Chaos; discrete systems; automorphisms on the 2�torus; semi�classical
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1. In tro duction

Under the term of Quan tum Chaos go es a ric h phenomenology of b eha viours [1� 3] prop er

to quan tum systems whose classical limit presen ts t ypical c haotic features as p ositiv e

Ly apuno v exp onen ts (h yp erb olic regime) [4�6].

The fo otprin ts of classical c haos are usually studied semi�classically when a suitable

� ~��lik e quan tization parameter go es to zero; one then examines the di�erences b et w een

quan tum and classical b eha viours. In the h yp erb olic case, quan tum c haos rev eals itself

through the presence of a time�scale, o v er whic h quan tum and classical motions mimic

eac h other, that increases as � log � ~� [1�3, 7� 9]. This p eculiar logarithmic time scale has

to b e compared with the scaling � ~�

� � ; � > 0, whic h is prop er of quan tum systems with

regular classical limit [1].

Heuristical explanations of the logarithmic time-scale already indicate that the phe-

nomenon is not exclusiv e of quan tum systems, and th us of non�comm utativit y , but that

it should also b e presen t when the classical dynamics is lo ok ed at as the con tin uous limit

of a family of discrete classical systems. [10].

In trinsically discrete systems [11] and discretized classical con tin uous systems [12�

14] ha v e recen tly b een ob jects of n umerical analysis concerning the en trop y pro duction

and the presence of a logarithmic time scale, whereas the ergo dic prop erties of discretized
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discon tin uous maps ha v e b een addressed in [15].

In the follo wing, w e shall rigorously sho w this fact to b e true for S a wto oth M aps on

the 2-dimensional torus [16� 18]: this will b e done b y forcing them to mo v e on a square

lattice and b y retrieving the con tin uous dynamics when the lattice spacing go es to zero.

Because of the analogies b et w een quan tization and discretization, w e will mak e use of

tec hnologies strictly resem bling the so-called A nti�Wick quan tization [19].

W e shall pro v e that a time�scale logarithmic in the lattice-spacing app ears; in com-

parison to previous results obtained studying n umerically the en trop y pro duction [14],

a rigorous con tin uous limit is established that succeeds in con trolling the discon tin uities

of S a wto oth M aps. Despite their classical nature, the en trop y previously in v estigated

w as quan tum mec hanical; somewhat analogously , in this article, S a wto oth M aps will b e

studied b y means of states, whic h pla y a role similar to quan tum Coheren t States, whose

c hoice is naturally pro vided b y the lattice structure of discretized S a wto oth M aps. They

will b e sho wn to satisfy a dynamic al lo c alization pr op erty that mak es them remain lo cal-

ized around the tra jectories of the con tin uous dynamics, but only on a logarithmic time

scale.

2. Classical Dynamical Systems

Classical dynamics is usually describ ed b y means of a measure space X , the phase�space,

endo w ed with the Borel � �algebra and a normalized measure � , � (X ) = 1 . The �v olumes�

� (E ) =
Z

E
� (dx )

of measurable subsets E � X represen t the probabilities that a phase�p oin t x 2 X b elong

to them: the measure � de�nes the statistical prop erties of the system and represen ts

a p ossible state, whic h is tak en to b e an equilibrium state with resp ect to the giv en

dynamics.

In suc h a sc heme, a rev ersible discrete time dynamics amoun ts to an in v ertible

measurable map S : X 7! X suc h that � � S = � and to its iterates f Sk j k 2 Z g:

phase�tra jectories passing through x 2 X at time 0 are then sequences

�
Sk x

	
k2 Z

[6].

Classical dynamical systems are th us con v enien tly describ ed b y triplets (X ; �; S ) ;

in the presen t w ork, w e shall fo cus up on the follo wing c hoices:

X : the 2�dimensional torus T

2 = R

2=Z

2 =
�

x = ( x1; x2) 2 R

2 (mod 1)
	

;
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� : the Leb esgue measure, � (dx ) = d x1 dx2 , on T

2
;

S : an in v ertible measurable transformations on T

2
that preserv es the Leb esgue mea-

sure.

It is con v enien t to asso ciate an algebraic triple (M ; !; �) to the measure�theoretic

triple ( T

2; �; S ) , consisting of

M : the (Ab elian) V on Neumann *-algebra L 1
�

�
T

2
�

of essen tially b ounded functions

on T

2
[20, 21].

! � : the state (exp ectation) on M , giv en b y

! � : L 1
�

�
T

2�
3 f 7�! ! � (f ) :=

Z

T

2
� (dx ) f (x) 2 R

+ � (1)

� : the automorphism of M suc h that � ( f ) = f � S , ! � � = ! .

In the follo wing, w e shall consider a discretized v ersion of ( T

2; �; S ) whic h arises b y

forcing the con tin uous classical system to liv e on a square lattice L N � T

2
of spacing

1
N :

L N :=
n p

N

�
�
� p 2 ( Z =N Z )2

o
; (2)

where ( Z =N Z ) denotes the residual class (mod N ) , that is 0 6 pi 6 N � 1.

T aking the N 2
p oin ts as lab els of the elemen ts fj ` ig ` 2 ( Z =N Z )2 of an orthonormal

basis (o.n.b.) of the N dimensional Hilb ert space H N , N := N 2
, w e will consider discrete

algebraic triples

�
DN ; � N ; � N

�
, consisting of

DN : an N � N matrix algebra diagonal in the orthonormal basis in tro duced ab o v e;

� N : the uniform state (exp ectation) on DN de�ned b y

� N : DN 3 D 7�! � N (D ) :=
1
N

Tr ( D ) 2 R

+ ; (3)

� N : an automorphism of DN suitably repro ducing � when N �! 1 (see Section 4.2).

Remark 2.1

As it will b ecome eviden t in the follo wing, up to a certain exten t, discretization

resem bles quan tization; in the latter case, instead of DN , one deals with non�

comm utativ e matrix algebras, the t ypical instance b eing the �nite dimensional

quan tization of the Arnold Cat Map [22, 23].
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3. Discretization of phase�space

As sk etc hed in the previous Remark, w e pro ceed no w to setup a discretization pro cedure

close to the so�called A n ti� W ic k quan tization [19].

Giv en the classical algebraic triple

�
L 1

�

�
T

2
�

; ! � ; �) , the aim of a discretization�

dediscretization pro cedure (sp eci�cally an N �dimensional discretization) is t w ofold:

� �nding a pair of *-morphisms, J N ;1 mapping L 1
�

�
T

2
�

in to the ab elian �nite di-

mensional algebra DN and J 1 ;N mapping bac kw ard DN in to L 1
�

�
T

2
�

;

� pro viding an automorphism � N , the discrete dynamics, acting on DN suc h that it

appro ximates the con tin uous one, � , on L 1
�

�
T

2
�

as follo ws

J 1 ;N � � j
N � J N ;1 ����!

N !1
� j � (4)

The latter requiremen t can b e seen as a mo di�cation of the so called Egoro v's prop ert y

(see [24]). In tuitiv ely , a discrete description of the measure�theoretic triple

�
T

2; �; S
�

b ecomes �ner when w e increase N , the n um b er of p oin ts p er linear dimension on the grid

L N in (2): this corresp onds to enlarging the dimension of the Hilb ert space H N asso ciate

to the corresp onding algebraic triple

�
DN ; � N ; � N

�
. In this sense, the lattice spacing

a:= 1
N of the grid L N is a natural �discretization parameter� pla ying an analogous role

to the quan tization parameter ~.

The di�cult y is to �nd con v enien t *-morphisms J N ;1 and J 1 ;N that set up a

rigorous asymptotic (in N ) corresp ondence, of functions on L 1
�

�
T

2
�

and matrices in DN

and, ab o v e all, b et w een the discrete dynamics � N and the con tin uous one � .

Due to the similarities with quan tization, w e shall consider a discretization pro cedure

based on states that w e shall refer to as L attice S tates ( LS for short) whic h mimic the use

of C oheren t S tates in the study of the semi�classical limit. In the next section w e will

giv e a suitable de�nitions of LS b elonging to the Hilb ert space H N , that w e shall use to

discretize

�
L 1

�

�
T

2
�

; ! � ; �) .

3.1. L attice S tates on T

2

In analogy with the the prop erties of quan tum C oheren t S tates, w e shall lo ok for a class

fj CN (x )i j x 2 T

2g 2 H N of v ectors, indexed b y p oin ts x 2 T

2
, satisfying the follo wing
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conditions whic h are b orro w ed from analogous quan tum ones [25]:

Prop erties 3.1

1. Measurabilit y : x 7! j CN (x )i is measurable on T

2
;

2. No rmalization : kCN (x )k2 = 1 , x 2 T

2
;

3. Completeness : N
Z

T

2
� (dx ) jCN (x )ihCN (x )j = 1 ;

4. Lo calization : giv en " > 0 and d0 > 0, there exists N0(�; d0) suc h that for

N � N0(�; d0) and d
T

2 (x ; y ) � d0 one has

N jhCN (x ); CN (y )ij 2 � ":

The sym b ol d
T

2 (x ; y ) used in the lo calization prop ert y stands for the length of the shorter

segmen t connecting the t w o p oin ts x ; y 2 T

2
, namely

De�nition 3.1

W e shall denote b y d
T

2 (x ; y ) := min
n 2 Z

2
kx � y + n k

R

2 the distance on T

2
.

W e shall no w construct a family of jCN (x )i . Let b�c denote the in teger part of a

real n um b er, namely x � 1 < bxc 6 x is the largest in teger smaller than x ; further, let

h�i denote the fractional parts, that is hxi := x � b xc. Th us w e will write

T

2 3 x =
�

bNx 1c
N

;
bNx 2c

N

�
+

�
hNx 1i

N
;
hNx 2i

N

�
;

or, more compactly , x =
bN x c

N
+

hN x i
N

. W e pro ceed b y asso ciating to p oin ts of T

2

sp eci�c lattice p oin ts.

De�nition 3.2 ( L attice S tates)

Giv en x 2 T

2
, w e shall denote b y x̂ N the elemen t of ( Z =N Z )2

giv en b y

x̂ N = ( x̂N; 1; x̂N; 2) :=
�

bNx 1 + 1
2 c ; bNx 2 + 1

2 c
�

; (5)

and call L attice S tates on T

2
the v ectors jCN (x )i de�ned b y

T

2 3 x 7! j CN (x )i := j x̂ N i 2 H N � (6)
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Remark 3.1

The family of states jCN (x )i is constructed b y c ho osing, for eac h x 2 T

2
,

that elemen t of the basis of H N whic h is lab eled b y the closest elemen t of L N

to x .

