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Abstract

W e discuss certain analogies b et w een quan tization and discretization of clas-

sical systems on manifolds. In particular, w e will apply the quan tum dy-

namical en trop y of Alic ki and F annes to n umerically study the fo otprin ts of

c haos in discretized v ersions of h yp erb olic maps on the torus.
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1. In tro duction.

Classical c haos is asso ciated with motion on a compact phase�space with high

sensitivit y to initial conditions: tra jectories div erge exp onen tially fast and nev er-

theless remain con�ned to b ounded regions [1, 2, 3 ].

In discrete times, suc h a b eha viour is c haracterized b y a p ositiv e Ly ap ouno v

exp onen t log� , � > 1, and b y a consequen t spreading of initial errors � suc h

that, after n time�steps, � 7! � n ' � � n
. Exp onen tial ampli�cation on a compact

phase�space cannot gro w inde�nitely , therefore the Ly ap ouno v exp onen t can only

b e obtained as:

log� := lim
t !1

1
n

lim
� ! 0

log
�

� n

�

�
;
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that is b y �rst letting � ! 0 and only afterw ards n ! 1 .

In quan tum mec hanics non�comm utativit y en tails absence of con tin uous tra-

jectories or, semi�classically , an in trinsic coarse-graining of phase�space determined

b y Planc k's constan t ~: this forbids � (the minimal error p ossible) to go to zero.

Th us, if c haotic b eha viour is iden ti�ed with log� > 0, then it is quan tally sup-

pressed, unless, p erforming the classical limit �rst, w e let ro om for � ! 0 [4].

In discrete classical systems, one deals with discretized v ersions of con tin uous

classical systems or with cellular automata [5, 6, 7] with �nite n um b er of states.

In this case, roughly sp eaking, the minimal distance b et w een t w o states or con-

�gurations is strictly larger than zero; therefore, the reason w a y log� is trivially

zero is v ery m uc h similar to the one encoun tered in the �eld of quan tum c haos,

its origin b eing no w not in non�comm utativit y but in the lac k of a con tin uous

structure. Alternativ e metho ds ha v e th us to b e dev elop ed in order to deal with

the gran ularit y of phase�space [8 , 9, 5 , 6, 7].

An en tropic approac h is lik ely to o�er a promising p ersp ectiv e. F or su�-

cien tly smo oth classical con tin uous systems, the exp onen tial spreading of errors is

equiv alen t to a net en trop y pro duction, b etter kno wn as K olmogoro v dynamical,

or metric , en trop y [3]. The phase�space is partitioned in to cells b y means of whic h

an y tra jectory is enco ded in to a sequence of sym b ols. As times go es on, the ric h-

ness in di�eren t sym b olic tra jectories re�ects the irregularit y of the motion and is

asso ciated with strictly p ositiv e dynamical en trop y [10 ].

A frequency approac h to the n umerical ev aluation of the en trop y pro duction

has recen tly b een applied in discretized v ersion of v arious c haotic con tin uous clas-

sical dynamical systems [11]. In this pap er, w e suggest a di�eren t strategy: mo-

tiv ated b y the similarities b et w een quan tization and discretization of con tin uous

classical dynamical systems, w e prop ose to use the quan tum dynamical en trop y

recen tly in tro duced b y Alic ki and F annes [12 , 13], whic h w e shall refer to as ALF�

en trop y .

The ALF�en trop y is based on the algebraic prop erties of dynamical systems,

that is on the fact that, indep enden tly on whether they are comm utativ e or not,

they are describable b y suitable algebras of observ ables, their time ev olution b y

linear maps on these algebras and their states b y exp ectations o v er them.

As suc h, the ALF�en trop y applies equally w ell to classical and quan tum sys-

tems, and reduces to the K olmogoro v en trop y in the former case. In particular, it

has b een sho w ed that it allo ws a quite straigh tforw ard calculation of the Ly ap ouno v

exp onen ts of Arnold cat maps on D�dimensional tori [14 ].

In this pap er w e aim at sho wing ho w the ALF�en trop y ma y b e of use in a

discrete classical con text, precisely when 2�dimensional cat maps are forced to liv e

on a square lattice with spacing

1
N ( N in teger), with particular fo cus up on the
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emergence of the con tin uous b eha viour when N 7�! 1 .

In quan tum mec hanics, the classical limit is ac hiev ed when ~ ! 0. Analo-

gously , in the case of discrete classical systems, b y letting the minimal distance

b et w een states go to zero, one migh t hop e to reco v er a w ell de�ned con tin uous

dynamical system, p erhaps a c haotic one. Also, v ery m uc h as in the semi�classical

appro ximation, one exp ects the p ossibilit y of mimic king the b eha viour of discrete

systems b y means of that of their con tin uous limits and vice v ersa. Ho w ev er, this

is p ossible only up to a time � B , called br e aking�time [4]; it can b e heuristically

estimated as the time when the minimal error p ermitted, � , b ecomes of the order

of the phase�space b ound � . Therefore, when, in the con tin uum, a Ly ap ouno v

exp onen t log� > 0 is presen t, the breaking�time scales as � B =
1

log�
log

�
�

.

In the follo wing, w e shall consider discrete dynamical systems obtained b y

discretizing a sub class of the Unitary Mo dular Group of ( 2�dimensional) T oral

Automorphisms [3] con taining the w ell kno wn Arnold Cat Maps. W e shall pro vide:

� the algebraic setting for the con tin uous limit N 7�! 1 ;

� the tec hnical framew ork to construct the ALF�en trop y and n umerical short-

cuts to compute it;

and study:

� the b eha viour of the en trop y pro duction and ho w the breaking�time � B is

reac hed in h yp erb olic systems;

� the di�erences in b eha vior b et w een h yp erb olic and elliptic systems;

� the distribution of eigen v alues of the m ultitime correlation matrix used in

computing the ALF�en trop y;

� the b eha viour of the en trop y pro duction in the case of Sa wto oth Maps [15,

16 , 17 ] whic h are discon tin uous on the 2�dimensional torus.

2. Automorphisms on the T orus

Usually , con tin uous classical motion is describ ed b y means of a measure space X ,

the phase�space, endo w ed with the Borel � �algebra and a normalized measure � ,

� (X ) = 1 . The �v olumes� � (E) =
Z

E
d� (x) of measurable subsets E � X represen t

the probabilities that a phase�p oin t x 2 X b elong to them. By sp ecifying the

statistical prop erties of the system, the measure � de�nes a �state� of it.
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In suc h a sc heme, a rev ersible discrete time dynamics amoun ts to an in v ertible

measurable map T : X 7! X suc h that � � T = � and to its iterates f T j gj 2 Z

. Phase�

tra jectories passing through x 2 X at time 0 are then sequences f T j xgj 2 Z

[3].

Classical dynamical systems are th us con v enien tly describ ed b y triplets (X ; �; T ) ;

in the follo wing, w e shall concen trate on triplets (X ; �; T � ) , where

X = T

2 = R

2=Z

2 = f x = ( x1; x2) (mod 1)g (1a)

T�

�
x1

x2

�
=

�
1 + � 1

� 1

� �
x1

x2

�
(mod 1) ; � 2 Z (1b)

d� (x ) = d x1 dx2 � (1c)

Remarks 2.1

i. Since det (T� ) = 1 , the Leb esgue measure de�ned in (1c) is invariant

for all � 2 Z ;

ii. The eigen v alues of ( 1+ � 1
� 1 ) are (� + 2 �

p
(� + 2) 2 � 4)=2. They are

conjugate complex n um b ers if � 2 [� 4; 0], while one eigen v alue � is

greater than 1 if � 62[� 4; 0]. In this case, distances are stretc hed

along the direction of the eigen v ector je+ i , S� je+ i = � je+ i , con-

tracted along that of je� i , S� je� i = � � 1je� i .

F or suc h � 's all p erio dic p oin ts are h yp erb olic [17].

iii. T1 = ( 2 1
1 1 ) is the Arnold Cat Map [3]. Then, T1 2 f T� g� 2 Z

�
SL 2

�
T

2
�

� GL 2

�
T

2
�

� ML 2

�
T

2
�

where ML 2 ( T

2) is the subset of

2� 2 matrices with in teger en tries, GL 2 ( T

2) the subset of in v ertible

matrices and SL 2 ( T

2) the subset of matrices with determinan t one.

iv. The dynamics generated b y T� 2 SL 2 ( T

2) is called Unitary Mo dular

Gr oup [3] (UMG for short).

F or future comparison with quan tum dynamical systems, w e adopt an algebraic

p oin t of view and argue in terms of classical observ ables, precisely in terms of

complex con tin uous functions f on X = T

2
.

