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Outline

� How to de�ne compressibility e�ects?

� Example 1: The Rayleigh-Taylor instability for miscible 
uids;

� Example 2: The ablation front instability;

� Example 3: Thermal convection (Rayleigh-B�enard instability).

� Conclusion.

- Turbulent Mixing and Beyond International Conference -
Int. Center for Theoretical Physics, Trieste, Italy, 18-26 August 2007



Compressibility e�ects

� Phenomenology

{ Departure from an incompressible behavior;

{ Qualitative di�erence.

� How to de�ne or characterize compressibility e�ects?

{ Kov�asznay modes (vorticity, acoustics and entropic);

{ Time and Length scales;

{ Limit of full Navier-Stokes equations

(Low Mach numer and anelastic approximations).
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Kov�asznay modes

� Small perturbations of a compressible 
uid produces vorticity, acoustics and
entropic ( Kov�asznay 1952, Monin and Yaglom 1971).

- Nonlinear regime: interaction of the three basic modes.

� De�nition of a compressible 
ow: one of the two modes acoustics and entropic
are excited, with a non-zero velocity.

� Flows with variable density are not necessarily \compressible" (e.g. mixing of
two incompressible 
ows, etc.)
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Compressibility e�ects and dimensionless numbers

� Dimensionless numbers:

{ Mach number: Ma = U=C2
s magnitude of compressibility e�ects

{ Froude number: F r = U=
p

g L
Fr 2 = Inertial force/gravitational or buoyancy force

{ 
 Ma 2=Fr2 = g L=Cs = Strati�cation

� In some cases, it is more convenient
to use limit of small Mach numbers of the Navier-Stokes equations.

{ 
 Ma 2 � 1 and 
 Ma 2=Fr2 � 1 ! Low Mach number approximation.

{ 
 Ma 2 � 1 and 
 Ma 2=Fr2 � 1 ! Anelastic approximation.
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First example: RTI for compressible miscible 
uids
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RTI: Equilibrium state
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RTI: strati�cation e�ect in the linear regime

� Stability analysis: normal mode analysis (linear eigenvalue problem).

� Dispersion curves: growth rate as a function of the wave number k.

� Numerical method: auto-adaptive multidomain Chebyshev method.
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Dispersion curves: Strati�cation from Sr = 0 :05 to Sr = 8 (M.-A. Lafay et al. EuroPhysics Letters 2007).
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RTI: Strati�cation e�ect

Kinetic energy spectra
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Numerical simulations carried out with a multidomain Chebyshev-Fourier method.
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RTI: Strati�cation e�ect

Vorticity
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RTI: Compressibility e�ect
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RTI: Compressibility e�ect

Kinetic energy spectra
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RTI: Compressibility e�ect

Vorticity
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Return toward equilibrium in a 2D RTI
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Stationary acoustic waves at the end of the return toward equilibrium.
Damped by the physical viscosityEk (t) = exp

�
� 2k2=Re t

�
(B. Le Creurer and SG, 2006).
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Second example: Ablation front instability

in Inertial Con�nement Fusion (ICF)
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Numerical simulations vs. self-similar exact solution
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� For large heat 
ux, the solution is unsteady and close to self-similarity (Velikovich
et al. 1998).

� Self-similar solutions: Saillard 1983, and Ab�eguil�eet al. PRL, 2006.

- Turbulent Mixing and Beyond International Conference -
Int. Center for Theoretical Physics, Trieste, Italy, 18-26 August 2007



Models

Stationnary (or quasi-) analytical modeling:

� Bodner (1974), Sanz (1994), Goncharovet al. (1996, 1999), Ishizaki & Nishihara
(1997), Velikovich et. al. (1998).