0 1
5

2
5

3
5

4
5 1

0

1
5

2
5

3
5

4
5

1

Figure 1: The ab o v e picture represen ts a square lattice ( L 5 ) of spacing

1
5 b y circles and

connecting lines. All p oin ts in the blue square I ( 3
5 ; 3

5 ) :=
� 5

10; 7
10

�
�

� 5
10; 7

10

�
� T

2
are

asso ciated with the grid p oin t

� 3
5 ; 3

5

�
(blac k dot). Th us, for all x 2 I ( 3

5 ; 3
5 ) , it turns out

that jCN (x )i = j (3; 3)i 2 H N .

Prop osition 3.1

The family of LS fj CN (x )g satis�es Prop erties 3.1.

Pro of:

Measurabilit y and no rmalization are straigh tforw ard.

Completeness can b e expressed as

N
Z

T

2
� (dx ) h̀ jCN (x )ihCN (x )j m i = � (N )

` ;m ; 8` ; m 2 ( Z =N Z )2 ;

where w e ha v e in tro duced the p erio dic Kronec k er delta, that is � (N )
n ;0 = 1 if and only if

n � 0 (mod N ) . This is pro v ed as follo ws:

N
Z

T

2
� (dx ) h` jCN (x ) ih CN (x ) j m i = N

Z 1

0
dx1

Z 1

0
dx2 h` j x̂ N ih x̂ N j m i =
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= N � (N )
`1 ; m1

� (N )
`2 ; m2

� Z 1

0
dx1 � (N )

`1 ; bNx 1+ 1
2 c

� � Z 1

0
dx2 � (N )

`2 ; bNx 2+ 1
2 c

�

= N
�

� (N )
`1 ; m1

� (N )
`2 ; m2

�
2

4
Z ` 1+ 1

2
N

` 1 � 1
2

N

dx1

3

5

2

4
Z ` 2 + 1

2
N

` 2 � 1
2

N

dx2

3

5 = N 2 � (N )
` ;m

1
N 2 = � (N )

` ;m �

Lo calization comes as follo ws: from De�nition 3.2 (see Remark 3.1 and Figure 1),

it turns out that jCN (x )i is orthogonal to ev ery basis elemen t lab eled b y a p oin t of

L N whose toral distance d
T

2 (see De�nition (3.1) ) from x is greater than

1
N

p
2

. As a

consequence, the quan tit y hCN (x ); CN (y )i = 0 if the distance on the torus b et w een x

and y is greater than

p
2

N . Th us, giv en d0 > 0, it is su�cien t to c ho ose N0(�; d0) >
p

2=d0 ,

to ha v e

N > N 0(�; d0) =) N h CN (x ); CN (y )i = 0 �

Remarks 3.2

(1) The last result in the previous Prop osition amoun ts to an ev en stronger

lo calization prop ert y than prop ert y 3.1.4; this is due to our particular c hoice

of L attice S tates, whic h, as w e shall see, is suited to the task of con trolling

S a wto oth M aps. In general, one can hardly hop e to ac hiev e orthogonalit y

and m ust b e con ten t with the w eak er lo calization condition 3.1.4.

(2) Although the set of LS of De�nition 3.2 ful�ll Prop erties 3.1, whic h are

t ypical of C oheren t S tates, LS di�er from them in that the con text w e are

considering is comm utativ e. In spite of this, it is con v enien t to adopt the

formalism of Quan tum Mec hanics; in particular the set of LS is in terpreted

as a Hilb ert orthonormal basis of Dirac k ets, whose corresp onding pro jectors

form a partition of unit in to indicator functions ha ving supp ort on small

squares of the torus, as in Figure 1, whose sides scales as

1
N �

3.2. A n ti� W ic k Discretization and its con tin uous limit on T

2

In order to study the con tin uous limit and, more generally , the quasi�con tin uous b e-

ha viour of

�
DN ; � N ; � N

�
when N ! 1 , w e follo w the semi�classical tec hnique kno wn as

A n ti� W ic k quan tization. The other standard quan tization tec hnique, namely the W eyl

pro cedure, despite b eing more straigh tforw ard and less tec hnically hea vy , is nev ertheless

more suited to smo oth spaces of functions and w as indeed instrumen tal in the study of

discretized Cat Maps [14]. Instead, in our case, the A n ti� W ic k pro cedure is a b etter
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c hoice due to the discon tin uous c haracter of the dynamics, as it will clearly app ear in the

next Section.

W e start c ho osing concrete discretization/de�discretization *-morphisms.

De�nitions 3.3

Giv en the family fj CN (x )ig of L attice S tates in H N , the A n ti- W ic k�lik e dis-

cretization sc heme ( A W , for short) will b e describ ed b y a one parameter family

of (completely) p ositiv e unital map J N ;1 : L 1
�

�
T

2
�

! D N

L 1
�

�
T

2�
3 f 7! N

Z

T

2
� (dx ) f (x ) jCN (x )ihCN (x )j =: J N ;1 (f ) 2 D N :

The corresp onding de�discretization op eration will b e describ ed b y the (com-

pletely) p ositiv e unital map J 1 ;N : DN ! L 1
�

�
T

2
�

DN 3 X 7! hCN (x ); X C N (x )i =: J 1 ;N (X )(x ) 2 L 1
�

�
T

2�
:

Remarks 3.3

i. Both maps are iden tit y preserving (unital) b ecause of the conditions satis-

�ed b y the family of L attice S tates and are completely p ositiv e, since b oth

L 1
�

�
T

2
�

and DN are comm utativ e algebras. One can also c hec k that:

kJ 1 ;N � J N ;1 (g)k1 � k gk1 ; g 2 L 1
�

�
T

2�
�

ii. De�nition 3.3 yields � N � J N ;1 = ! � , with � N giv en in (3) .

In App endix A, more op erativ e details are presen ted, whereas in the follo wing w e pro v e

some simple prop erties that incorp orate minimal requests for rigorously de�ning the sense

in whic h the discrete dynamical systems

�
DN ; � N ; � N

�
tends to

�
L 1

�

�
T

2
�

; ! � ; �) , when

1
N ! 0.

Prop osition 3.2

(1) F or all f 2 L 1
�

�
T

2
�

and X 2 D N ,

! � (g J 1 ;N (X )) = � N
�
J N ;1 (g)� X

�
;



10 F. Benatti and V. Capp el lini

(2) F or all f; g 2 L 1
�

�
T

2
�

lim
N !1

� N
�
J N ;1 (f )� J N ;1 (g)

�
= ! � (fg ) =

Z

T

2
� (dx ) f (x )g(x ):

(3) F or all X 2 D N , and for all N 2 N

+
,

J N ;1 � J 1 ;N (X ) = X ;

(4) F or all f 2 L 1
�

�
T

2
�

lim
N !1

J 1 ;N � J N ;1 (f ) = f � � a.e.

Pro of:

The �rst t w o statemen ts in the ab o v e Prop osition directly follo w from De�nitions 3.3

together with (6) ; the latter t w o are equiv alen t and their pro of can b e found in [25], the

only di�erence b eing the dimension N of the Hilb ert space H N , here N = N 2
, there

N = N .

Remark 3.4

Prop erties 1 and 2 in the previous Prop osition sho w ho w (GNS) scalar pro d-

ucts in the discrete, resp ectiv ely con tin uous limit, are related; prop erties 3

and 4 concern instead the direct�in v erse relations b et w een the discretization

and the de�discretization maps.
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4. Discretization of the Dynamics

4.1. Classical description of S a wto oth M aps

W e shall no w fo cus on a sp ecial class of automorphisms of the torus, namely the S a wto oth

M aps [16, 17] ( SM for short), that is on triples ( T

2; �; S � ) where

S�

 
x1

x2

!

=

 
1 + � 1

� 1

!  
hx1i

x2

!

(mod 1) ; � 2 R (7)

=

 
h(1 + � ) hx1i + x2i

h� hx1i + x2i

!

Remarks 4.1

i. In the follo wing, a p oin t x of the torus, will corresp ond to an equiv alence

class of R

2
p oin ts whose co ordinates di�er b y in teger v alues;

ii. without the fractional part, (7) is not w ell de�ned on T

2
for not�in teger � ;

indeed, the same p oin t x = x + n 2 T

2; n 2 Z

2
, w ould ha v e (in general)

S� (x ) 6= S� (x + n ) . Of course, h�i is not necessary when � 2 Z ;

iii. the Leb esgue measure on T

2
is invariant for all � 2 R ;

iv. if � 62Z , the S� are kno wn as S a wto oth M aps;

v. when � 2 Z , w e shall write T� instead of S� . T1 = ( 2 1
1 1 ) is the Arnold Cat

Map [6]. In general, T1 2 f T� g� 2 Z

� SL 2 ( Z ) � GL 2 ( Z ) � M 2 ( Z ) where

M 2 ( Z ) is the subset of 2 � 2 matrices with in teger en tries, GL 2 ( Z ) the

subset of in v ertible matrices and SL 2 ( Z ) the subset of matrices with deter-

minan t one: the dynamics generated b y T� 2 SL 2 ( Z ) is called Unimo dular

Gr oup [6] ( UMG for short);

vi. after iden tifying x with canonical co ordinates (q; p) and imp osing the

(mod 1) condition on b oth of them, the ab o v e dynamics reads

8
<

:
q0 = q + p0

p0 = p + � hqi
(mod 1) � (8)

This is nothing but the Chirik o v Standard Map [3] in whic h � 1
2� sin(2�q )

is replaced b y hqi . The dynamics in (8) can also b e though t of as generated
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b y the (singular) Hamiltonian

H (q; p; t) =
p2

2
� �

hqi 2

2
� p(t);

where � p(t) is the p erio dic Dirac delta whic h mak es the p oten tial act

through p erio dic kic ks with p erio d 1 [26];

vii. S a wto oth M aps are in v ertible and the in v erse is giv en b y the expression

S� 1
�

 
x1

x2

!

=

 
1 0

� � 1

! * 
1 � 1

0 1

!  
x1

x2

!+

(mod 1) (9)

=

 
hx1 � x2i

hhx2i � � hx1 � x2ii

!

or, in other w ords,

8
<

:
q = q0� p0

p = � � q + p0
(mod 1) :

It can indeed b e c hec k ed that S�
�
S� 1

� (x )
�

= S� 1
� (S� (x )) = x ; 8x 2 T

2
.

F urther, S� 1
� preserv es the Leb esgue measure on T

2
.

W e no w list a set of prop erties [16� 18] of S a wto oth M aps that will b e used in the follo wing

Prop erties 4.1 (of S a wto oth M aps)

(1) S a wto oth M aps f S� g are disc ontinuous on the subset


 0 : = f x = (0 ; p) ; p 2 T g 2 T

2
: t w o p oin ts close to 
 0 , A := ( "; p) and

B : = (1 � "; p) , ha v e images that di�er, in the " ! 0 limit, b y a v ector

d(1)
S�

(A; B ) = ( �; � ) (mod 1) .