� These functions form a C* algebra A X = C0 (X ) with resp ect to the top ology

giv en b y the uniform norm kf k0 = sup
x 2X

�
�
� f (x )

�
�
� ;

� the Leb esgue measure � de�nes a state ! � on A X whic h ev aluates mean

v alues of observ ables via in tegration:

f 7! ! � (f ) :=
Z

X
dx f (x) ; (2)
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� the discrete�time dynamics T� : X 7! X generates the discrete group of

automorphisms � j
� : A X 7! A X , giv en b y

� j
� (f ) (x ) = f (Sj

� (x )) ; j 2 Z ; (3)

that preserv e the state, ! � � � j
� = ! � .

De�nition 2.1

The dynamical systems (X ; �; T � ) will b e iden ti�ed b y the algebraic

triplets (A X ; ! � ; � � ) .

2.1. �W eyl� discretization

In the follo wing w e shall pro ceed to a discretization of the systems in tro duced in

the previous Section and to the study of ho w c haos emerges when the con tin uous

limit is b eing reac hed.

Roughly sp eaking, giv en an in teger N , w e shall force the con tin uous classical

systems (A X ; ! � ; � � ) to liv e on a lattice LN � T

2
giv en b y:

LN :=
n p

N

�
�
� p 2 ( Z =N Z )2

o
; (4)

where ( Z =N Z ) denotes the residual class (mod N ) .

A go o d indicator of c haos in con tin uous dynamical systems is the metric en-

trop y of K olmogoro v [3] (see Section 3 b elo w). W e can compare discretization of

classical con tin uous systems with quan tization; in this w a y , w e can pro�tably use a

quan tum extension of the metric en trop y whic h will b e presen ted in Section 4. T o

this aim, w e de�ne a discretization pro cedure resem bling W eyl quan tization [18, 19];

in practice, w e will construct a *morphism J N; 1 from A X = C0 (X ) in to the ab elian

algebra DN 2 ( C ) of N 2 � N 2
matrices whic h are diagonal with resp ect to a c hosen

orthonormal basis fj ` ig ` 2 ( Z =N Z )2 . The basis v ectors will b e lab eled b y the p oin ts

of a square grid of lattice spacing

1
N with 0 6 ` i 6 (N � 1) ( N iden ti�ed with 0)

sup erimp osed on to X = T

2
.

In order to de�ne J N; 1 , w e use F ourier analysis and restrict ourselv es to the

*subalgebra W
exp

2 A X generated b y the exp onen tial functions

W(n )(x ) = exp(2�i n � x ) ; (5)

where n = ( n1; n2) 2 Z

2
and n � x = n1 x1 + n2 x2 . The generic elemen t of W

exp

is:

f (x ) =
X

n 2 Z

2

f̂ n W(n )(x ) (6)
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with �nitely man y co e�cien ts f̂ n =
ZZ

X
dx f (x ) e� 2�i nx

di�eren t from zero.

On W
exp

, form ula (2) de�nes a state suc h that

! � (W(n )) = � n ;0� (7)

F urther, since n � (T� x ) = ( T tr
� n ) � x , the automorphisms (3) map exp onen tials

in to themselv es:

� � (W(n )) = W(T tr

� � n ) ; T tr

� =
�

1 + � �
1 1

�
(8)

Remark 2.2

The latter prop ert y no longer holds when � 62Z as will b e the case in

Section 5.2 where w e deal with Sa wto oth Maps [15, 16 , 17].

F ollo wing W eyl quan tization, w e get elemen ts of DN 2
out of elemen ts of W

exp

b y

replacing, in (6), exp onen tials with diagonal matrices:

W(n ) 7�! fW(n ) :=
X

` 2 ( Z =N Z )2

e
2�i n`

N j ` i h` j ; ` = ( `1; `2) � (9)

De�nition 2.2

W e will denote b y J W
N; 1 , the *morphism from the *algebra W

exp

in to

the diagonal matrix algebra DN 2 ( C ) , giv en b y:

W
exp

3 f 7�! J W
N; 1 (f ) :=

X

n 2 Z

2

f̂ n
fW(n )

=
X

` 2 ( Z =N Z )2

f
�

`
N

�
j ` i h` j � (10)

Remarks 2.3

i) The completion of the subalgebra W1 with resp ect to the uniform

norm kf k0 = sup
x 2X

�
�
� f (x )

�
�
� is the C* algebra A X = C0 (X ) [20].

ii) The *morphism J W
N; 1 : W

exp

7! DN 2 ( C ) is b ounded b y

w
wJ W

N; 1

w
w = 1 .

Using the Bounded Limit Theorem [20], J W
N; 1 can b e uniquely ex-

tended to a b ounded linear transformation (with the same b ound)

J N; 1 : A X 7�! DN 2 ( C ) .

iii) J N; 1 (A X ) = DN 2 ( C ) .
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W e go bac k from DN 2 ( C ) to a *algebra of functions on X b y de�ning a *morphism

J 1 ;N that �in v erts� J N; 1 in the N ! 1 limit. In the W eyl quan tization the �in-

v erting� *morphism is constructed b y means of coheren t states j � (x ) i , x 2 X ,

with go o d lo calization prop erties in X .

De�nition 2.3

W e will denote b y J 1 ;N : DN 2 ( C ) 7�! A X the *morphism de�ned b y:

DN 2 ( C ) 3 M 7�! J 1 ;N (M ) (x ) := h� (x ) j M j � (x ) i ; (11)

where j � (x ) i are coheren t v ectors in H N 2 = C

N 2

W e no w construct a suitable family of j � (x ) i : w e shall denote b y b�c and h�i the

in teger and fractional part of a real n um b er so that w e can express eac h T

2
as

x =
�

bNx 1c
N ; bNx 2c

N

�
+

�
hNx 1 i

N ; hNx 2 i
N

�
. Then w e asso ciate x 2 T

2
with v ectors of

H N 2
as follo ws:

x 7! j � (x ) i = � 11 (x ) jbNx 1c; bNx 2ci +

+ � 12 (x ) jbNx 1c; bNx 2c + 1 i + � 21 (x ) jbNx 1c + 1; bNx 2ci +

+ � 22 (x ) jbNx 1c + 1; bNx 2c + 1 i � (12)

W e c ho ose the co e�cien ts � ij so that k� (x )k = 1 and that the map (12) b e

in v ertible: 8
>>><

>>>:

� 11 (x ) = cos
�

�
2 hNx 1i

�
cos

�
�
2 hNx 2i

�

� 12 (x ) = cos
�

�
2 hNx 1i

�
sin

�
�
2 hNx 2i

�

� 21 (x ) = sin
�

�
2 hNx 1i

�
cos

�
�
2 hNx 2i

�

� 22 (x ) = sin
�

�
2 hNx 1i

�
sin

�
�
2 hNx 2i

�
(13)

Therefore, from de�nitions 2.2 and 2.3 it follo ws that, when mapping A X on to

DN 2 ( C ) and the latter bac k in to A X , w e get:

ef N (x ) := ( J 1 ;N � J N; 1 ) ( f ) (x ) =
X

` 2 ( Z =N Z )2

f
�

`
N

� �
� 


� (x )
�
�`

� �
�2

=

=
1
4

X

( �;�;�;� )2f 0;1g4

cos (�� hNx 1i ) cos (�� hNx 2i ) ( � 1)�� + �� �

� f
�

bNx 1c + �
N

;
bNx 2c + �

N

�
(14)

Remarks 2.4
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i) F rom (14 ), f = ef N on the lattice p oin ts. Moreo v er, although the �rst

deriv ativ e of (14 ) is not de�ned on the latter, its limit exists there

and it is zero; th us, w e can extend b y con tin uit y

ef N to a function in

C1 ( T

2) that w e will denote again as

ef N .

ii) W e note that Ran (J 1 ;N ) is a subalgebra strictly con tained in A X ;

this is not surprising and comes as consequence of W eyl quan tization,

where this phenomenon is quite t ypical [18, 19 ].

W e sho w b elo w that J 1 ;N � J N; 1 approac hes 1 A X (the iden tit y function in A X )

when N ! 1 . Indeed, a request up on an y sensible quan tization pro cedure is to

reco v er the classical description in the limit ~ ! 0; in a similar w a y , our discretiza-

tion should reco v er the con tin uous system in the

1
N ! 0 limit.

Theorem 1 Giv en f 2 A X = C0 ( T

2) ; lim
N !1








 (J 1 ;N � J N; 1 � 1 A X ) ( f )








 = 0 �

Pro of: Since X = T

2
is compact, f is uniformly con tin uous on it. F urther,

denoting x =
bN x c

N
+

hN x i
N

, 0 6 hN x i < 1 implies

w
w
w
wx �

bN x c
N

w
w
w
w ��!