Our approach:

� linear perturbations of an exact solution of the Euler equations
with a nonlinear thermal conduction (Marshak, 1958; Brunet al., 1977; Saillard,
1983; Sanz, 1992);

� No analytical expression available for these solutions or the perturbations;

� Highly accurate numerical method: adaptive multidomain spectral Chebyshev
method;
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Equations of motion
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� Initial conditions:

� (m; 0) = � i ; vx (m; 0) = 0; T (m; 0) = 0; for m � 0

� Boundary conditions:

p(0; t) = p0 (t=t0)2(� � 1) ;

' x (0; t) = ' 0 (t=t0)3(� � 1) :

� Electronic conduction: � = 5=2 ! � = 4=3

� Five dimensionless parameters:Bp, B' and (
 , � , � ).
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Self-similar solution: non-linear eigenvalue problem

Similarity transformation: � = m=t� , � = (2 � � 1)=(2 � � 2)

� (m; t) = G(� ); vx (m; t) = t � � 1V (� ); T (m; t) = t2(� � 1) �( � ); ' x (m; t) = t3(� � 1) �( � ):

Euler's eqs. are written as:
dY
d�

= F(Y ; � ); with Y = ( G V � �) T

where the components ofF are
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2
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with N = ( � � 1) V + G � ; D = � 2 � 2;
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Self-similar solution: physical space
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Self-similar solutions: abacus
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Equations for the perturbations
The relevant system of partial di�erential equations (PDEs) reads
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Laser imprinting : integration of the initial boundary value problem with the heat

ux perturbation:

' x;ext (t)=' x (0; t) = 1 � 2=(1 + exp[� (t � t i )]) :
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Wave-like structures: early time behavior
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Wave-like structures: shock-wave response
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Ablation front distortion for various wavenumbers
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Dispersion sheet
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Damping wavenumber
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Ablation front distortion

Comparison between 
owsi and ii .

Plots, in arbitrary units (a.u.), of
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Space-time structures of Kov�asznay modes

Pressure Vorticity

Entropy
k? = 5 perturbations as function of (�; t ): 0:1 � t � 15.
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Exact equations for the Kov�asznay modes

� Vorticity
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Source terms of Kov�asznay modes

Vorticity Acoustics

Entropy

k? = 5 perturbations as function of (�; t ): 0:1 � t � 15 .
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Compressibility e�ects in ablation front instability

� For heat 
uxes relevant to the Laser M�egaJoule facility, mean 
ows are com-
pressible (high Mach numbers);

� Large scale perturbations (larger than the conduction zone) may evolve on a time
scale smaller than the acoustic time scale

! dynamic compressibility e�ects on perturbations;

� Instability at wave number k? = 0, probably a compressibility e�ect.

Link with compressible thermal convection?
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Third example: Thermal convection
(Rayleigh-B�enard instability)

- Fluid layer heated from below
and cooled from above;
- Perfect gas;
- Basic state: � (z) � zm ;
T(z) � z; m: polytropic index;
- Incompressible 
ow: rolls are
symmetric with respect with the
center of each roll;
- Exemple of departure from an
incompressible situations;
- Strati�cation is controlled by m.
- Compressibility controlled by
 .

Vorticity isovalues

Pressure isovalues
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Thermal convection: instability at k = 0

- Instability at k = 0 for large strati�-
cation and small Prandtl numbers;
- Hopf bifurcation (complex eigenval-
ues);
- Nonlinear stability analysis by using
perturbative expansions;
- Solution of the Ginzburg-Landau
equation

@A
@t

= a r A + b� A � c jAj2 A

) nonlinearly unstable. Neutral stability curve: critical Rayleigh
number f (wave number) (SG, Gamess, Iooss
1990).
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Thermal convection: chaotic behavior

- The Hopf solution is unstable,
) chaotic behavior;
- Velocity �eld

V = A(x; y; t ) � o(z) ei ! o t + c:c:

� o(z): eigenmode,
- Exemple of 
ow computed with
the solution of the Ginzburg-
Landau equation.

Typical iso-vorticity �eld.
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Summary and Conclusion

� Compressibility e�ects can be:

- Departure from incompressible 
ows;

- Intrinsic compressibility e�ects.

� Two types of compressibility e�ects:

- Strati�cation or static compressibility;

- EOS e�ects (Mach e�ects) or dynamic compressibility.

� Compressibility e�ects have been investigated on three examples:

- RTI (departure from incompressible results);

- Ablation front (intrinsic compressibility);

- Thermal convection (both behaviors).

� Investigations following these guidelines have to be continued.
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