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L ong time behavior of Stochastic
Flows

Joint work with D. Dolgopyat and V. Kaloshin
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Consider motion in a random flow in R™. Study
behavior.

dr; = vy (g, t)dt  or
dr; = v, (ZL“t, t)dt -+ J(:Ct)th.

For now, not specific about the right hand side.
1. One point motion. Typical result:

EHN(O,D) as t — 00.

Vi

Indeed,

long time

eyt = (v — x0) + (xor — 2) + (...) + ...

L(almost iIndependent terms).
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xamples: dx; = v(xy)dt + dWy, v-periodic (Kozlov).
dr; = v, (il?t)dt + dW4,

v, - Stationary, ergodic, incompressible. (Kozlov,
Papanicolaou-Varadhan, Zhikov,...)

result: diffusive behavior for almost all w. (Often formulated
In terms of PDE’s with rapidly occilating coefficients.)

dry = v, (t, x¢)dt,

vy - INncompressible, Markovian in time, Gaussian.
(Koralov, Fannjiang-Komorowski).
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2. Follow the evolution of sets (measures) carried by the
flow.

Example: Linear growth of the diameter of a connected
(non-trivial) set.
(Lisel, Scheutzow, Cranston, Steinsaltz)

Results: For various flows, upper and lower bounds on the
linear growth of the diameter.
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fOur results (Dolgopyat, Kaloshin, Koralov ): T
Motion:

d
dry =) Xp(we) 0 dWi(t) + Xo(ze) dt,
k=1

where, z; € T", can be viewed as motion on R”,

X;.— measure preserving (for simplicity) vector fields;
non-degeneracy assumptions.

1. CLT for multi-point motion:

1 e o o m
(7, \/57 i) ., Gaussian
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. CLT for measures (for almost all realizations of the
randomness). .

1 IS @ measure on €
(e.g. Legesgue meassure)

/u(ﬂf)u(y) <o, p>0
|z — y[P |

(i.e. Hausdorff dimension (£2) > 0).
1y 1S a scaled image of L.

pe(A) = pu(xg : 24 € VEA).
Theorem. pu; — N(0, D) for almost every realization of
randomness.
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3. Limit shape theorem (in R?)
r e Wy if x € Qg for some s < t. .

Theorem. 3 B— convex non-random set, such that
tB(l—¢€) CW;, CtB(1+e¢)

almost surely for sufficiently large ¢. .
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fNon-degeneracy assumptions:
(a) Strong Hormander condition (hypoellipticity)

Lie(X1,- -+, Xg)(z) = T,T"

(b) The same for 2-point motion on T” x T™\ A.

(c) The same for the induced flow on the unit tangent
bundle.

Notice: (a) = Lyapunov exponents exist, are non-random

1
A1 = lim —log||Dxy(z)|]

t—00

(d) positive Lyapunov exponent \; > 0.
(d) follows from (a)-(c) for measure preserving flows

~ (Baxendale) o
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arkovian flows:
Li?t — U($t, t),

dive = 0; v—stationary, Markovian in time, Gaussian.

Example:
k . .
vz, t) = Z y' (t)vi(x), wv; — periodic; y' — OU processes,
i=1
thus

dr; = Z vi(z¢)y! dt

1

L dy; = o AW} — By di J
on T? x R".
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CLT + transition from finite to infinite number of modes
(Koralov)

-

A1 > 0 (Carmona, Xu, Molchanov)
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