N
0;

therefore, for all " > 0 there exists N f;" suc h that

N > �N f;" =)

�
�
�
� f (x ) � f

�
bN x c

N

� �
�
�
� <

"
2

;

uniformly in x . Moreo v er, according to Remark 2.4 (i.),

ef N 2 C0 ( T

2) , th us the

previous inequalit y holds for

ef N , to o. Since

ef N = f on

bN x c
N

, it follo ws that, for

su�cien tly large N ,

�
�
� f (x ) � ef N (x )

�
�
� 6

�
�
�
� f (x ) � f

�
bN x c

N

� �
�
�
� +

�
�
�
�

ef N

�
bN x c

N

�
� ef N (x )

�
�
�
� 6 " ;

uniformly in x .

3. K olmogoro v metric en trop y

F or con tin uous classical systems (X ; �; T � ) suc h as those in tro duced in Section 2,

the construction of the dynamical en trop y of K olmogoro v is based on sub dividing

X in to measurable disjoin t subsets f E`g`=1 ;2;��� ;D suc h that

S
` E` = X whic h form

�nite partitions (coarse grainings) E.

Under the dynamical maps T� in (1b), an y giv en E ev olv es in to T � j
� (E) with

atoms T � j
� (E` ) = f x 2 X : T j

� x 2 E`g; one can then form �ner partitions E[0;n � 1]
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whose atoms E i 0 i 1 ��� i n � 1 := E i 0

\
T � 1

� (E i 1 ) � � �
\

T � n+1
� (E i n � 1 ) ha v e v olumes

� i 0 i 1 ��� i n � 1 := �
�
E i 0 \ T � 1

� (E i 1 ) � � � \ T � n+1
� (E i n � 1 )

�
: (15)

De�nition 3.1

W e shall set i = f i0 i1 � � � in� 1g and denote b y 
 n
D the set of D n

n_tuples

with i j taking v alues in f 1; 2; � � � ; Dg.

The atoms of the partitions E[0;n � 1] describ e segmen ts of tra jectories up to time

n enco ded b y the atoms of E that are tra v ersed at successiv e times. The ric hness

in div erse tra jectories, that is the degree of irregularit y of the motion (as seen

with the accuracy of the giv en coarse-graining), can b e measured b y the Shannon

en trop y [10 ]

S� (E[0;n � 1]) := �
X

i 2 
 n
D

� i log� i : (16)

On the long run, E attributes to the dynamics an en trop y p er unit time�step

h� (T� ; E) := lim
n!1

1
n

S� (E[0;n � 1]) : (17)

This limit is w ell de�ned [3] and the K olmogoro v en trop y h� (T� ) of (A X ; ! � ; � � )
is de�ned as the suprem um o v er all �nite measurable partitions [3, 10 ]:

h� (T� ) := sup
E

h� (T� ; E) � (18)

3.1. Sym b olic Mo dels as Classical Spin Chains

Finite partitions E of X pro vide sym b olic mo dels for the dynamical systems (X ; �; T � )
of Section 2 , whereb y the tra jectories f T j

� xgj 2 Z

are enco ded in to sequences f i j gj 2 Z

of indices relativ e to the atoms E i j visited at successiv e times j ; the dynamics cor-

resp onds to the righ t�shift along the sym b olic sequences. The enco ding can b e

mo delled as the shift along a classical spin c hain endo w ed with a shift�in v arian t

state [12]. This will help to understand the quan tum dynamical en trop y whic h will

b e in tro duced in the next Section.

Let D b e the n um b er of atoms of a partition E of X , w e shall denote b y A D

the diagonal D � D matrix algebra generated b y the c haracteristic functions eE ` of

the atoms E` and b y A [0;n � 1]
D the n -fold tensor pro duct of n copies of (A D ) , that

is the D n � D n
diagonal matrix algebra A [0;n � 1]

D := ( A D )0 
 (A D )1 � � � 
 (A D )n� 1 .

Its t ypical elemen ts are of the form a0 
 a1 � � � 
 an� 1 eac h aj b eing a diagonal
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D � D matrix. Ev ery A [p;q]
D := 
 q

j = p(A D ) j can b e em b edded in to the in�nite tensor

pro duct A 1
D := 
 1

k=0 (A D )k as

( 1 )0 
 � � � 
 ( 1 )p� 1 
 (A D )p 
 � � � 
 (A D )q 
 ( 1 )q+1 
 ( 1 )q+2 
 � � � (19)

The algebra A 1
D is a classical spin c hain with a classical D �spin at eac h site.

By means of the discrete probabilit y measure f � i gi 2 
 n
D

, one can de�ne a com-

patible family of states on the �lo cal� algebras A [0;n � 1]
D :

� [0;n � 1]
E (a0 
 � � � 
 an� 1) =

X

i 2 
 n
D

� i (a0) i 0 i 0 � � � (an� 1) i n � 1 i n � 1 : (20)

Indeed, let � � N denote the restriction to a subalgebra N � M of a state � on

a larger algebra M . Since

P
i n � 1

� i 0 i 1 ��� i n � 1 = � i 0 i 1 ��� i n � 2 , when n v aries the lo cal

states � [0;n � 1]
E are suc h that � [0;n � 1]

E � A [0;n � 2]
D = � [0;n � 2]

E and de�ne a �global� state

� E on A 1
D suc h that � E� A [0;n � 1]

D = � [0;n � 1]
E .

F rom the T� -in v ariance of � it follo ws that, under the righ t�shift � : A 1
D 7! A 1

D ,

�
�

A [p;q]
D

�
= A [p+1 ;q+1]

D ; (21)

the state � E of the classical spin c hain is translation in v arian t:

� E � � (a0 
 � � � 
 an� 1) = � E (( 1 )0 
 (a0)1 
 � � � 
 (an� 1)n )

= � E (a0 
 � � � 
 an� 1) �
(22)

Finally , denoting b y jj i the basis v ectors of the represen tation where the matrices

a 2 A D are diagonal, lo cal states amoun t to diagonal densit y matrices

� [0;n � 1]
E =

X

i 2 
 n
D

� i ji0ihi0j 
 j i1ihi1j 
 � � � 
 j in� 1ihin� 1j ; (23)

and the Shannon en trop y (16 ) to the V on Neumann en trop y

S� (E[0;n � 1]) = � Tr
h
� [0;n � 1]

E log� [0;n � 1]
E

i
= : H �

�
E[0;n � 1]

�
: (24)

4. ALF�En trop y

F rom an algebraic p oin t of view, the di�erence b et w een a triplet (M ; !; �) describ-

ing a quan tum dynamical system and a triplet (A X ; ! � ; � � ) as in De�nition 2.1 is

that ! and � are no w a � �in v arian t state, resp ectiv ely an automorphism o v er a

non�comm utativ e (C* or V on Neumann) algebra of op erators.
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Remark 4.1

In �nite dimension D , M is the full matrix algebra of D � D matrices,

the states ! are giv en b y densit y matrices � ! , suc h that ! (X ) := Tr( � ! X ) ,

while the rev ersible dynamics � is unitarily implemen ted: �( X ) =
UXU �

.

The quan tum dynamical en trop y prop osed in [12 ] b y Alic ki and F annes, ALF�

en trop y for short, is based on the idea that, in analogy with what one do es for

the metric en trop y , one can mo del sym b olically the ev olution of quan tum systems

b y means of the righ t shift along a spin c hain. In the quan tum case the �nite�

dimensional matrix algebras at the v arious sites are not diagonal, but, t ypically ,

full matrix algebras, that is the spin at eac h site is a quan tum spin.

This is done b y means of so called p artitions of unit , that is b y �nite sets

Y =
n

y1; y2; : : : ; yD

o
of op erators in a � �in v arian t subalgebra M 0 2 M suc h that

DX

`=1

y�
` y` = 1 ; (25)

where y�
j denotes the adjoin t of yj . With Y and the state ! one constructs the

D � D matrix with en tries ! (y�
j yi ) ; suc h a matrix is a densit y matrix � [Y]:

� [Y]i;j := ! (y�
j yi ) � (26)

It is th us p ossible to de�ne the en trop y of a partition of unit as (compare (24 )):

H ! [Y] := � Tr
�

� [Y] log� [Y]
�

� (27)

F urther, giv en t w o partitions of unit Y =
�

y0; y1; : : : ; yD

�
, Z =

�
z0; z1; : : : ; zB

�
,

of size D , resp ectiv ely B , one gets a �ner partition of unit of size BD as the set

Y � Z :=
�

y0z0; � � � ; y0zB ; y1z0; � � � ; y1zB ; � � � ; yD z0; � � � ; yD zB

�
� (28)

After j time�steps, Y ev olv es in to � j (Y) :=
n

� j (y1); � j (y2); � � � ; � j (yD )
o

. Since

� is an automorphism, � j (Y) is a partition of unit; then, one re�nes � j (Y) ,

0 6 j 6 n � 1, in to a larger partition of unit

Y [0;n � 1] := � n� 1(Y) � � n� 2(Y) � � � � � �( Y) � Y� (29)