(2) In v erse S a wto oth M aps f S� 1
� g are disc ontinuous on the subset


 � 1 := S� (
 0) = f x = ( p; p) ; p 2 T g 2 T

2
: t w o p oin ts close to 
 � 1 , namely

A := ( p + "; p � " ) and B := ( p � "; p + ") , ha v e images that di�er, in the

" ! 0 limit, b y a v ector d(1)
S� 1

�
(A; B ) = (0 ; � ) (mod 1) .

(3) The maps T� and T � 1
� are c ontinuous :

� 2 Z =) d(1)
T�

(A; B ) = d(1)
T � 1

�
(A; B ) = (0 ; 0) (mod 1).

(4) The eigen v alues of the matrix S� =
�

1+ � 1
� 1

�
are

�
� + 2 �

p
(� + 2) 2 � 4

�
=2.

They are conjugate complex n um b ers if � 2 [� 4; 0], whereas one eigen v alue
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� > 1 if � 62[� 4; 0]. In this case, distances are stretc hed along the direc-

tion of the eigen v ector je+ i , S� je+ i = � je+ i , con tracted along that of je� i ,

S� je� i = � � 1je� i : log � is a (p ositiv e) Lyapunov exp onent .

F or suc h � 's all p erio dic p oin ts are h yp erb olic [18].

�
-

-
�

S� 1
1
2

S1
2

S1
2

S� 1
1
2

�
-

-
�

S� 1
1 S1

S1 S� 1
1

Figure 2: In the upp er ro w, w e depict the e�ects of the discon tin uities of a SM with

� = 1
2 ; the picture in the middle sho ws the discon tin uit y lines 
 0 and 
 � 1 , whereas those

on the righ t and left sho w ho w they ev olv e bac kw ard and forw ard in time. The di�eren t

parallel bands help the reader to �gure out the toral p erio dicit y and the discon tin uous

c haracter of the map, also highligh ted b y the ap erio dic splits of t w o sp ots. F urther, for

sak e of comparison, the lo w er ro w presen ts the same case of the upp er one but for the

con tin uous dynamics ( � = 1 ).

Remarks 4.2

Because of the presence of the fractional part in (7) and (9) , w e ha v e to

distinguish the action of S� and S� 1
� from a mere matrix action. W e shall

adopt the follo wing notations:

i. With S� the matrix

�
1+ � 1

� 1

�
in Prop ert y 4.1.4, the expression S� (x ) will

denote the action represen ted b y (7), whereas S� � x will denote the matrix

action of S� on the v ector x .

ii. When the dynamics arises from the action of the UMG (see Remark 4.1.v.),
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so, in particular, when f T� g� 2 Z

is the family of toral automorphisms, equa-

tion (7) assumes the simpler form T� (x ) = T� � x (mod 1).

iii. Analogously , expressions lik e T� � x ; T tr

� � x ; T � 1
� � x and

�
T tr

�

� � 1 � x , will

denote the actions b y T� itself, its transp osed, its in v erse and the in v erse

of the transp osed, resp ectiv ely .

4.2. Algebraic description of con tin uous and discretized S a wto oth M aps

In this Section w e mak e use of the comm utativ e (V on Neumann) algebra L 1
�

�
T

2
�

in tro-

duced in Section 2 and consider the algebraic description of S a wto oth M aps b y triples

�
L 1

�

�
T

2
�

; ! � ; � �
�

, where ! � has b een de�ned in (1) and � � : L 1
�

�
T

2
�

7! L 1
�

�
T

2
�

is

the discrete�time dynamics generated as follo ws:

� � (f ) (x ) := f (S� (x )) ; � 2 R �

The maps � j
� ; j 2 Z are automorphisms of L 1

�

�
T

2
�

and lea v e the state ! � in v arian t.

Our aim is no w to de�ne a suitable discrete ev olution � N ;� on DN , suc h that the

discretized triplets

�
DN ; � N ; � N ;�

�
con v erge to the con tin uous SM .

W e start b y in tro ducing t w o di�eren t kinds of maps: the �rst ones, U � j
� ; j 2 Z , are

de�ned on the torus T

2
�

[0; N )2
�

, namely [0; N ) � [0; N ) (mod N ) , and giv en b y

T

2
�

[0; N )2
�

3 x 7! U0
� (x ) := x

= N S0
�

� x
N

�
2 T

2
�

[0; N )2
�

; (10a)

T

2
�

[0; N )2
�

3 x 7! U � 1
� (x ) := N S � 1

�

� x
N

�
2 T

2
�

[0; N )2
�

; (10b)

T

2
�

[0; N )2
�

3 x 7! U � j
� (x ) := U � 1

� ( U � 1
� ( � � � U � 1

� ( U � 1
� (

| {z }
j times

x ) ) � � � ) ) ; j 2 N

+ ;

= N S � j
�

� x
N

�
2 T

2
�

[0; N )2
�

� (10c)

The second class consists of maps V � j
� from T

2
�

[0; N )2
�

on to its subset ( Z =N Z )2
, whose
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actions are as follo ws

T

2
�

[0; N )2
�

3 x 7! V 0
� (x ) := bx c

= �
�
� U0

� (bx c)
�

2 ( Z =N Z )2 ; (11a)

T

2
�

[0; N )2
�

3 x 7! V � 1
� (x ) := �

�
� U � 1

� (bx c)
�

2 ( Z =N Z )2 ; (11b)

T

2
�

[0; N )2
�

3 x 7! V � j
� (x ) := V � 1

� ( V � 1
� ( � � � V � 1

� ( V � 1
� (

| {z }
j times

bx c) ) � � � ) ) ; j 2 N

+ ;

= �b� U � 1
� ( �b� U � 1

� ( � � � � b� U � 1
� ( �b� U � 1

� (
| {z }

j times

bx c)c)c � � � )c)c 2 ( Z =N Z )2 � (11c)

Remark 4.3

The maps U j
� are extensions of the Sj

� on the enlarged torus T

2
�

[0; N )2
�

;

ho w ev er, they do not map the lattice L N in to itself, therefore w e are forced

to use the maps V j
� to de�ne a consisten t discretized dynamics.

De�nition 4.1

� N ;� will denote the map:

DN 3 X 7! � N ;� (X ) :=
X

` 2 ( Z =N Z )2

X V� (` );V� (` ) j ` i h` j 2 D N � (12)

� N ;� is a *-automorphism of DN ; indeed, the map

( Z =N Z )2 3 ` 7�! V� (` ) 2 ( Z =N Z )2

is a bijection, so that (12) can b e rewritten in the more con v enien t form

� N ;� (X ) =
X

` 2 ( Z =N Z )2

X V� (` );V� (` ) j ` i h` j =

=
X

V � 1
� (s)2 ( Z =N Z )2

X s;s
�
� V � 1

� (s)
� 


V � 1
� (s)

�
� =

(see Remark 4.4.iii. b elo w) = W�;N

0

B
@

X

all equiv.

classes

X s;s j s i hs j

1

C
A W �

�;N = (13)

= W�;N X W �
�;N ;
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where the op erators W�;N , de�ned b y linearly extending the maps

H N 3
�
�`

�
7�! W�;N

�
�`

�
:=

�
� V � 1

� (` )
�

2 H N � (14)

to H N , are unitary: W �
�;N

�
� `

�
:= j V� (` ) i .

F or the same reason the state � N is � N ;� �in v arian t and V� is in v ertible to o.

Note that � j
N ;� := � N ;� � � � � � � N ;�| {z }

j times

is implemen ted b y V j
� (` ) giv en in (11c) .

Remarks 4.4

i. The double � sign in fron t and within ev ery �o or function in equations (11)

is needed in order to ha v e V � j
� ( V � j

� (x )) = V 0
� (x ) (the iden tit y when

x 2 ( Z =N Z )2
); the reason is that, in general, b� xc 6= � b xc, for x 62Z

(see [27]).

ii. When � 2 Z , ( Z =N Z )2 3 ` 7�! V� (` ) = T� � ` 2 ( Z =N Z )2
, namely the

action of the map V� b ecomes that of a matrix (mod N ) . Moreo v er, in

that case, U� and V� coincide.

iii. Since ` 7�! V� (` ) is a bijection, in (13) one can sum o v er the equiv alence

classes.

5. Con tin uous limit of the dynamics

One of the main issues in the semi-classical analysis is to compare if and ho w the quan tum

and classical time ev olutions mimic eac h other when a suitable quan tization parameter

go es to zero.

In this article w e are instead considering the p ossible agreemen t b et w een the dy-

namics of con tin uous classical systems and that of a class of discrete appro ximan ts. In

practice, in our case, w e will study the di�erence

� j
� � J 1 ;N � � j

N ;� � J N ;1 (15)

whic h represen ts ho w m uc h the discrete dynamics at timestep j di�ers from the con tin-

uous one at the same timestep.
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F or quan tum systems, whose classical limit is c haotic, the situation is strikingly

di�eren t from those with regular classical limit. In the former case, classical and quan tum

mec hanics agree, that is a di�erence as in (15) is negligible, only o v er times j whic h scale

logarithmically (and not as a p o w er la w) in the quan tization parameter.

As w e shall see, suc h a t yp e of scaling is not exclusiv ely related with non�comm utativit y;

in fact, the quan tization�lik e pro cedure dev elop ed so far, exhibits a similar b eha vior when

N ! 1 and w e reco v er

�
L 1

�

�
T

2
�

; ! � ; � �
�

as a con tin uous limit of

�
DN ; � N ; � N ;�

�
.

5.1. Con tin uous limit for S a wto oth M aps

Later on w e shall sho w that the di�erence in (15) go es to zero in a suitable top ology;

for the momen t w e just note that the ma jor di�culties in the pro of are due to the

discon tin uous c haracter of the fractional part that app ears in (7).

It is therefore imp ortan t to brie�y discuss the discon tin uities of the maps S� [16� 18].

As already noted in Prop ert y 4.1.1, S� is discon tin uous on the circle 
 0 ; therefore Sn
� will

b e discon tin uous on the preimages


 m := S� m
� (
 0) for 0 6 m < n ; (16a)

whereas the discon tin uities of S� n
� lie on the sets


 � m := S m
� (
 0) for 0 < m 6 n � (16b)

Apart from 
 � 1 , whose pro jection on the [0; 1)2
square is its diagonal (see Fig. 5), eac h

set of the t yp e 
 m (for 
 � m the argumen t is similar) is the (disjoin t) union of segmen ts

parallel to eac h other whose endp oin ts lie either on the same segmen t b elonging to 
 p ,

p < m , or on t w o di�eren t segmen ts b elonging to 
 p and 
 p0
, with p0 6 p < m [17].

It pro v es con v enien t to in tro duce the disc ontinuity set of Sn
� ,

T

2 � � n :=
n� 1[

p=0


 p ; (17)

and its complemen tary set, Gn := T

2 n � n .