W e shall denote the t ypical elemen t of

�
Y [0;n � 1]

�
b y

�
Y [0;n � 1]

�
i

= � n� 1
�
yi n � 1

�
� n� 2

�
yi n � 2

�
� � � �( yi 1

) yi 0
� (30)



Quantum Dynamic al Entr opies in Discr ete Classic al Chaos 13

Eac h re�nemen t is in turn asso ciated with a densit y matrix � [0;n � 1]
Y := �

�
Y [0;n � 1]

�

whic h is a state on the algebra M [0;n � 1]
D := 
 n� 1

`=0 (M D )` , with en tries

�
�
h
Y [0;n � 1]

i �

i ;j

:= !
�

y�
j 0

�
�
y�

j 1

�
� � � � n� 1

�
y�

j n � 1
yi n � 1

�
� � � �

�
yi 1

�
yi 0

�
� (31)

Moreo v er eac h re�nemen t has an en trop y

H !

h
Y [0;n � 1]

i
= � Tr

�
�
h
Y [0;n � 1]

i
log�

h
Y [0;n � 1]

i�
� (32)

The states � [0;n � 1]
Y are compatible: � [0;n � 1]

Y � M [0;n � 2]
D = � [0;n � 2]

Y , and de�ne a global

state � Y on the quan tum spin c hain M 1
D := 
 1

`=0 (M D )` .

Then, as in the previous Section, it is p ossible to asso ciate with the quan tum

dynamical system (M ; !; �) a sym b olic dynamics whic h amoun ts to the righ t�

shift, � : (M D )` 7! (M D )`+1 , along the quan tum spin half�c hain (compare (21 )).

Non�comm utativit y mak es � Y not shift�in v arian t, in general [12]. In this case,

the existence of a limit as in (17 ) is not guaran teed and one has to de�ne the

ALF�en trop y of (M ; !; �) as

hALF
!; M 0

(�) := sup
Y�M 0

hALF
!; M 0

(� ; Y) ; (33a)

where hALF
!; M 0

(� ; Y) := lim sup
n

1
n

H !

h
Y [0;n � 1]

i
� (33b)

Lik e the metric en trop y of a partition E, also the ALF�en trop y of a partition of

unit Y can b e ph ysically in terpreted as an asymptotic entr opy pr o duction relativ e

to a sp eci�c coarse�graining.

Remark 4.2

The ALF�en trop y reduces to the K olmogoro v metric en trop y on clas-

sical systems. This is b est seen b y using an algebraic c haracteri-

zation of (X ; �; T � ) b y means of the V on Neumann algebra M X =
L1

� (X ) of essen tially b ounded functions on X [20 ]. The c haracter-

istic functions of measurable subsets of X constitute a *subalgebra

M 0 � M X ; moreo v er, giv en a partition E of X , the c haracteristic func-

tions eE ` of its atoms E` , ZE = f eE1 ; � � � ; eED g is a partition of unit

in M 0 . F rom (3 ) it follo ws that � j
� (eE ` ) = eT � j

� (E ` ) and from (2) that

h
�
�
Z [0;n � 1]

E

� i

i ;j
= � i ;j � i (see (15)), whence H !

�
Z [0;n � 1]

E

�
= S�

�
E[0;n � 1]

�

(see (16 ) and (27) ). In suc h a case, the lim sup in (33b) is actually

a true limit and yields (17 ). In [14], the same result is obtained b y

means of the algebra A X and of the *subalgebra W
exp

of exp onen tial

functions.
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4.1. ALF�En trop y for Discretized (X ; �; T � )

W e no w return to the classical systems (A X ; ! � ; � � ) of Section 2. F or later use,

w e in tro duce the follo wing map de�ned on the torus T

2
�
[0; N )2�

, namely [0; N )2

(mod N ) , and on its subset ( Z =N Z )2
:

T

2
�
[0; N )2�

3 x 7! U� (x ) := N T�

� x
N

�
2 T

2
�
[0; N )2�

(34)

The use of the *morphisms J N; 1 and J 1 ;N in tro duced in Section 2.1 , mak es it

con v enien t to de�ne the discretized v ersions of (A X ; ! � ; � � ) as follo ws:

De�nition 4.1

A discretization of (A X ; ! � ; � � ) is the triplet

�
DN 2 ( C ) ; ! N 2 ; e� �

�
where:

DN 2 ( C ) is the ab elian algebra of diagonal matrices acting on C

N 2
.

! N 2
is the tr acial state giv en b y the exp ectation:

DN 2 ( C ) 3 M 7! ! N 2 (M ) :=
1

N 2
Tr ( M ) : (35)

e� � is the *automorphism of DN 2 ( C ) de�ned b y:

DN 2 ( C ) 3 M 7! e� � (M ) :=
X

` 2 ( Z =N Z )2

MU� (` );U� (` ) j ` i h` j � (36)

Remarks 4.3

i. The exp ectation ! N 2 (J N; 1 (f )) corresp onds to the n umerical calcu-

lation of the in tegral of f realized on a N � N grid on T

2
.

ii.

e� � is a *automorphism b ecause the map ( Z =N Z )2 3 ` 7�! U� (` ) is

a bijection. F or the same reason the state ! N 2
is

e� � �in v arian t.

iii. One can c hec k that, giv en f 2 A X ,

e� � (J N; 1 (f )) :=
X

` 2 ( Z =N Z )2

f
�

U� (` )
N

�
j ` i h` j � (37)

iv. Also,

e� j
� � J N; 1 = J N; 1 � � j

� for all j 2 Z .

v. On the con trary , for j 2 N ,

e� j
� � J N; 1 6= J N; 1 � � j

� for the Sa wto oth

Maps, that is when � 62Z .
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The automorphism

e� � can b e rewritten in the more familiar form

e� � (X ) =
X

` 2 ( Z =N Z )2

X U� (` );U� (` ) j ` i h` j

=
X

U � 1
� (s)2 ( Z =N Z )2

X s;s

�
� U� 1

� (s)
� 


U� 1
� s

�
�

(see Remark 4.4 i and ii) = U�;N

0

@
X

all equiv.

classes

X s;s j s i hs j

1

A U�
�;N (38)

= U�;N X U �
�;N ; (39)

where the op erators U�;N era de�ned b y

H N 2 3
�
�`

�
7�! U�;N

�
�`

�
:=

�
� U� 1

� (` )
�

� (40)

Remarks 4.4

i) All of T� , T � 1
� , T t

� and (T � 1
� )t

b elong to SL2 ( Z =N Z ) ; in particular

these matrices are automorphisms on ( Z =N Z )2
so that, in (38) , one

can sum o v er the equiv alence classes.

ii) The same argumen t as b efore pro v es that the op erators in (40 ) are

unitary whic h is equiv alen t to sa ying that

e� � is a *automorphism.

In order to construct the ALF�en trop y , w e no w seek a useful partition of unit in

(DN 2 ; ! N 2 ; e� � ) ; w e do that b y means of the subalgebra W1 � A X in equations (5 �

6):

Y :=
�

yj

� D

j =1

=
�

1
p

D
exp (2�i r j � x )

� D

j =1

; (41)

where

�
r j

� D

j =1

=: � � ( Z =N Z )2� (42)

De�nition 4.2

Giv en a subset � of the lattice consisting of the p oin ts f r j g as in (42 ),

w e shall denote b y

eY the partition of unit in (DN 2 ; ! N 2 ; e� � ) giv en b y:

eY =
�

eyj

� D

j =1

:=
�

J N; 1 (yj )
� D

j =1

=
�

1
p

D
fW(r j )

� D

j =1

; (43)

with

fW(r j ) de�ned in (9).
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F rom the ab o v e de�nition, the elemen ts of the re�ned partitions in (30 ) tak e the

form:

h
eY [0;n � 1]

i

i
=

1
N

1
D

n
2

X

` 2 ( Z =N Z )2

e
2�i
N [r i n � 1 �Un � 1

� (` )+ ��� + r i 1 �U� (` )+ r i 0 �` ] j ` i h` j � (44)

Then, the m ultitime correlation matrix � [0;n � 1]
eY

in (31 ) has en tries:

�
�
h

eY [0;n � 1]
i �

i ;j

=
1

N 2

1
D n

X

` 2 ( Z =N Z )2

e
2�i
N

n � 1P

p=0
(r i p � r j p )�Up

� (` )
; U0

� (` ) = 1 (45)

=
X

` 2 ( Z =N Z )2

hi j g̀ (n)i hg̀ (n)j j i ; (46)

with hi j g̀ (n)i :=
1
N

1
D

n
2

e
2�i
N

n � 1P

p=0
r i p �Up

� (` )
2 C

D n
: (47)

The densit y matrix � [0;n � 1]
eY

can no w b e used to n umerically compute the ALF�

en trop y as in (33 ); ho w ev er, the large dimension ( D n � D n
) mak es the computa-

tional problem v ery hard, a part for small n um b ers of iterations. Our goal is to

pro v e that another matrix (of �xed dimension N 2 � N 2
) can b e used instead of

� [0;n � 1]
eY

.

Prop osition 4.1

Let G(n) b e the N 2 � N 2
matrix with en tries

G̀ 1 ;` 2 (n) := hg̀ 2 (n)j g̀ 1 (n)i (48)

giv en b y the scalar pro ducts of the v ectors j g̀ (n) i 2 H D n = C

D n

in (47 ). Then, the en trop y of the partition of unit

eY [0;n � 1]
with ele-

men ts (43 ) is giv en b y:

H ! N 2

h
eY [0;n � 1]

i
= � Tr H N 2

�
G(n) log G(n)

�
(49)

Pro of: G(n) is hermitian and from (47 ) it follo ws that Tr H N 2 G(n) = 1 .

Let H N 2 = C

N 2
; H := H D n 
 H N 2

and consider the pro jection �  = j  i h j on to

H 3 j  i :=
X

` 2 ( Z =N Z )2

j g̀ (n) i 
 j ` i : (50)

W e denote b y � 1 the restriction of �  to the full matrix algebra M1 := MD n ( C )
and b y � 2 the restriction to M2 := MN 2 ( C ) . It follo ws that:

Tr H D n (� 1 � m1) = h j m1 
 1 2 j  i =
X

` 2 ( Z =N Z )2

hg̀ j m1 j g̀ i ; 8m1 2 M1 �
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Th us, from (46),

� 1 = � [0;n � 1]
eY

=
X

` 2 ( Z =N Z )2

j g̀ (n) i hg̀ (n) j � (51)

On the other hand, from

Tr H N 2 (� 2 � m2) = h j 1 1 
 m2 j  i

=
X

` 1 ;` 22 ( Z =N Z )2

hg̀ 2 (n)j g̀ 1 (n)i h` 2jm2j` 1i ; 8m2 2 M2 ;

it turns out that � 2 = G(n) , whence the result follo ws from Araki�Lieb's inequal-

it y [21].

W e no w return to the explicit computation of the densit y matrix G(n) in Prop o-

sition 4.1. By using the transp osed matrix T tr

� , the v ectors (47) no w read

hi j g̀ (n)i =
1

N D
n
2

e
2�i
N ` �f ( n ) ;N

� ;� ( i )
(52)

f (n);N
� ;� (i ) :=

n� 1X

p=0

�
T tr

�

� p
r i p (mod N ) (53)

where w e made explicit the v arious dep endencies of (53) on n the time�step, N
the in v erse lattice�spacing, the c hosen set � of r j 's and the � parameter of the

dynamics in SL 2( Z =N Z )2
.

In the follo wing w e shall use the equiv alence classes

[r ] :=
n

i 2 
 (n)
D

�
�
� f (n);N

� ;� (i ) � r 2 ( Z =N Z )2 (mod N )
o

; (54)

their cardinalities # [ r ] and, in particular, the frequency function � (n);N
� ;�

( Z =N Z )2 3 r 7�! � (n);N
� ;� (r ) :=

# [ r ]
D n

� (55)

Prop osition 4.2

The V on Neumann en trop y of the re�ned (exp onen tial) partition of

unit up to time n � 1 is giv en b y:

H ! N 2

h
eY [0;n � 1]

i
= �

X

r 2 ( Z =N Z )2

� (n);N
� ;� (r ) log � (n);N

� ;� (r ) (56)
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Pro of: Using (52 ), the matrix G(n) in Prop osition 4.1 can b e written as:

G(n) =
1

D n

X

i 2 
 n
D

j f i (n) i hf i (n) j ; (57)

h` j f i (n)i =
1
N

e
2�i
N f ( n ) ;N

� ;� ( i ) �`
(58)

The v ectors j f i (n) i 2 H N 2 = C

N 2
are suc h that hf i (n)j f j (n)i = � (N )

f ( n ) ;N
� ;� ( i ) ; f ( n ) ;N

� ;� ( j )
,

where with � (N )
is the N �p erio dic Kronec k er delta. F or sak e of simplicit y , w e sa y

that j f i (n) i b elongs to the equiv alence class [r ] in (54) if i 2 [r ]; v ectors in di�er-

en t equiv alence classes are th us orthogonal, whereas those in a same equiv alence

class [r ] are suc h that

h` 1 j

0

@
X

i 2 [r ]

j f i (n) i hf i (n) j

1

A j ` 2 i =
1

N 2

X

i 2 [r ]

e
2�i
N f ( n ) ;N

� ;� ( i ) �(` 1 � ` 2 )

= D n � (n);N
� ;� (r ) h̀ 1j e (r )i he (r )j ` 2i

h̀ j e (r )i =
e

2�i
N r �`

N
2 H N 2

Therefore, the result follo ws from the sp ectral decomp osition

G(n) =
X

r 2 ( Z =N Z )2

� (n);N
� ;� (r ) j e (r ) i he (r ) j �

5. Analysis of en trop y pro duction

In agreemen t with the in tuition that �nitely man y states cannot sustain an y lasting

en trop y pro duction, the ALF�en trop y is indeed zero for suc h systems [12]. Ho w-

ev er, this do es not mean that the dynamics ma y not b e able to sho w a signi�can t

en trop y rate o v er �nite in terv al of times, these b eing t ypical of the underlying

dynamics.

As already observ ed in the In tro duction, in quan tum c haos one deals with

quan tized classically c haotic systems; there, one �nds that classical and quan tum

mec hanics are b oth correct descriptions o v er times scaling with log~� 1
. Therefore,

the classical�quan tum corresp ondence o ccurs o v er times m uc h smaller than the

Heisen b erg recursion time that t ypically scales as ~� � ; � > 0. In other w ords, for

quan tized classically c haotic systems, the classical description has to b e replaced

b y the quan tum one m uc h so oner than for in tegrable systems.

In this pap er, w e are considering not the quan tization of classical systems,

but their discretization; nev ertheless, w e ha v e seen that, under certain resp ects,
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quan tization and discretization are lik e pro cedures with the in v erse of the n um b er

of states N pla ying the role of ~ in the latter case.

W e are then in terested to study ho w the classical con tin uous b eha viour emerges

from the discretized one when N ! 1 ; in particular, w e w an t to in v estigate the

presence of c haracteristic time scales and of �breaking�times� � B , namely those

times b ey ond whic h the discretized systems cease to pro duce en trop y b ecause their

gran ularit y tak es o v er and the dynamics rev eals in full its regularit y .

Prop ositions 4.1 and 4.2 a�ord useful means to attac k suc h a problem n u-

merically . In the follo wing w e shall b e concerned with the time b eha vior of the

en trop y of partition of units as in De�nition 4.2 , the presence of breaking�times

� B (� ; N; � ) , and their dep endence on the set � , on the n um b er of states N and

on the dynamical parameter � .

As w e shall see, in man y cases � B dep ends quite hea vily on the c hosen partition

of unit; w e shall then try to co ok up a strategy to �nd a � B as stable as p ossible up on

v ariation of partitions, b eing led b y the idea that the �true� � B has to b e strongly

related to the Ly ap ouno v exp onen t of the underlying con tin uous dynamical system.

Equations (49 ) and (56 ) allo w us to compute the V on Neumann en trop y of

the state � [0;n � 1]
eY

; if w e w ere to compute the ALF�en trop y according to the de�ni-

tions (33), the result w ould b e zero, in agreemen t with fact that the Ly ap ouno v

exp onen t for a system with a �nite n um b er of states v anishes. Indeed, it is suf-

�cien t to notice that the en trop y H ! N 2

h
eY [0;n � 1]

i
is b ounded from ab o v e b y the

en trop y of the tracial state

1
N 2

1 N 2
, that is b y 2 logN ; therefore the expression

h! N 2 ;W1 (�; � ; n) :=
1
n

H ! N 2

h
eY [0;n � 1]

i
; (59)

go es to zero with n �! 0. It is for this reason that, in the follo wing, w e will fo cus

up on the temp oral ev olution of the function h! N 2 ;W1 (�; � ; n) instead of taking its

lim sup o v er the n um b er of iterations n .