W e no w enlarge the previous de�nition from con tin uous S a wto oth M aps, to discretized

ones.
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De�nitions 5.1

W e shall call �segmen t�, and denote it b y (A; B ) , the shortest curv e joining

A; B 2 T

2
, b y l (
 p) the length of the curv e 
 p and b y


 p (" ) :=
n

x 2 T

2
�
�
� d

T

2 (x ; 
 p) 6 "
o

(18)

the strip around 
 p of width " , where the distance d
T

2 (�; �) on the torus has

b een in tro duced in De�nition 3.1.

F urther, w e shall denote b y

� n (" ) :=
n� 1[

p=0


 p (" ) (19)

the union of the strips up to p = n � 1 and b y GN
n (" ) the subset of p oin ts

GN
n (" ) :=

�
x 2 T

2
�
�
�

x̂ N

N
62� n (" )

�
; (20)

where the lattice p oin ts x̂ N ha v e b een in tro duced in De�nition 3.2.

As already observ ed, in order to pro v e that the discretized SM tend to con tin uous SM

when N ! 1 , the main problem is to con trol the discon tin uities. It pro v es con v enien t

to sub divide the lattice p oin ts in a go o d and a b ad set and sho w that, on the former,

V q
� ' Uq

� , at least on a certain time�scale (see Remark 4.3). This will not turn out to b e

true for the bad set, ho w ev er w e shall sho w that the latter tends with N to a set of zero

Leb esgue measure and th us b ecomes ine�ectiv e.

F ollo wing this strategy , w e shall concretely sho w that the di�erence (15) go es to

zero with N ! 1 in the strong top ology o v er the Hilb ert space L 2
�

�
T

2
�

. More precisely ,

w e ha v e the follo wing theorem

Theorem 1

L et

�
DN ; � N ; � N ;�

�
b e a se quenc e of discr etize d SM as de�ne d in Se ction 4:

for al l 
 > 3,

8f 2 L 1
�

�
T

2�
; s{lim

j;N !1
j< 1



log N
log �

�
� j

� � J 1 ;N � � j
N ;� � J N ;1

�
(f ) = 0 ; (21)
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wher e the limit is in the str ong top olo gy over the Hilb ert sp ac e L 2
�

�
T

2
�

and

� >
p

2 is the lar gest eigenvalue of the matrix j S� j : =
q

Sy
� S� , with S�

de�ne d in Pr op erty 4:1:4.

The previous Theorem indicates that the time limit and the con tin uous limit do

not comm ute. In particular, the di�erence b et w een the discretized dynamics and the

con tin uous one can b e made small b y increasing N , while it b ecomes large b ey ond the

time scale j ' 1



log N
log � . This phenomenon is the same as in quan tum c haos and p oin ts

to discretization of phase space (in the traditional semi�classical treatmen t of quan tum

systems), rather than to non�comm utativit y , as the source of the so�called lo garithmic

br e aking time . The constan t 
 is a form factor , whic h re�ects the �ne structure of the

dynamics: for instance, in the case of quan tum cat maps [25], 
 = 2 .

Remark 5.1

The parameter 
 > 3 in Theorem 1 ma y seem o v erestimated if compared

with the case of the quan tum Cat Map, where 
 = 2 . As w e shall see (in

particular in the next Prop osition 5.2), the upp er b ound for 
 is dictated b y

the discon tin uities of the S a wto oth M aps, and not b y comm utativit y . The

corresp onding exp onen t assumes the lo w er v alue 
 > 1 in the case of dis-

cretized Cat Maps, that include S a wto oth M aps with in teger � . This result

will b e presen ted in a forthcoming pap er [28], in whic h w e study the breaking

time �
B

(N ) , here

1



log N
log � , relativ e to the c haotic or non�c haotic prop erties of

the dynamics. In particular, in the h yp erb olic regime, the parameter log � of

Theorem 1 is replaced b y the Ly apuno v exp onen t log � whereas, in the elliptic

regime, the t w o limits j; N �! 1 do comm ute and in the parab olic one, the

breaking time is giv en b y �
B

(N ) = N
1



.

The pro of of Theorem 1 consists of sev eral steps, among whic h the most imp ortan t

is a prop ert y , satis�ed b y our c hoice of L attice S tates, whic h w e shall call dynamic al

lo c alization .

W e giv e a full pro of that our c hoice of L attice S tates satis�es suc h prop ert y , since it

represen ts a natural request that should b e ful�lled b y an y consisten t discretization/de�

discretization (quan tization/de�quan tization) sc heme.

Remarks 5.2

(1) In analogy to the quan tum case, Dynamical lo calization is what one ex-

p ects from a go o d c hoice of states suited the study of the con tin uous limit:
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in fact, it essen tially amoun ts to asking that LS remain decen tly lo calized

around the con tin uous tra jectories while ev olving with the corresp onding

discrete ev olution. As w e shall see this is the case only on logarithmic

time�scales. Informally , when N ! 1 , the quan tities

K j (x ; y ) := hCN (x ); W j
�;N CN (y )i

should b eha v e as if N j K j (x ; y )j2 ' � (Sj
� x � y ) : this w ould mak e the

discretization analogous to the notion of r e gular quantization describ ed in

Section V of [29]. A ctually , with our c hoice of LS , the quan tit y K j (x ; y ) is

a Kronec k er delta.

(2) In quan tum c haos, instead of seeking for the dynamical lo calization, one

can study the dynamic al spr e ading of C oheren t S tates. Consider for instance

the classical function f o v er the phase space, its corresp onding quan tum ob-

serv able Op ~ (f ) and a C oheren t S tate jC~(x )i cen tred at the p oin t x . The

time needed for the quan tum mec hanical exp ectation hC~(x ); Op ~ (f ) C~(x )i

to con v erge to the a v erage of f o v er a suitable in v arian t measure can b e

explicitly analyzed. Recen t w ork [7, 9] sho ws that also this time scales

logarithmically in ~, at least for the automorphisms on the 2�torus.

(3) The constrain t j � C logN is t ypical of hyp erb olic b eha vior with Ly apuno v

exp onen t log � and comes heuristically as follo ws: the expansion of an initial

small distance � can b e exp onen tial un til the distance b ecomes the largest

p ossible, namely �� T
B ' 1. After discretization, the minimal distance giv es

� = 1
N , therefore one estimates T

B

' log N
log � , whic h is called br e aking time

and sets the time�scale o v er whic h con tin uous and discretized dynamics

mimic eac h other.

(4) In quan tum c haos, the semi�classical analysis leads to an estimate of T
B

exactly as ab o v e; further, the logarithmic dep endence on ~ of T
B

is a sig-

nature of the h yp erb olic c haracter of the classical limit. Con v ersely , if the

classical limit is regular, then the time scale when quan tum and classical

b eha viors are more or less indistinguishable go es as ~� b; b > 0. Another

in terpretation of the breaking time is giv en in [8], where it is related to the

shortest time needed for the system to transfer all scales 1 > ` > ~ do wn

to the �quan tum scale� ~. Indeed, this is the scale at whic h the di�erences

among quan tum and classical mec hanics come up. Regarding the SM , the

h yp erb olic case corresp onds to S� with eigen v alue � > 1, whereas the reg-

ular cases are the el liptic one (t w o complex eigen v alues) and the p ar ab olic
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one (only one eigen v alue = 1 ).

(5) The dynamical lo calization prop ert y has fruitfully b een used in sev eral

quan tum con texts [25]; ho w ev er, to our kno wledge, this is the �rst instance,

though not prop erly quan tal, where dynamical lo calization is fully exp osed.

Before pro ceeding with the pro of of Theorem 1, it is imp ortan t to notice that in its

statemen t the Ly apuno v exp onen t log � do es not app ear but log � , instead; of course �

and � are related for � is eigen v alue of S� , and � of

q
Sy

� S� (see Remark 5.1).

As will b ecome clear during the pro of, the use of � and not of � is required b y

the discon tin uous c haracter of SM . In fact, the discon tin uities do not allo w us to con trol

the di�erence b et w een the n�th iterates of the discretized and the con tin uous dynamics,

but instead force us to estimate that di�erence at eac h single time�step up to n and

to put all the estimates together. In the single time�step estimate, indep enden tly of

whether the map is con tin uous or not, one m ust use � , whic h coincides with � only

when the dynamical matrix S� is symmetric. Indeed, Figure 3 sho ws that the eigen v alue

� correctly describ es ho w v olumes b eha v es under a single application of the dynamics,

whereas � underestimates it. On the con trary , it is � n
whic h asymptotically con trols

the stretc hing, whereas � n
largely o v erestimates it. In the regular elliptic case, where

� = 0 and � >
p

2, the use of � giv es the impression of h yp erb olic stretc hing, whereas

the elliptic motion is con�ned: from the lo w er strip in Figure 3 it is apparen t that suc h

h yp erb olicit y is spurious.
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A B C

D E

Figure 3: In Plots A , B and C w e compare the estimates of the (maxim um) stretc hing

giv en b y the action of the SM S1=10 and its temp oral iterates Sn
1=10 ( n 6 5) giv en b y � ,

resp ectiv ely � , on a small ball B 0
v of radius v , cen tered in

� 1
2 ; 1

2

�
2 T

2
. The �v e ev olv ed

images of the ball, namely f B n
v ; 1 < n 6 5g, are plotted together with B 0

v , using di�eren t

colors. In A w e surround ev ery ev olv ed ball B n
v with the smallest circle con taining it. W e

compare that plot with B and C , in whic h the surrounding circles ha v e radii prop ortional

to � nv , resp ectiv ely � nv ; in b oth cases the correct radii of A are o v erestimated although,

on the long run, circles in B pro vide a go o d appro ximation.

The fak e h yp erb olicit y giv en b y � is clearly sho wn in D and E , where a parab olic SM S0

and an elliptic one S� 1=20 are presen ted: in the �rst case the maxim um spreading gro ws

linearly , whereas in the second one it remains con�ned, and the estimate giv en b y the

surrounding circles of radii gro wing as p o w ers of � is inappropriate.

Note that in all examples C � E , the blac k circles of radii � v righ tly surround B 1
v .

Theorem 2 (Dynamical lo calization with fj CN (x ) ig states)

F or � 2 R , � 2 R

+ n (0; 2 ] and d0 > 0, ther e exists N0 = N0(�; �; d 0) 2 N

+

with the fol lowing pr op erty: if N > N 0 and n < 1
�

log N
log � , then

d
T

2 (Sn
� (x ) ; y ) > d0 =)



CN (x )

�
� W n

�;N CN (y )
�

= 0 ;

for al l y 2 T

2
and x 2 GN

n

�
eN

2N

�
, wher e W n

�;N is the unitary op er ator de�ne d
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in (14) ,

eN = 2
p

2
� p

2 + 1
�

� 2n
and GN

n (" ) has b e en intr o duc e d in De�ni-

tions 5.1.

In order to pro v e Theorem 2, w e need the follo wing result, whose pro of can b e found in

App endix B.