In the same spirit, w e will not tak e the suprem um of (59) o v er all p ossible

partitions

eY (originated b y di�eren t � ); instead, w e will study the dep endence

of h! N 2 ;W1 (�; � ; n) on di�eren t c hoices of partitions. In fact, if w e v ary o v er all

p ossible c hoices of partitions of unit, w e could c ho ose � = ( Z =N Z )2
in (42 ), that

is D = N 2
; then summation o v er all p ossible r 2 ( Z =N Z )2

w ould mak e the matrix

elemen ts G̀ 1 ;` 2 (n) in (48 ) equal to

� ` 1 ;` 2

N 2
, whence H ! N 2

h
eY [0;n � 1]

i
= 2 log N .
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5.1. The case of T� 2 GL 2
�

T

2
�

The maxim um of H ! N 2 is reac hed when the frequencies (55 )

� (n);N
� ;� : ( Z =N Z )2 7! [0; 1]

b ecome equal to 1=N2
o v er the torus: w e will see that this is indeed what happ ens

to the frequencies � (n);N
� ;� with n �! 1 . The latter b eha viour can b e reac hed in

v arious w a ys dep ending on:

� h yp erb olic or elliptic regimes, namely on the dynamical parameter � ;

� n um b er of elemen ts ( D ) in the partition � ;

� m utual lo cation of the D elemen ts r i in � .

F or later use w e in tro duce the set of grid p oin ts with non�zero frequencies

� (n);N
� ;� :=

�
`
N

�
�
�
� ` 2 ( Z =N Z )2 ; � (n);N

� ;� (` ) 6= 0
�

� (60)

5.1.1. Hyp erb olic regime with D randomly c hosen p oin ts r i in �

In the h yp erb olic regime corresp onding to � 2 Z n f� 4; � 3; � 2; � 1; 0g, � (n);N
� ;�

tends to increase its cardinalit y with the n um b er of time�steps n . Roughly sp eak-

ing, there app ear to b e t w o distinct temp oral patterns: a �rst one, during whic h

#
�

� (n);N
� ;�

�
' D n 6 N 2

and almost ev ery � (n);N
� ;� ' D � n

, follo w ed b y a second one

c haracterized b y frequencies frozen to � (n);N
� ;� (` ) = 1

N 2 ; 8` 2 ( Z =N Z )2
. The sec-

ond temp oral pattern is reac hed when, during the �rst one, � (n);N
� ;� has co v ered the

whole lattice and D n ' N 2
.

F rom the p oin t of view of the en tropies, the �rst temp oral regime is c harac-

terized b y

H ! N 2 (�; � ; n) � n � logD ; h ! N 2 ;W1 (�; � ; n) � logD ;

while the second one b y

H ! N 2 (�; � ; n) � 2 logN ; h ! N 2 ;W1 (�; � ; n) �
2 logN

n
�

The transition b et w een these t w o regimes o ccurs at �n = logD N 2
. Ho w ev er this

time cannot b e considered a realistic breaking�time, as it to o strongly dep ends on

the c hosen partition.
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Figure 2 (columns a and c) sho ws the mec hanism clearly in a densit y plot:

white or ligh t�grey p oin ts corresp ond to p oin ts of � (n);N
� ;� and their n um b er increases

for small n um b ers of iterations un til the plot assume a uniform grey color for large n .

The linear and stationary b eha viors of H ! N 2 (�; � ; n) are apparen t in �g. 4,

where four di�eren t plateaus ( 2 logN ) are reac hed for four di�eren t N , and in �g. 5,

in whic h four di�eren t slop es are sho w ed for four di�eren t n um b er of elemen ts in

the partition. With the same parameters as in �g. 5, �g. 6 sho ws the corresp onding

en trop y pro duction h! N 2 ;W1 (�; � ; n) .

5.1.2. Hyp erb olic regime with D nearest neigh b ors r i in �

In the follo wing, w e will consider a set of p oin ts � = f r i gi =1 :::D v ery close to eac h

other, instances of whic h are as b elo w:
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Figure 1: Sev eral com binations of D nearest neigh b ors in � for di�eren t v alues D .

F rom eqs. (54�55 ), the frequencies � (n);N
� ;� (` ) result prop ortional to ho w man y

strings ha v e equal images ` , through the function f (n);N
� ;� in (53 ). Due to the fact

that [T� ]11 = [ T� ]21 = 1 , non�injectivit y of f (n);N
� ;� o ccurs v ery frequen tly when

f r i g are v ery close to eac h other. This is a dynamical e�ect that, in con tin uous

systems [14], leads to an en trop y pro duction approac hing the Ly ap ouno v exp onen t.

Ev en in the discrete case, during a �nite time in terv al though, h! N 2 ;W1 (�; � ; n)
exhibits the same b eha vior un til H ! N 2 reac hes the upp er b ound 2 logN . F rom

then on, the system b eha v es as describ ed in subsection 5.1.1 , and the en trop y

pro duction go es to zero as:

h! N 2 ;W1 (�; � ; n) �
1
n

(see �g. 7).

Concerning �gure 3 (column d), whose corresp onding graph for h! N 2 ;W1 (1; � ; n)
is lab eled b y . in �g. 7, w e mak e the follo wing consideration:

� for n = 1 the white sp ot corresp onds to �v e r i group ed as in �g. 1 .

In this case h! N 2 ;W1 (1; � ; 1) = log D = log 5 ;
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� for n 2 [2; 5] the white sp ot b egins to stretc h along the stretc hing direction

of T1 . In this case, the frequencies � (n);N
� ;� are not constan t on the ligh t�grey

region: this leads to a decrease of h! N 2 ;W1 (1; � ; n) ;

� for n 2 [6; 10] the ligh t�grey region b ecomes so elongated that it starts feeling

the folding condition so that, with increasing time�steps, it ev en tually fully

co v ers the originally dark space. In this case, the b eha vior of h! N 2 ;W1 (1; � ; n)
remains the same as b efore up to n = 10 ;

� for n = 11 , � (n);N
� ;� coincides with the whole lattice;

� for larger times, the frequencies � (n);N
� ;1 tend to the constan t v alue

1
N 2 on

almost ev ery p oin t of the grid. In this case, the b eha viour of the en trop y

pro duction undergo es a critical c hange (the crosso v er o ccurring at n = 11 )

as sho w ed in �g. 7.

Again, w e cannot conclude that n = 11 is a realistic breaking�time, b ecause once

more w e ha v e strong dep endence on the c hosen partition (namely from the n um b er

D of its elemen ts). F or instance, in �g. 7, one can see that partitions with 3 p oin ts

reac h their corresp onding �breaking�times� faster than that with D = 5 ; also they

do it in an N �dep enden t w a y .

F or a c hosen set � consisting of D elemen ts v ery close to eac h other and N v ery

large, h! N 2 ;W1 (�; � ; n) ' log� (whic h is the asymptote in the con tin uous case)

from a certain �n up to a time � B . Since this latter is no w partition indep enden t,

it can prop erly b e considered as the breaking�time of the system; it is giv en b y

� B = log � N 2� (61)

It is evident fr om e quation (61 ) that if one knows � B

then also log� is known. Usual ly, one is inter este d

in the latter which is a sign of the instability of the

c ontinuous classic al system. In the fol lowing we develop

an algorithm which al lows us to extr act log� fr om

studying the c orr esp onding discr etize d classic al system

and its ALF�entr opy.

In w orking conditions, N is not large enough to allo w for �n b eing smaller than � B ;

what happ ens in suc h a case is that H ! N 2 (�; � ; n) ' 2 logN b efore the asymptote

for h! N 2 ;W1 (�; � ; n) is reac hed. Giv en h! N 2 ;W1 (�; � ; n) for n < � B , it is th us

necessary to seek means ho w to estimate the long time b eha viour that one w ould

ha v e if the system w ere con tin uous.
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Remarks 5.1

When estimating Ly ap ouno v exp onen ts from discretized h yp erb olic

classical systems, b y using partitions consisting of nearest neigh b ors,

w e ha v e to tak e in to accoun t some facts:

a. h! N 2 ;W1 (�; � ; n) do es not increase with n ; therefore, if D < � , h! N 2 ;W1

cannot reac h the Ly ap ouno v exp onen t. Denoted b y log� (D) the

asymptote that w e extrap olate from the data

a

, in general w e ha v e

� (D) 6 logD < � . F or instance, for � = 1 , � = 2:618: : : > 2 and

partitions with D = 2 cannot pro duce an en trop y greater then log 2;

this is the case for the en tropies b elo w the dotted line in �gs. 5 e 6 ;

b. partitions with D small but greater than � allo w log� to b e reac hed

in a v ery short time and � (D) is v ery close to � in this case;

c. partitions with D � � require v ery long time to con v erge to log�
(and so v ery large N ) and, moreo v er, it is not a trivial task to deal

with them from a computational p oin t of view. On the con trary the

en trop y b eha viour for suc h partitions o�ers v ery go o d estimates of �
(compare, in �g. 7, . with � , 4 , � and 2 ) ;

d. in order to compute � (and then � B , b y (61 )), one can calculate � (D)
for increasing D , un til it con v erges to a stable v alue � ;

e. due to n um b er theoretical reasons, the UMG on ( Z =N Z )2
presen t

sev eral anomalies. An instance of them is sho w ed in �g. 3 (col. f ),

where a partition with �v e nearest neigh b ors on a lattice of 200� 200
p oin ts con�nes the image of f (n);N

� ;� (under the action of a T� map

with � = 17 ) on a subgrid of the torus. In this and analogous cases,

there o ccurs an anomalous depletion of the en trop y pro duction and no

signi�can t information is obtainable from it. T o a v oid this di�culties,

in Section 5.2 w e will go b ey ond the UMG sub class considered so far.

5.1.3. Elliptic regime ( � 2 f� 1; � 2; � 3g)

One can sho w that all ev olution matrices T� are c haracterized b y the follo wing

prop ert y:

T2
� = �� T � � 1 ; �� := ( � + 2) � (62)

a h! N 2 ;W 1 (�; � ; n) ma y ev en equal log � (D ) from the start.
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In the elliptic regime � 2 f� 1; � 2; � 3g, therefore �� 2 f� 1; 0; 1g and relation (62)

determines a p erio dic ev olution with p erio ds:

T 3
� 1 = � 1 (T 6

� 1 = 1 ) (63a)

T 2
� 2 = � 1 (T 4

� 2 = 1 ) (63b)

T 3
� 3 = + 1 � (63c)

It has to b e stressed that, in the elliptic regime, the relations (63) do not hold

�mo dulo N �, instead they are completely indep enden t from N .

Due to the high degree of symmetry in relations (62�63 ), the frequencies � (n);N
� ;�

are di�eren t from zero only on a small subset of the whole lattice.

This b eha vior is apparen t in �g. 2 : col. b, in whic h w e consider �v e randomly

distributed r i in � , and in �g. 3 : col. e, in whic h the �v e r i are group ed as in �g. 1.

In b oth cases, the V on Neumann en trop y H ! N 2 (n) is not linearly increasing with

n (see �gure 8), instead it assumes a log�shap ed pro�le ( up to the breaking�time,

see �g. 4).

Remark 5.2

The last observ ation indicates ho w the en trop y pro duction analysis

can b e used to recognize whether a dynamical systems is h yp erb olic or

not. If w e use randomly distributed p oin ts as a partition, w e observ e

that h yp erb olic systems sho w constan t en trop y pro duction (up to the

breaking�time), whereas the others do not.

Moreo v er, unlik e h yp erb olic ones, elliptic systems do not c hange their

b eha viour with N (for reasonably large N ) as clearly sho w ed in �g. 4,

in whic h elliptic systems ( � = � 2) with four di�eren t v alues of N giv e

the same plot. On the con trary , w e ha v e dep endence on ho w ric h is the

c hosen partition, similarly to what w e ha v e for h yp erb olic systems, as

sho w ed in �g. 7.

5.1.4. P arab olic regime ( � 2 f 0; 4g)

This regime is c haracterized b y � = � � 1 = � 1, that is logj � j = 0 (see Remark 2.1,

c.). These systems b eha v e as the h yp erb olic ones (see subsections 5.1.1 and 5.1.2)

and this is true also for the the general b eha vior of the en trop y pro duction, apart

from the fact that w e nev er fall in the condition (a.) of Remark 5.1. Then,

for su�cien tly large N , ev ery partition consisting of D group ed r i will reac h the

asymptote logj � j = 0 .
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5.2. The case of Sa wto oth Maps

The Sa wto oth Maps [15, 16 ], are triples (X ; �; S � ) where

X = T

2 = R

2=Z

2 = f x = ( x1; x2) (mod 1)g (64a)

S�

�
x1

x2

�
=

�
1 + � 1

� 1

� �
hx1i
x2

�
(mod 1) ; � 2 R (64b)

d� (x ) = d x1 dx2 ; (64c)

where h�i denotes the fractional part of a real n um b er. Without h�i , (64b) is not

w ell de�ned on T

2
for not�in teger � ; in fact, without taking the fractional part, the

same p oin t x = x + n 2 T

2; n 2 Z

2
, w ould ha v e (in general) S� (x ) 6= S� (x + n ) .

Of course, h�i is not necessary when � 2 Z .

The Leb esgue measure de�ned in (64c) is invariant for all � 2 R .

After iden tifying x with canonical co ordinates (q; p) and imp osing the (mod 1)
condition on b oth of them, the ab o v e dynamics can b e rewritten as:

(
q0 = q+ p0

p0 = p + � hqi
(mod 1); (65)

This is nothing but the Chirik o v Standard Map [4] in whic h � 1
2� sin(2�q ) is re-

placed b y hqi . The dynamics in (65 ) can also b e though t of as generated b y the

(singular) Hamiltonian

H (q; p; t) =
p2

2
� �

hqi 2

2
� p(t); (66)

where � p(t) is the p erio dic Dirac delta whic h mak es the p oten tial act through

p erio dic kic ks with p erio d 1.

Sa wto oth Maps are in v ertible and the in v erse is giv en b y the expression

S� 1
�

�
x1

x2

�
=

�
1 0

� � 1

� ��
1 � 1
0 1

� �
x1

x2

��
(mod 1) (67)

or, in other w ords,

(
q = q0 � p0

p = � � q + p0
(mod 1) : (68)

It can indeed b e c hec k ed that S� (S� 1
� (x )) = S� 1

� (S� (x )) = hx i ; 8x 2 T

2
.

Remarks 5.3
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i. Sa wto oth Maps f S� g are disc ontinuous on the subset


 0 := f x = (0 ; p) ; p 2 T g 2 T

2
: t w o p oin ts close to this b order,

A := ( "; p) and B := (1 � "; p) , ha v e images that di�er, in the " ! 0
limit, b y a v ector d(1)

S�
(A; B ) = ( �; � ) (mod 1).

ii. In v erse Sa wto oth Maps f S� 1
� g are disc ontinuous on the subset


 � 1 := S� (
 0) = f x = ( p; p) ; p 2 T g 2 T

2
: t w o p oin ts close to this

b order, A := ( p + "; p � " ) and B := ( p � "; p + ") , ha v e images that

di�er, in the " ! 0 limit, b y a v ector d(1)
S� 1

�
(A; B ) = (0 ; � ) (mod 1).

iii. The h yp erb olic, elliptic or parab olic b eha vior of Sa wto oth maps is

related to the eigen v alues of ( 1+ � 1
� 1 ) exactly as in Remark 2.1.ii.

iv. The Leb esgue measure in (64c) is S� 1
� �in v arian t.

F rom a computational p oin t of view, the study of the en trop y pro duction in the

case of Sa wto oth Maps S� is more complicated than for the T� 's. The reason to

study n umerically these dynamical systems is t w ofold:

� to a v oid the di�culties describ ed in Remark 5.1 (e.);

� to deal, in a w a y compatible with n umerical computation limits, with the

largest p ossible sp ectrum of accessible Ly ap ouno v exp onen t. W e kno w that

for � 2 Z

T
f non elliptic domain g,

� � (T� ) = � � (S� ) =
� + 2 �

p
(� + 2) 2 � 4
2

�

In order to �t log� � ( log� � b eing the Ly ap ouno v exp onen t corresp onding

to a giv en � ) via en trop y pro duction analysis, w e need D elemen ts in the

partition (see p oin ts b. and c. of Remark 5.1) with D > � � . Moreo v er,

if w e w ere to study the p o w er of our metho d for di�eren t in teger v alues of

� w e w ould b e forced forced to use v ery large D , in whic h case w e w ould

need v ery long computing times in order to ev aluate n umerically the en trop y

pro duction h! N 2 ;W1 (�; � ; n) in a reasonable in terv al of times n . Instead,

for Sa wto oth Maps, w e can �x the parameters (N; D; �) and study � � for

� con�ned in a small domain, but free to assume ev ery real v alue in that

domain.

In the follo wing, w e in v estigate the case of � in the h yp erb olic regime with D
nearest neigh b ors r i in � , as done in subsection 5.1.2 . In particular, �gures (9 �12)

refer to the follo wing �xed parameters:
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N = 38 ; n
max

= 5 ; D = 5 ;

� : r 1 =
�

7
8

�
; r 2 =

�
7
9

�
; r 3 =

�
6
8

�
; r 4 =

�
7
7

�
; r 5 =

�
8
8

�
;

� : from 0:00 to 1:00 with an incremen tal step of 0:05.

First, w e compute the V on Neumann en trop y (49) using the (hermitian) matrix

G̀ 1 ;` 2 (n) de�ned in (48 ). This is actually a diagonalization problem: once that

the N 2
eigen v alues f � i g

N 2

i =1 are found, then

H ! N 2

h
eY [0;n � 1]

i
= �

N 2X

i =1

� i log� i � (69)

Then, from (59 ), w e can determine h! N 2 ;W1 (�; � ; n) . In the n umerical example,

the ( � �dep enden t) breaking�time o ccurs after n = 5 ; for this reason w e ha v e

c hosen n
max

= 5 . In fact, w e are in terested in the region where the discrete system

b eha v es almost as a con tin uous one.