Prop osition 5.1

With the notation of De�nitions 3.1 and 5.1, and with [E ]� denoting the

complemen t of E � T

2
, [E ]� := T

2 n E , the follo wing inclusions hold:

�
� n

�
" +

1
p

2N

�� �

� GN
n (" ) �

�
� n

�
" �

1
p

2N

�� �

� (22)

F urther, for � 2 R and n 2 N

+
, if

N > eN = 2
p

2
� p

2 + 1
�

� 2n
and x 2 GN

n

 
eN

2N

!

then

d
T

2

�
Up

� (N x )
N

;
V p

� (x̂ N )
N

�
6

p
2

N

�
� p+1 � 1

� � 1

�
; 8p 6 n � (23)

Pro of of Theorem 2 :

Using the de�nition of fj CN (x )ig in (6) , w e easily compute



CN (x )

�
� W n

�;N CN (y )
�

=
D

x̂ N

�
�
� V � n

� (ŷ N )
E

= � (N )
V n

� (x̂ N ) ; ŷ N
� (24)

Using the triangular inequalit y , w e get:

d
T

2

�
Un

� (N x )
N

; y
�

6 d
T

2

�
Un

� (N x )
N

;
V n

� (x̂ N )
N

�
+

+ d
T

2

�
V n

� (x̂ N )
N

;
ŷ N

N

�
+ d

T

2

�
ŷ N

N
; y

�

or equiv alen tly , using the De�nitions (10) ,

d
T

2

�
V n

� (x̂ N )
N

;
ŷ N

N

�
> d

T

2 (Sn
� (x ) ; y ) �

� d
T

2

�
Un

� (N x )
N

;
V n

� (x̂ N )
N

�
� d

T

2

�
ŷ N

N
; y

�
�
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No w, since d
T

2 (Sn
� (x ) ; y ) > d0 b y h yp othesis, using (40) in App endix B and observing

that x 2 GN
n

�
eN

2N

�
p ermits us to use (23) in Prop osition 5.1, namely that

N > eN =) d
T

2

�
Un

� (N x )
N

;
V n

� (x̂ N )
N

�
6

p
2

N

�
� n+1 � 1

� � 1

�
; (25)

w e can deriv e

d
T

2

�
V n

� (x̂ N )
N

;
ŷ N

N

�
> d0 �

p
2

N

�
� n+1 � 1

� � 1

�
�

1
p

2N
�

The r.h.s. of the previous inequalit y can alw a ys b e made strictly larger than

1
N ,

d
T

2

�
V n

� (x̂ N )
N

;
ŷ N

N

�
>

1
N

; (26)

b y c ho osing an N larger than

N
M

(n) = max
�

1
d0

�
1 +

p
2

�
� n+1 � 1

� � 1

�
+

1
p

2

�
; eN = 2

p
2

� p
2 + 1

�
� 2n

�
; (27)

so that the condition on the l.h.s. of (25) is also satis�ed. F rom (24) and (26), w e ha v e

N > N
M

(n) =)


CN (x )

�
� W n

�;N CN (y )
�

= 0 � (28)

Indeed, if the toral distance b et w een t w o p oin ts (z; w ) exceeds

1
N , then the corresp onding

grid p oin ts (ẑN ; ŵ N ) are di�eren t and then the p erio dic Kronec k er delta in (24) v anishes.

Since the (non�decreasing) function N
M

in (27) is ev en tually b ounded b y � �n
( � b eing

strictly greater than t w o), w e de�ne n as the time when N
M

(n) = � � n =: N0 , and c ho ose

N > N 0 , x 2 GN
n

�
eN

2N

�
. Th us, if 0 < n < n , then N > N 0 = N

M

(n) > N
M

(n) , whereas

if n 6 n < 1
�

log N
log � , then N > � �n > N

M

(n) and (28) holds for all 0 < n < 1
�

log N
log � .

In order to pro ceed with the pro of of Theorem 1, w e need another auxiliary result whic h

is pro v ed in App endix C.

Prop osition 5.2

With the notation of De�nition 5.1, the follo wing relations hold for all p 2 N ,

n 2 N

+
and " 2 R

+
:

l (
 p) 6 � p ; (29a)

�
�

 p (" )

�
6 2" � p + �" 2 ; (29b)
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�
�
� n (" )

�
6 2

� p
2 + 1

�
" � n + � n " 2 � (29c)

Moreo v er, if N 2 N

+
and

eN = 2
p

2
� p

2 + 1
�

� 2n
(cfr. equation (23) in

Prop osition 5.1):

N > eN =) �

 "

GN
n

 
eN

2N

!# � !

6
38� 3n

N
� (29d)

W e are �nally in p osition to conclude with

Pro of of Theorem 1:

W e sub divide the pro of in t w o steps: in the �rst w e concen trate on con tin uous f , that is

f 2 C0
�

T

2
� �

� L 2
�

�
T

2
��

; in the second one w e extend the result to essen tially b ounded

function b y applying the follo wing Corollary of Lusin's Theorem [21, 30, 31]:

Given f 2 L 1
� (X ) , with X c omp act, ther e exists a se quenc e f f ng of c ontin-

uous functions on X such that jf n j � k f k1 and c onver ging to f � � almost

everywher e.

(1) Let f 2 C0
�

T

2
�

and Op j;N (f ) : =
�

� j
� � J 1 ;N � � j

N ;� � J N ;1

�
(f ) : notice that

Op j;N (f ) is a m ultiplication op erator on L 2
�

�
T

2
�

, but also an L 1
�

�
T

2
� �

and th us also

an L 2
�

�
T

2
��

function. A ccording to (21) , w e m ust sho w that

8g 2 L 2
�

�
T

2�
; lim

j;N !1
j< 1



log N
log �

w
w

Op j;N (f ) g
w
w

2
= 0 �

Using Sc h w artz's inequalit y �rst with g in the class of simple functions and then using

their densit y in L 2
�

�
T

2
�

, w e ha v e just to sho w that

lim
j;N !1

j< 1



log N
log �

w
w

Op j;N (f )
w
w

2
= 0 �

Explicitly , using (1), w e write:

w
w

Op j;N (f )
w
w2

2
= ! �

�
Op j;N (f )�

Op j;N (f )
�

= ! �

h�
� j

� f
� � �

� j
� f

� i
+

+ ! �

h�
J 1 ;N � � j

N ;� � J N ;1

�
(f )�

�
J 1 ;N � � j

N ;� � J N ;1

�
(f )

i
+

� 2 Re
n

! �

h�
� j

� f
� �

�
J 1 ;N � � j

N ;� � J N ;1

�
(f )

io
;
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whic h, via Prop osition 3.2.1, b ecomes

= ! �
�
� j

�

�
f

�
� j

� (f )
�

� 2 Re
n

� N

h
J N ;1

�
� j

� f
� �

�
� j

N ;� � J N ;1

�
(f )

io
+

+ � N

h�
J N ;1 � J 1 ;N � � j

N ;� � J N ;1

�
(f )�

�
� j

N ;� � J N ;1

�
(f )

i
;

that, using Prop osition 3.2.3, can b e recast as

=
�
! � � � j

�

� �
f f

�
+ � N

h�
� j

N ;� � J N ;1

�
(f )�

�
� j

N ;� � J N ;1

�
(f )

i
+

� 2 Re
n

� N

h�
J N ;1 � � j

�

�
(f )�

�
� j

N ;� � J N ;1

�
(f )

io

= ! �

�
j f j2

�
+

�
� N � � j

N ;�

�
[J N ;1 (f )� J N ;1 (f )] � 2 Re (I j;N (f )) ;

with

I j;N (f ) := � N

h�
J N ;1 � � j

�

�
(f )�

�
� j

N ;� � J N ;1

�
(f )

i

= N
Z

T

2
� (dx )

Z

T

2
� (dy ) f (y ) f (Sj

� x )jhCN (x ); W j
�;N CN (y )ij 2 �

No w, Prop osition 3.2.2 yields

�
� N � � j

N ;�

�
[J N ;1 (f )� J N ;1 (f )] = � N [J N ;1 (f )� J N ;1 (f )] �����!

N �!1
! �

�
j f j2

�
;

so that the strategy is to pro v e that also I j;N (f ) go es to ! �

�
j f j2

�
=

Z

T

2
� (dx )jf (x )j2

when j; N ! 1 with j < 1



log N
log � .

Resorting to GN
n

�
eN

2N

�
in De�nition 5.1, and to its complemen tary set

h
GN

n

�
eN

2N

�i �
= T

2 n GN
n

�
eN

2N

�
, w e can write

�
�
�
� I j;N (f ) �

Z

T

2
� (dy ) jf (y )j2

�
�
�
�

=
�
�
�
�

Z

T

2
� (dx )

Z

T

2
� (dy ) f (y )

�
f (Sj

� x ) � f (y )
�

N jhCN (x ); W j
�;N CN (y )ij 2

�
�
�
�

�

�
�
�
�
�

Z

h
GN

n

�
eN

2N

�i � � (dx )
Z

T

2
� (dy ) f (y )

�
f (Sj

� x ) � f (y )
�
N jhCN (x ); W j

�;N CN (y )ij 2

�
�
�
�
�

+

�
�
�
�
�

Z

GN
n

�
eN

2N

� � (dx )
Z

T

2
� (dy)f (y )

�
f (Sj

� x ) � f (y )
�
N jhCN (x ); W j

�;N CN (y )ij 2

�
�
�
�
�
: (30)
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F or the �rst in tegral in the r.h.s. of the previous expression w e ha v e:

�
�
�
�
�

Z

h
GN

n

�
eN

2N

�i � � (dx )
Z

T

2
� (dy ) f (y )

�
f (Sj

� x ) � f (y )
�
N jhCN (x ); W j

�;N CN (y )ij 2

�
�
�
�
�

� 2(kf k1 )2
Z

h
GN

n

�
eN

2N

�i � � (dx )
Z

T

2
� (dy) N jh

�
W �

�;N

� j CN (x ); CN (y )ij 2

� 2(kf k1 )2�

 "

GN
n

 
eN

2N

!# � !

6
76� 3j

N
(kf k1 )2

where w e ha v e used completeness and no rmalization Prop erties 3.1 and equation (29d)

from Prop osition 5.2; this term b ecomes negligible for large N > eN i� j < 1



log N
log � , with


 > 3.

No w it remains to pro v e that the second term in (30) is also negligible for large N :

selecting a ball B (Sj
� x ; d0) , one deriv es

�
�
�
�
�

Z

GN
n

�
eN

2N

� � (dx )
Z

T

2
� (dy ) f (y )

�
f (Sj

� x ) � f (y )
�

N jhCN (x ); W j
�;N CN (y )ij 2

�
�
�
�
�

�

�
�
�
�
�

Z

GN
n

�
eN

2N

� � (dx )
Z

B (Sj
� x ;d0)

� (dy ) f (y )
�
f (Sj

� x ) � f (y )
�
N jhCN (x ); W j

�;N CN (y )ij 2

�
�
�
�
�

+

�
�
�
�
�

Z

GN
n

�
eN

2N

� � (dx )
Z

T

2nB (Sj
� x ;d0 )

� (dy)f (y )
�
f (Sj

� x ) � f (y )
�
N jhCN (x ); W j

�;N CN (y )ij 2

�
�
�
�
�
:

Applying the mean v alue theorem in the �rst double in tegral, w e get that 9c 2 B (Sj
� x ; d0)

suc h that

�
�
�
�
�

Z

GN
n

�
eN

2N

� � (dx )
Z

T

2
� (dy ) f (y )

�
f (Sj

� x ) � f (y )
�

N jhCN (x ); W j
�;N CN (y )ij 2

�
�
�
�
�

�
Z

GN
n

�
eN

2N

� � (dx )
�
�
� f (c)

�
f (Sj

� x ) � f (c)
� �
�
�

Z

B (Sj
� x ;d0 )

� (dy) N jh
�
W �

�;N

� j CN (x ); CN (y )ij 2

+ 2kf k 2
1

Z

GN
n

�
eN

2N

� � (dx )
Z

T

2nB (Sj
� x ;d0)

� (dy )N jhCN (x ); W j
�;N CN (y )ij 2 �
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Finally , using completeness and no rmalization (Prop erties 3.1), w e arriv e at the upp er

b ound

� k f k1 sup
z2 T

2

c2 B (z ;d0 )

�
� � f (z) � f (c)

� �
� + 2 kf k 2

1 N sup
x 2 GN

n

�
eN

2N

�

y 62B (Sj
� x ;d0 )

jhCN (x ); W j
�;N CN (y )ij 2 �

By uniform con tin uit y , the �rst term can b e made arbitrarily small, pro vided w e c ho ose

d0 small enough. F or the second in tegral, w e use Theorem 2, whic h pro vides us with

N0 = N0(d0) dep ending on the same d0 , suc h that the second term v anishes for all

N > N 0 and far all j < 1



log N
log � .

(2) In order to extend the result of p oin t (1) to f 2 L 1
�

�
T

2
�

, w e use the Corollary of

Lusin's Theorem, c ho ose a sequence f f ngn as in its statemen t and estimate

lim
j;N !1

j< 1



log N
log �

w
w

Op j;N (f )
w
w

2
6 lim

j;N !1
j< 1



log N
log �

w
w

Op j;N (f � f n )
w
w

2
+ lim

j;N !1
j< 1



log N
log �

w
w

Op j;N (f n )
w
w

2
�

Using p oin t (1) , the second term in the r.h.s. of the previous equation can b e

b ounded b y arbitrarily small " , indeed f n 2 C0
�

T

2
�

.

F or the �rst term w e pro ceed as follo ws: using De�nition 4.1 together with equa-

tions (37) and (38) of App endix A, w e �nd

�
J 1 ;N � � j

N ;� � J N ;1

�
(g)(x ) =

X

` 2 ( Z =N Z )2

� N (g)
�

V� (` )
N

�
XQN ( `

N ) (x ) ; (31)

where g is an y measurable function on T

2
. Then, b ecause of ho w the running a v erage

op erator ( RA O ) � N is de�ned, for all g 2 L 1
�

�
T

2
�

it follo ws that

w
w
w

�
J 1 ;N � � j

N ;� � J N ;1

�
(g)

w
w
w

1
6

w
w
w

�
J 1 ;N � � j

N ;� � J N ;1

�
(j gj)

w
w
w

1
= kgk1 ;

where k�k1 denotes the L 1
�

�
T

2
�

�norm, and that

w
w
w

�
J 1 ;N � � j

N ;� � J N ;1

�
(g)

w
w
w

1
= sup

` 2 ( Z =N Z )2

� �
�
�
� � N (g)

�
`
N

� �
�
�
�

�
6 k� N (g)k0 6 kgk1 �

Indeed, the �rst equalit y in the last form ula comes from the de�nition of essen tial

norm [21] (whic h in this case amoun ts to the greater absolute v alue assumed b y the

simple function J 1 ;N � � j
N ;� � J N ;1 ), whereas the �rst inequalit y is a consequence of
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the con tin uit y of � N and the last one from Prop osition A.1. Putting last t w o inequalit y

together, w e obtain

w
w
w

�
J 1 ;N � � j

N ;� � J N ;1

�
(g)

w
w
w

2
6 kgk1 kgk1 ;

whence, setting g = f � f n ,

w
w

Op j;N (f � f n)
w
w

2
=

w
w
w � j

� (f � f n ) � J 1 ;N � � j
N ;� � J N ;1 (f � f n )

w
w
w

2
(32)

6 k f � f n k2 + k f � f n k1 k f � f n k1 ; 8j; N �

No w con v ergence follo ws from Lusin's Corollary .
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R

�

-

-

f 2 L 1
�

�
T

2
�

�

J 25
6;1

J 256;1

� 256

R

�

-

-

f 2 L 1
�

�
T

2
�

�

J 23
04

;1

J 2304;1

� 2304

Figure 4: These t w o plots sho w ho w the di�erence b et w een J N ;1 � � � and � N ;� � J N ;1

b ecomes smaller with N . F or the con tin uous SM , � 1 , the actions J N ;1 � � 1 and � N ;1 �
J N ;1 on f 2 L 1

�

�
T

2
�

(left part of b oth plots) are plotted for t w o di�eren t N : N = 16
(top) and N = 48 (b ottom). The resulting matrices are mapp ed bac k, together with the

function � 1 (f ) , on the unfolded torus, b y means of the de�discretization op erator J 1 ;N .
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R

�

-

-


 0 : Discon tin uit y

line for S3=2


 � 1 = S3=2 (
 0) :

Discon tin uit y line

for S� 1
3=2 and S� 2

3=2


 � 2 = S 2
3=2 (
 0) :

Discon tin uit y line

for S� 2
3=2

g 2 L 1
�

�
T

2
�

� 2
3=2

J 14
40

0;1

J 14400;1

� 2
14400; 3

2

Figure 5: Here, the same picture as in Figure 4, is represen ted, with a �ner discretization

giv en b y N = 120 and a di�eren t function g 2 L 1
�

�
T

2
�

, for a discon tin uous SM , � 3=2 ,

acting t w o times. Cho osing a function g with sharp v ariation across 
 0 (blue lines),

the preimage of 
 � 1 , the discon tin uit y of � 3=2 mak es it eviden t ho w the di�erences

b et w een J 14400;1 � � 2
� and � 2

14400;� � J 14400;1 are the greater the closer they are to

the discon tin uit y line 
 � 1 (red lines). Of course, the longer the temp oral ev olution, the

w orst the corresp ondence, in the sense that sev eral new discon tin uit y lines come to pla y

a role. In the case at hands, the map acts t wice, and 
 � 2 is felt b y � 2
14400;� � J 14400;1 ,

as exp ected.
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6. Conclusions

In this article w e ha v e considered discrete appro ximan ts of S a wto oth M aps on the torus

and w e ha v e studied them in an algebraic framew ork mo deled on the so�called A n ti� W ic k

quan tization; In fact, �nite�dimensional discretization and quan tization can b e seen as

similar pro cedures in that they map an ab elian V on Neumann algebra (of essen tially

b ounded functions on phase�space) in to �nite�dimensional matrix subalgebras, the only

di�erence b eing whether the latter are diagonal (comm utativ e) or not.

In the semi�classical analysis of classically c haotic quan tum systems, the corresp on-

dence classical/quan tum is usually observ ed only on time�scales that are logarithmic in

the quan tization parameter ~. The motiv ation of our study w as to sho w that the same

phenomenon arises when a h yp erb olic classical system is discretized, namely forced to

mo v e on a lattice, and afterw ards the lattice spacing is sen t to zero.

Previous results [14] based on the n umerical in v estigation of the en trop y pro duction,

indicate that it should indeed b e so; ho w ev er, these results w ere not supp orted b y a solid

framew ork where to analyze the con tin uous limit of the family of discrete appro ximan ts.

This is the con ten t of this article.

The ma jor di�cult y w as represen ted b y the need of con trolling the discon tin uous

c haracter of S a wto oth M aps, whic h w as made p ossible b y an appropriate c hoice of L attice

S tates. In fact, similarly to the en tropic approac h whic h, despite the dynamics b eing

classical, w as based on a quan tum dynamical en trop y , the discretization/de�discretization

pro cedure w e set up is based on quan tum to ols.

The c hoice of L attice S tates w as naturally p oin ted to b y the lattice structure of

the discrete phase�space and turned out to p osses the righ t lo calization prop erties for

mastering the discon tin uities. The result is the app earance of a logarithmic time�scale

when the discrete h yp erb olic SM tend to their con tin uous limit; namely , the con tin uous

and discrete dynamics agree up to a br e aking time whic h is prop ortional to the logarithm

of the lattice spacing.

The prop ortionalit y constan t do es not in v olv e the Ly apuno v exp onen t, that is the

eigen v alue � > 1 of the dynamical matrix S� , rather the largest eigen v alue, � , of

q
Sy

� S� .

In the case of elliptic SM , j � j = 1 , � >
p

2; ho w ev er the resulting breaking time is a

spurious e�ect, while when � > 1, the presence of � in the breaking time seems to b e an

una v oidable consequence of the discon tin uous dynamics.
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A. A n ti W ic k discretization of L 1
�

�
T

2
�

In this app endix w e will apply De�nitions 3.3 and discretize L 1
�

�
T

2
�

b y means of the

LS set fj CN (x )i j x 2 T

2g 2 H N in tro duced in Section 3.1.