In �gure 9, the en trop y pro duction is plotted for the c hosen set of � 's: for v ery

large N (that is close to the con tin uum limit, in whic h no breaking�time o ccurs)

all curv es (c haracterized b y di�eren t � 's) w ould tend to log� � with n .

One w a y to determine the asymptote log� � is to �t the decreasing function

h! N 2 ;W1 (�; � ; n) o v er the range of data and extrap olate the �t for n ! 1 . Of

course w e can not p erform the �t with p olynomials, b ecause ev ery p olynomial

div erges in the n ! 1 limit.

A b etter strategy is to compactify the time ev olution b y means of a isomorphic

p ositiv e function s with b ounded range, for instance:

N 3 n 7�! sn :=
2
�

arctan (n � 1) 2 [0; 1] � (70)

Then, for �xed � , in �g. 10 w e consider n
max

p oin ts

�
sn ; h! N 2 ;W1 (�; � ; n)

�
and

extract the asymptotic v alue of h! N 2 ;W1 (�; � ; n) for n ! 1 , that is the v alue of

h! N 2 ;W1

�
�; � ; s� 1 (t)

�
for t ! 1�

, as follo ws.

Giv en a graph consisting of m 2 f 2; 3; � � � ; n
max

g p oin ts, in our case the �rst

m p oin ts of curv es as in �g. 10 , namely

��
s1 ; h! N 2 ;W1 (�; � ; 1)

�
;
�
s2 ; h! N 2 ;W1 (�; � ; 2)

�
; � � � ;

�
sm ; h! N 2 ;W1 (�; � ; m)

�	
;
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the data are �t b y a Lagrange p olynomial Pm (t) (of degree m � 1)

Pm (t) =
mX

i =1

Pi (t) (71a)

where Pi (t) =
mY

j =1
j 6= i

t � sj

si � sj
h! N 2 ;W1 (�; � ; i ) � (71b)

The v alue assumed b y this p olynomial when t ! 1�
(corresp onding to n ! 1 )

will b e the estimate (of degree m ) of the Ly ap ouno v exp onen t, denoted b y lm
� : the

higher the v alue of m , the more accurate the estimate. F rom (71 ) w e get:

lm
� := Pm (t)

�
�
�
t=1

=
mX

i =1

h! N 2 ;W1 (�; � ; i )
mY

j =1
j 6= i

1 � sj

si � sj
� (72)

The v arious lm
� are plotted in �gure 11 as functions of m for all considered � . The

con v ergence of lm
� with m is sho w ed in �gure 12, together with the theoretical

Ly ap ouno v exp onen t log� � ; as exp ected, w e �nd that the latter is the asymptote

of f lm
� gm with resp ect to the p olynomial degree m .

The dotted line in �g. 10 extrap olates 21 � �curv es in compacti�ed time up to

t = 1 using �v e p oin ts in the Lagrange p olynomial appro ximation.

6. Conclusions

In this pap er, w e ha v e considered discretized h yp erb olic classical systems on the

torus b y forcing them on a squared lattice with spacing

1
N . W e sho w ed ho w the

discretization pro cedure is similar to quan tization; in particular, follo wing the anal-

ogous case of the classical limit ~ 7�! 0, w e ha v e set up the theoretical framew ork

to discuss the con tin uous limit N 7�! 1 . F urthermore, using the similarities b e-

t w een discretized and quan tized classical systems, w e ha v e applied the quan tum

dynamical en trop y of Alic ki and F annes to study the fo otprin ts of classical (con-

tin uous) c haos as it is exp ected to rev eal itself, namely through the presence of

c haracteristic time scales and corresp onding breaking�times. Indeed, exactly as in

quan tum c haos, a discretized h yp erb olic system can mimic k its con tin uous part-

ner only up to times whic h scale as logN . W e ha v e also extended the n umerical

analysis from the so called Arnold cat maps to the discon tin uous Sa wto oth maps,

whose in terpretation in the theoretical frame set up in this w ork will b e discussed

in a forthcoming pap er.
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Figure 2: Densit y plots sho wing the frequencies � (n);N
� ;� in t w o h yp erb olic regimes

(columns a and c) and an elliptic one (col. b), for �v e randomly distributed r i in

� with N = 200. Blac k corresp onds to � (n);N
� ;� = 0 . In the h yp erb olic cases, � (n);N

� ;�

tends to equidistribute on ( Z =N Z )2
with increasing n and b ecomes constan t when

the breaking�time is reac hed.
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Figure 3: Densit y plots sho wing � (n);N
� ;� in t w o h yp erb olic (columns d and f ) and

one elliptic (col. e) regime, for �v e nearest neigh b oring r i in � ( N = 200). Blac k

corresp onds to � (n);N
� ;� = 0 . When the system is c haotic, the frequencies tend to

equidistribute on ( Z =N Z )2
with increasing n and to approac h, when the breaking�

time is reac hed, the constan t v alue

1
N 2 . Col. (f ) sho ws ho w the dynamics can b e

con�ned on a sublattice b y a particular com bination (�; N; �) with a corresp onding

en trop y decrease.
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Figure 4: V on Neumann en trop y H ! N 2 (n) in four h yp erb olic ( � = 1 for � , 4 , � ,

2 ) and four elliptic ( � = � 2 for . ) cases, for three randomly distributed r i in � .

V alues for N are: � = 500, 4 = 400, � = 300 and 2 = 200, whereas the curv e

lab eled b y . represen ts four elliptic systems with N 2 f 200; 300; 400; 500g.
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Figure 5: V on Neumann en trop y H ! N 2 (n) in four h yp erb olic ( � = 1 ) cases, for D
randomly distributed r i in � , with N = 200. V alue for D are: � = 5 , 4 = 4 , � = 3
and 2 = 2 . The dotted line represen ts H ! N 2 (n) = log � � n where log� = 0:962: : :
is the Ly ap ouno v exp onen t at � = 1 .
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Figure 6: En trop y pro duction h! N 2 ;W1 (�; � ; n) in four h yp erb olic ( � = 1 ) cases,

for D randomly distributed r i in � , with N = 200. V alues for D are: � = 5 ,

4 = 4 , � = 3 and 2 = 2 . The dotted line corresp onds to the Ly ap ouno v exp onen t

log� = 0:962: : : at � = 1 .
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Figure 7: En trop y pro duction h! N 2 ;W1 (�; � ; n) in �v e h yp erb olic ( � = 1 ) cases,

for D nearest neigh b oring p oin ts r i in � . V alues for (N; D ) are: . = (200; 5), � =
(500; 3), 4 = (400; 3), � = (300; 3) and 2 = (200; 3). The dotted line corresp onds

to the Ly ap ouno v exp onen t log� = 0:962: : : at � = 1 and represen ts the natural

asymptote for all these curv es in absence of breaking�time.
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Figure 8: V on Neumann en trop y H ! N 2 (n) in four elliptic ( � = � 2) cases, for D
randomly distributed r i in � , with N = 200. V alue for D are: � = 5 , 4 = 4 , � = 3
and 2 = 2 .
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Figure 9: En trop y pro duction h! N 2 ;W1 (�; � ; n) for 21 h yp erb olic Sa wto oth maps,

relativ e to a for a cluster of 5 nearest neigh b orings p oin ts r i in � , with N = 38 .

The parameter � decreases from � = 1:00 (corresp onding to the upp er curv e) to

� = 0:00 (lo w er curv e) through 21 equispaced steps.
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Figure 10: The solid lines corresp ond to

�
sn ; h! N 2 ;W1 (�; � ; n)

�
, with n 2

f 1; 2; 3; 4; 5g, for the v alues of � considered in �gure 9 . Ev ery � �curv e is con-

tin ued as a dotted line up to (1; l5
� ) , where l5

� is the Ly ap ouno v exp onen t extracted

from the curv e b y �tting all the �v e p oin ts via a Lagrange p olynomial Pm (t) .
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Figure 11: F our estimated Ly ap ouno v exp onen ts lm
� plotted vs. their degree of

accuracy m for the v alues of � considered in �gures 9 and 10.
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Figure 12: Plots of the four estimated of Ly ap ouno v exp onen ts lm
� of �gure 11

vs. the considered v alues of � . The p olynomial degree m is as follo ws: � = 2 ,

4 = 3 , � = 4 and 2 = 5 . The solid line corresp onds to the theoretical Ly ap ouno v

exp onen t log� � = log ( � + 2 +
p

� (� + 4) ) � log 2.
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