In this framew ork, the discretizing/de�discretizing op erators of De�nitions 3.3 read:

L 1
�

�
T

2�
3 f 7! N 2

Z

T

2
� (dx ) f (x ) j x̂ N ih x̂ N j =: J N ;1 (f ) 2 D N ; (33)

DN 3 X 7! h x̂ N j X j x̂ N i =: J 1 ;N (X )(x ) 2 S
�

T

2�
� L 1

�

�
T

2�
; (34)

where S
�

T

2
�

denotes the set of simple functions [21] on the torus. The matrix elemen ts

of J N ;1 (f ) are as follo ws:

M (f )
` ;m := h` j J N ;1 (f ) j m i

= N 2
Z

T

2
� (dx ) f (x ) h` j x̂ N ih x̂ N j m i

= N 2
Z 1

0
dx1

Z 1

0
dx2 f (x ) � (N )

`1 ; x̂N; 1
� (N )

`2 ; x̂N; 2
� (N )

m1 ; x̂N; 1
� (N )

m2 ; x̂N; 2

= N 2 � (N )
`1 ; m1

� (N )
`2 ; m2

Z 1

0
dx1

Z 1

0
dx2 f (x ) � (N )

`1 ; bNx 1+ 1
2 c � (N )

`2 ; bNx 2+ 1
2 c �

This implies

M (f )
` ;m = N 2 � (N )

` ;m

Z ` 1+ 1
2

N

` 1 � 1
2

N

dx1

Z ` 2+ 1
2

N

` 2 � 1
2

N

dx2 f (x ) ; (35)

so that v arying f 2 L 1
�

�
T

2
�

yields Ran (J N ;1 ) = DN . In order to recast (35) in to a

nicer expression, w e in tro duce

De�nition A.1 ( R unning A v erage O p erator ( RA O ))

Let QN (x ) denote the square of side 1=N , orien ted parallel to the axis of the

torus and cen tered around x ; then, the R unning A v erage O p erator

� N : L 1
� (X ) 7�! C 0

�
T

2
�

, is de�ned b y

L 1
�

�
T

2�
3 f (x ) 7�! � N (f ) (x ) =: N 2

Z

QN (x )
� (dy ) f (y ) 2 C0 �

T

2�
�
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Prop osition A.1

Giv en f 2 L 1
�

�
T

2
�

, the function f (Q)
N := � N (f ) is uniformly con tin uous on T

2
;

moreo v er, the R unning A v erage O p erator has norm

k� N kB := sup
f 2 L 1

� ( T

2 )

k� N (f )k0

kf k1
= 1 � (36)

Pro of:

Let x 0 2 T

2
, x 2 QN (x 0) and XE denote the c haracteristic function of E � T

2
. By

De�nition (A.1):

�
�
� f (Q)

N (x 0) � f (Q)
N (x )

�
�
� = N 2

�
�
�
�

Z

T

2
� (dy ) f (y )

�
XQN (x 0) (y ) � X QN (x )(y )

�
�
�
�
�

6 N 2 kf k1

Z

T

2
� (dy )

�
� XQN (x 0) (y ) � X QN (x )(y )

�
�

= N 2 kf k1

�
�

�
QN (x 0) [ QN (x )

�
� �

�
QN (x 0) \ QN (x )

� �
�

A ccording to our h yp othesis, x 2 QN (x 0) , th us geometrical considerations lead to:

�
�

QN (x 0) [ QN (x )
�

6
� 1

N
+ j x1 � x01 j

�� 1
N

+ j x2 � x02 j
�

�
�

QN (x 0) \ QN (x )
�

=
� 1

N
� j x1 � x01 j

�� 1
N

� j x2 � x02 j
�

�
�

QN (x 0) [ QN (x )
�

� �
�

QN (x 0) \ QN (x )
�

6
2
N

�
j x1 � x01 j + j x2 � x02 j

�

6
2
p

2
N

kx 0 � x k ;

so that

�
�
� f (Q)

N (x 0) � f (Q)
N (x )

�
�
� 6 2

p
2 N kf k1 kx 0 � x k , whic h pro v es the con tin uit y of

f (Q)
N , while uniform con tin uit y comes from T

2
b eing compact.

Concerning the norm in (36) , the upp er b ound k� N kB 6 1 is clear and the maxi-

m um is reac hed b y c ho osing f constan t.

By means of the RA O , the discretization op erator in (33) can b e con v enien tly written as

J N ;1 (f ) =
X

` 2 ( Z =N Z )2

f (Q)
N

�
`
N

�
j ` i h` j � (37)
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Analogously , the de�discretization op erator in (34) can b e recast as

J 1 ;N (X )(x ) =
X

` 2 ( Z =N Z )2

X ` ;` � (N )
` ; x̂ N

=
X

` 2 ( Z =N Z )2

X ` ;` XQN ( `
N ) (x ) ; (38)

th us pro ving that Ran (J 1 ;N ) = S
�

T

2
�

.

Moreo v er, com bining equations (37) and (38) , w e explicitly get the simple function

arising from f 2 L 1
�

�
T

2
�

, via A W discretization/de�discretization:

(J 1 ;N � J N ;1 ) ( f )(x ) =
X

` 2 ( Z =N Z )2

� N (f )
�

`
N

�
XQN ( `

N )(x ) � (39)

The action of the op erator J 1 ;N � J N ;1 can b e seen in Figures 4 and 5.

B. Pro of of Prop osition 5.1

W e start b y pro ving the inclusions (22) .

F or ev ery real n um b er t , w e ha v e 0 6


Nt + 1

2

�
= Nt + 1

2 �
�
Nt + 1

2

�
< 1, so that

�
�
�
�
�
t �

�
Nt + 1

2

�

N

�
�
�
�
�

6
1

2N
; 8 t 2 R �

F rom (5) in De�nition 3.2, w e deriv e

d
T

2

�
x ;

x̂ N

N

�
6

1
p

2N
; 8 x 2 T

2� (40)

Then, let us consider the triangular inequalit y

d
T

2 (x ; y ) 6 d
T

2

�
x ;

x̂ N

N

�
+ d

T

2

�
x̂ N

N
; y

�
8 y 2 T

2 ; (41)

and let us tak e the in�m um o v er the set y 2 � n de�ned in (17)

d
T

2

�
x̂ N

N
; � n

�
> d

T

2 (x ; � n ) � d
T

2

�
x ;

x̂ N

N

�

> d
T

2 (x ; � n ) �
1

p
2N

;
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where w e used (40) . Therefore, considering the complemen t

�
� n (" )

� �
of the union of

strip of width " , � n (" ) de�ned in (19), w e get that

x 2
�
� n (" )

� �
=)

x̂ N

N
2

�
� n

�
" �

1
p

2N

�� �

�

F urther, from (20) , it follo ws that, if the lattice p oin t

x̂ N
N do es not b elong to � n

�
" � 1p

2N

�
,

then the corresp onding p oin t x 2 T

2
m ust b elong to GN

n

�
" � 1p

2N

�
.

Changing " � 1p
2N

7�! " w e obtain the �rst inclusion relation in equation (22); the second

one follo ws b y in terc hanging the role pla y ed b y

x̂ N
N and x in (41) .

In order to pro v e (23) , w e start b y considering the matrices S� =
�

1+ � 1
� 1

�
and

its in v erse S� 1
� =

� 1 � 1
� � 1+ �

�
. Let � b e the largest (p ositiv e) eigen v alue of

q
Sy

� S� ; its

c haracteristic p olynomial for � is � 4 �
�
2 � 2 + 2 � + 3

�
� 2 + 1 = 0 , whence � attains its

minim um �
min

=
p

2 at � = � 1
2 . Then, w e set

eN := 2
p

2
� p

2 + 1
�

� 2n
, n 2 N , c ho ose

N > eN and pro ceed b y induction.

p = 0 : from de�nitions (10) and (11) , it follo ws

d
T

2

�
U0

� (N x )
N

;
V 0

� (x̂ N )
N

�
= d

T

2

�
x ;

x̂ N

N

�
<

1
p

2N
<

p
2

N
;

where the �rst inequalit y follo ws from (40) , th us relation (23) holds for p = 0 .

p = q � 1 ; 1 6 q 6 n : since

d
T

2

�
Uq

� (N x )
N

;
V q

� (x̂ N )
N

�
6 d

T

2

0

@
U�

�
Uq� 1

� (N x )
�

N
;

U�

�
V q� 1

� (x̂ N )
�

N

1

A +

+ d
T

2

0

@
U�

�
V q� 1

� (x̂ N )
�

N
;

V�

�
V q� 1

� (x̂ N )
�

N

1

A ;

using (10) in the �rst term and noting that, from de�nitions (10) and (11) , the second

term is less or equal to

p
2

N , w e get

d
T

2

�
Uq

� (N x )
N

;
V q

� (x̂ N )
N

�
6 d

T

2

 

S�

 
Uq� 1

� (N x )
N

!

; S�

 
V q� 1

� (x̂ N )
N

!!

+

p
2

N
�
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By the induction h yp othesis w e ha v e:

d
T

2

 
Uq� 1

� (N x )
N

;
V q� 1

� (x̂ N )
N

!

6

p
2

N

�
� q � 1
� � 1

�
(42)

6

p
2

N
1

p
2 � 1

� q

�
� >

p
2 ; 1 6 q 6 n =)

�
<

1
2

� q� 2n <
1
2

� � 1 � (43)

No w w e set " =
eN

2N , taking in to accoun t that � >
p

2 and use the righ t inclusion in (22)

to deduce that

x 2 GN
n

 
eN

2N

!

=) x 62� n

 
eN

2N
�

1
p

2N

!

:

A t this p oin t, w e mak e use of the follo wing result, whic h shall b e pro v ed in Lemma B.1.3:

it states that if a p oin t do es not b elong to � n (" ) , the union of the the strips of width

" 6 1
2 up to time n , then its orbit under S� up to time n � 1 is farther a w a y than

"� � q; 0 6 q < n from the discon tin uit y line 
 0 . Explicitly

x 62� n (" ) =) d
T

2 (Sq
� (x ) ; 
 0) > " � � q ; 8 0 6 q < n ;

whence

d
T

2

 
Uq� 1

� (N x )
N

; 
 0

!

>

 
eN

2N
�

1
p

2N

!

� 1� q

>

p
2

N

�
� 2n� 1 � � q� 1

� � 1

�
� 1� q

>

p
2

N

�
� q � 1
� � 1

�
; (44)

where the second inequalit y comes from � >
p

2, the relation

� n � 1
� � 1

6
1

p
2 � 1

� n
and
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the follo wing estimates:

 
eN

2N
�

1
p

2N

!

=

p
2

N

� � p
2 + 1

�
� 2n �

1
2

�

>

p
2

N

� � p
2 + 1

� � p
2 � 1

� � 2n � � + � � 1
� � 1

�
1
2

�

>

p
2

N

�
�

� 2n� 1 � 1
� � 1

+
1
2

�
>

p
2

N

�
� 2n� 1 � � q� 1

� � 1

�
�

Therefore, comparing (44) with (42)

d
T

2

 
Uq� 1

� (N x )
N

;
V q� 1

� (x̂ N )
N

!

< d
T

2

 
Uq� 1

� (N x )
N

; 
 0

!

; 8q 6 n �

As a consequence, the segmen t

�
Uq� 1

� (N x )
N ; V q� 1

� (x̂ N )
N

�
cannot cross the line 
 0 . This

condition, together with (43) , allo ws us to use another result pro v ed in Lemma B.1.1b,

whic h states that if a segmen t (A; B ) on the torus do es not cross the discon tin uit y line


 0 then d
T

2 (S� (A) ; S� (B )) 6 � d
T

2 (A; B ) . W e can �nally conclude with:

d
T

2

�
Uq

� (N x )
N

;
V q

� (x̂ N )
N

�
6 �

p
2

N

�
� q � 1
� � 1

�
+

p
2

N
=

p
2

N

�
� q+1 � 1

� � 1

�
�

The follo wing Lemma, whic h has b een used in the pro of of the previous Prop osition,

deals with the geometrical prop erties of the S a wto oth dynamics.

Lemma B.1

With � the largest (p ositiv e) eigen v alue of

q
Sy

� S� and A; B 2 T

2
suc h that

d
T

2 (A; B ) < 1
2 � � 1

, it follo ws:

(1a) If the segmen t (A; B ) do es not cross 
 � 1 , then

d
T

2

�
S� 1

� (A) ; S� 1
� (B )

�
6 � d

T

2 (A; B ) � (45a)

(1b) If (A; B ) do es not cross 
 0 , then

d
T

2 (S� (A) ; S� (B )) 6 � d
T

2 (A; B ) � (45b)
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(2) F or an y giv en � 2 R , p 2 N

+
and 0 6 " 6 1

2 � � 1
,

x 2 
 p� 1 (" ) =) S� 1
� (x ) 2

�

 p (� " ) [ 
 0 (� " )

�
�

(3) F or an y giv en � 2 R , n 2 N

+
and 0 6 " 6 1

2 , with Uq
� as in (10) ,

x 62� n (" ) =) d
T

2

�
Uq

� (N x )
N

; 
 0

�
> " � � q ; 8 0 6 q < n �

Pro of:

In the course of the pro of, w e shall use that

w
wS� 1

� � v
w
w

R

2 6 � kvk
R

2 ; (46a)

w
wS� 1

� � v
w
w

R

2 > � � 1kvk
R

2 ; (46b)

whic h directly follo ws from the de�nition of � , where v is an y 2�dimensional real v ector.

In order to pro v e (45) , it is con v enien t to unfold T

2
and the discon tin uit y of S�

on the plane R

2
. This is most easily done as follo ws. P oin ts A 2 T

2 = R

2=Z

2
are

represen ted b y equiv alence classes

[a] :=
�

a + n ; n 2 Z

2	
; a 2 [0; 1)2 � (47)

Giv en A; B 2 T

2
, let Ab 2 [a] b e suc h that

d
T

2 ([a] ; [b]) =
w
w
wAb � b

w
w
w

R

2
�

Notice that

d
T

2 ([a] ; [b]) = ka � bk
R

2 i� ka � bk
R

2 6
1
2

(48)

( 1a) (A; B ) not crossing 
 � 1 means that the segmen t

�
Ab; b

�
do es not in tersect 
 � 1 .

P erio dically co v ering the plane� R

2
b y squares [0; 1)2

, the 
 � 1 -lines form a set of (parallel)

straigh t lines x1 � x2 = n 2 Z ; it follo ws that

�
Ab; b

�
do es not cross 
 � 1 i�

j
Ab

1 � Ab
2

k
= bb1 � b2c ; (49)

where the in tegral part on the r.h.s. tak es v alues 0; � 1, dep ending on whic h side of the

diagonal 
 � 1 the p oin t b lies within.
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As S�
� are not sensitiv e to the in teger part of their argumen ts, their actions are the same

on all elemen ts of the equiv alence classes (47), that is

d
T

2

�
S� 1

� (A) ; S� 1
� (B )

�
= d

T

2

�
S� 1

� ([a]) ; S� 1
� ([b])

�
= d

T

2

�
S� 1

�

�
Ab

�
; S� 1

� (b)
�

�

By expanding hxi = x � b xc, using the de�nition of S� 1
� (�) and putting together all

in tegral con tributions, condition (49) yields

d
T

2

�
S� 1

� (A) ; S� 1
� (B )

�
= min

m 2 Z

2

w
wS� 1

� (A) � S� 1
� (B ) + m

w
w

R

2

= min
m 02 Z

2

w
w
wS� 1

� �
�

Ab � b
�

+ m 0
w
w
w

R

2

= d
T

2

�
S� 1

� �
�

Ab � b
�

; 0
�

�

Applying (46a) , since w e assumed d
T

2 (A; B ) < 1
2 � � 1

, w e estimate

w
w
wS� 1

� �
�

Ab � b
� w

w
w

R

2
6 �

w
w
wAb � b

w
w
w

R

2

= � d
T

2 (A; B ) <
1
2

�

In particular, using (48) , the previous inequalities imply

d
T

2

�
S� 1

� �
�

Ab � b
�

; 0
�

=
w
w
wS� 1

� �
�

Ab � b
� w

w
w

R

2
6 � d

T

2 (A; B ) �

( 1b) Using the same argumen t as (1a), the union of 
 0 -lines constitute a set of straigh t

lines x1 = n 2 Z ; Therefore the segmen t

�
Ab; b

�
do es not cross 
 0 i�

j
Ab

1

k
= bb1c � (50)

As done b efore, b y means of (50) , w e arriv e at

d
T

2 (S� (A) ; S� (B )) = d
T

2

�
S�

�
Ab

�
; S� (b)

�
= d

T

2

�
S� �

�
Ab � b

�
; 0

�
�

The pro of can no w b e completed exactly as for p oin t ( 2a) b efore.

(2) W e denote b y d
T

2 (x ; 
 ) = inf
y 2 


d
T

2 (x ; y ) the distance of the p oin t x 2 T

2
from a

curv e 
 2 T

2
. Then, from De�nition (18) w e ha v e:

x 2 
 p� 1 (" ) =) " > d
T

2 (x ; 
 p� 1) = d
T

2 (x ; y ?) ; (51)
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where y ?
is the nearest p oin t to x b elonging to 
 p� 1 .

W e distinguish t w o cases:

( 20
) The segmen t (x ; y ?) do es not cross

1 
 � 1

F rom (51) and p oin t ( 1a), since S� 1
� (y ?) 2 
 p (see (16a) ), w e get

d
T

2

�
S� 1

� (x ) ; 
 p
�

6 d
T

2

�
S� 1

� (x ) ; S� 1
� (y ?)

�

6 � d
T

2 (x ; y ?) 6 � " �

Therefore S� 1
� (x ) 2 
 p (� " ) .

( 200
) The segmen t (x ; y ?) crosses 
 � 1 .

In this case, there exists z 2 
 � 1 suc h that

d
T

2 (x ; y ?) = d
T

2 (x ; z) + d
T

2 (z ; y ?) � (52)

Then, from (51) and (52) ,

" > d
T

2 (x ; y ?) > d
T

2 (x ; z) �

Since, according to (16) , S� 1
� (z) 2 
 0 , from p oin t ( 1a) w e get

d
T

2

�
S� 1

� (x ) ; 
 0
�

6 d
T

2

�
S� 1

� (x ) ; S� 1
� (z)

�
6 � " ;

that is S� 1
� (x ) 2 
 0 (� " ) .

(3) F rom p oin t ( 2), it follo ws that, when 0 6 " 6 1
2 , for p 2 N

+
,

x 62
�

 p (" ) [ 
 0 (" )

�
=) S� (x ) 62
 p� 1

�
� � 1"

�
� (53)

W e pro v e b y induction that, when 0 6 " 6 1
2 , for m 2 N

+
,

x 62
m[

p=0


 p (" ) =) S� (x ) 62
m� 1[

p=0


 p

�
� � 1"

�
� (54)

F or m = 1 , (54) follo ws from (53) ; if (54) holds for m = r , then tak e

x 62
r +1[

p=0


 p (" ) . This means that x 62
r[

p=0


 p (" ) and x 62
�

 r +1 (" ) [ 
 0 (" )

�
�

1

w e stipulate that, if y ? 2 
 � 1 or x 2 
 � 1 , w e are still in a non�crossing condition
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No w, using the induction h yp othesis and (53), w e get

x 62
r +1[

p=0


 p (" ) =) S� (x ) 62
r � 1[

p=0


 p
�
� � 1"

�
and S� (x ) 62
 r

�
� � 1"

�
�

Setting m = n � 1 and iterating q times the implication (54) argumen t, w e get

x 62
n� 1[

p=0


 p (" ) =) Sq
� (x ) 62

n� 1� q[

p=0


 p

�
� � q"

�
; 8 0 6 q < n �

In particular Sq
� (x ) 62
 0

�
� � q"

�
, whic h leads to the lo w er b ound

d
T

2 (Sq
� (x ) ; 
 0) > � � q" ; 8 0 6 q < n ;

whence the result follo ws in view of De�nitions (10) and (19).

C. Pro of of Prop osition 5.2

(a) In (16a) , w e ha v e de�ned 
 p = S� p
� (
 0) where S� 1

� (x ) (as w ell as S� p
� (x ) ) is a

piecewise con tin uous mapping on to T

2
with jump�discon tin uities across the 
 p lines due

to the presence of the function h�i in (9) . A w a y from the discon tin uities, S� p
� (x ) b e-

ha v es as the matrix action S� p
� � x . W e w an t no w to estimate the length l (
 p) ; in

order to do that, w e unfold 
 p on the plane and calculate the length of the segmen tn
x 2 R

2
�
�
� x = S� p

� �
�

0
y

�
; y 2 [0; 1)

o
, whic h, in its turn, is the image of 
 0 under the

matrix action giv en b y S� p
� � x . Therefore, using (46a), the result follo ws.

(b) Let L (") denote the set of p oin ts ha ving distance from a segmen t of length L smaller

or equal than " : it has a v olume (under the Leb esgue measure � ) giv en b y

�
�
L (" )

�
= 2 L " + �" 2 ;

where the last term on the r.h.s. tak es in to accoun t rounding of the extremes of the strip

b y to semi�circle of radius " . Then (29b) follo ws from (29a) .
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(c) This follo ws from De�nition (19) :

�
�
� n (" )

�
= �

0

@
n� 1[

p=0


 p (" )

1

A 6
n� 1X

p=0

�
�

 p (" )

�
�

Using (29b) , w e can write:

�
�
� n (" )

�
6 2"

n� 1X

p=0

� p +
n� 1X

p=0

� " 2 = 2 "
� n � 1
� � 1

+ n � " 2 �

Finally , the estimate

xp � 1
x � 1

6
� p

2 + 1
�

xp
, v alid for x >

p
2, yields

�
�
� n (" )

�
6 2"

� p
2 + 1

�
� n + n � " 2 �

(d) By writing the left inclusion in (22) in terms of complemen tary sets, with " =
eN

2N ,

w e get: "

GN
n

 
eN

2N

!# �

� � n

 
eN

2N
+

1
p

2N

!

and so

�

 "

GN
n

 
eN

2N

!# � !

6 �

 

� n

 
eN

2N
+

1
p

2N

!!

�

By substituting in (29c)

eN +
p

2
2N =

eN
2N + 1p

2N
in the place of " , w e get:

�

 "

GN
n

 
eN

2N

!# � !

6
eN +

p
2

2N

� p
2 + 1

�
 

2� n +
n

p
2 + 1

�
eN +

p
2

2N

!

� (55)

Finally , the r.h.s of (55) , can b e estimated b y the follo wing upp er b ounds:

�
eN +

p
2

2N
< 2

n
p

2 + 1
< � n

�
eN +

p
2
� � p

2 + 1
�

< 19 � 2n

whic h hold for 8 N > eN; � >
p

2 and 8 n 2 N

+
. This ends the pro of.
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