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Despite the theory of neutrino oscillations being rather old, some of its basic issues are still being debated
in the literature. We discuss a number of such issues, including the relevance of the “same energy”
and “same momentum” assumptions, the role of quantum-mechanical uncertainty relations in neutrino
oscillations, the dependence of the coherence and localization conditions that ensure the observability of
neutrino oscillations on neutrino energy and momentum uncertainties, the question of (in)dependence of
the oscillation probabilities on the neutrino production and detection processes, and the applicability limits
of the stationary-source approximation. We also develop a novel approach to calculation of the oscillation
probability in the wave-packet approach, based on the summation/integration conventions different from
the standard one, which allows a new insight into the “same energy” vs. “same momentum” problem. We

also discuss a number of apparently paradoxical features of the theory of neutrino oscillations.

PACS: 14.60.Pq

1. INTRODUCTION

More than 50 years have already passed since the
idea of neutrino oscillations was put forward [1, 2],
and over 10 years have passed since the experimental
discovery of this phenomenon (see, e.g., [3] for re-
views). However, surprisingly enough, a number of
basic issues of the neutrino oscillation theory are still
being debated. Moreover, some features of the theory
appear rather paradoxical. Among the issues that are
still under discussion are:

(1) Why do the often used same-energy and same-
momentum assumptions for neutrino mass eigen-
states composing a given flavor state, which are
known to be both wrong, lead to the correct result for
the oscillation probability?

(2) What is the role of quantum-mechanical un-
certainty relations in neutrino oscillations?

(3) What determines the size of the neutrino wave
packets?

(4) How do the coherence and localization con-
ditions that ensure the observability of neutrino os-
cillations depend on neutrino energy and momentum
uncertainties?
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(5) Are wave packets actually necessary for a

consistent description of neutrino oscillations?

(6) When can the oscillations be described by
a universal (i.e., production and detection process
independent) probability?

(7) When is the stationary-source approximation
valid?

(8) Would recoillessly emitted and absorbed neu-
trinos (produced and detected in Mdssbauer-type
experiments) oscillate?

(9) Are oscillations of charged leptons possible?

In the present paper we consider the first seven
issues listed above, trying to look at them from
different perspectives. We hope that our discussion
will help clarify these points and finally put them
to rest. For the last two issues, we refer the reader
to the recent discussions in [4—6] (for oscillations
of Mdossbauer neutrinos) and [7] (for oscillations of
charged leptons).

2. SAME ENERGY OR SAME MOMENTUM?

In most derivations of the so-called standard
formula for the probability of neutrino oscillations in
vacuum (see Eq. (6) below), usually the assumptions
that the neutrino mass eigenstates composing a given
flavor eigenstate either have the same momentum [8—
11] or the same energy [12—15] are made. The
derivation typically proceeds as follows.

First, recall that in the basis in which the mass
matrix of charged leptons has been diagonalized the
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fields describing the massive neutrinos v; and flavor-
eigenstate neutrinos v, and the corresponding states

|v;) and |v,) are related by
Z v, (D)

Vg = § UaiVi’ |Va
7

where U is the leptonic mixing matrix. If one now
assumes that all the mass eigenstates composing the
initially produced flavor state |v(0)) = |v,) have the
same momentum, then, after time ¢ has elapsed, the
ith mass eigenstate will simply pick up the phase
factor exp(—iE;t), and the evolved state |v(t)) will be

given by
=2 Ui

Projecting this state onto the flavor state |1,) and
taking the squared modulus of the resulting transition
amplitude, one gets the probability of the neutrino
flavor transition v, — vy, after the time interval ¢:

2
2 : —iEitrr=
U i€ v Uai

Next, taking into account that the energy E; of a
relativistic neutrino of mass m; and momentum p is

2
Ei=\/p?+m?~p+ oL (4)
2p’

and that for relativistic pointlike particles the distance
L they propagate during the time interval ¢ satisfies

L~t, (5)

e P wy). (2)

(3)

P(a_)l/ba

one finally finds
P(ve — vy L) = (6)

Am2. 2
= ZUbi exp (—i i L) Uy
i 2p

where Amg; = m? —m? and the index j corresponds
to any of the mass eigenstates. This is the standard
formula describing neutrino oscillations in vacuum.
Note that in this approach neutrino states actually
evolve only in time (see Eq. (3)); the usual coordinate
dependence of the oscillation probability (6)) is only
obtained by invoking the additional “time-to-space
conversion” assumption (5). Without this conversion,
one would come to a paradoxical conclusion that
neutrino oscillations could be observed by just putting
the neutrino detector immediately next to the source
and waiting long enough.

Likewise, one could assume that all the mass-
eigenstate neutrinos composing the initially produced
flavor state |v,) have the same energy. Using the fact
that the spatial propagation of the ith mass eigenstate

)

is described by the phase factor e’P* and that for a
relativistic neutrino of mass m; and energy E

pi=1\/E? —m? ~ E —m?/2F, (7)

one again comes to the same standard formula (6) for
the oscillation probability. Note that in this case the
neutrino flavor evolution occurs in space and it is not
necessary to invoke the “time-to-space conversion”
relation (5) to obtain the standard oscillation formula.

The above two alternative derivations of the oscil-
lation probability are very simple and transparent, and
they allow one to arrive very quickly at the desired
result. The trouble with them is that they are both
wrong.

In general, there is no reason whatsoever to as-
sume that different mass eigenstates composing a
flavor neutrino state emitted or absorbed in a weak-
interaction process have either the same energy or
the same momentum ). Indeed, the energies and
momenta of particles emitted in any process are
dictated by the kinematics of the process and by the
experimental conditions. Direct analysis of, e.g., 2-
body decays with simple kinematics, such as 7+ —
— I* 4+ (7)), where [ = e, p, allows to find the 4-
momenta of the emitted particles and shows that
neither energies nor momenta of the different neutrino
mass eigenstates composing the flavor state v; are
the same [16, 17]. One might question this argument
on the basis that it relies on the energy-momentum
conservation and the assumption that the energies
and momenta of the emitted mass eigenstates have
well-defined (sharp) values, whereas in reality these
quantities have intrinsic quantum-mechanical uncer-
tainties (see the discussion in Section 5.1). However,
the inexactness of the neutrino energies and momenta
does not invalidate our argument that the “same
energy” and “same momentum” assumptions are
unjustified, and in fact only strengthens it. It should
be also noted that the “same energy” assumption
actually contradicts Lorentz invariance: even if it were
satisfied in some reference frame (which is possible
for two neutrino mass eigenstates, but not in the 3-
species case), it would be violated in different Lorentz
frames [17, 18]. The same applies to the “same
momentum” assumption.

3. WHY WRONG ASSUMPTIONS LEAD
TO THE CORRECT RESULT?

One may naturally wonder why two completely
different and wrong assumptions (“same energy” and

®The only exception we are aware of are neutrinos produced or
detected in hypothetical Méssbauer-type experiments, since
for them the “same energy” assumption is indeed justified
fairly well.
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“same momentum”) lead to exactly the same and
correct result — the standard oscillation formula. To
understand that, it is necessary to consider the wave-
packet picture of neutrino oscillations.

3.1. Wave Packets Approach
to Neutrino Oscillations

In the discussion in the previous section we were
actually considering neutrinos as plane waves or
stationary states; strictly speaking, this description
was inconsistent because such states are in fact
non-propagating. Indeed, the probability of finding a
particle described by a plane wave does not depend
on the coordinate, while for stationary states this
probability does not depend on time. In quantum
theory propagating particles must be described by
moving wave packets (see, e.g.,[19]). Let us recall the
main features of this approach [20—30].

Let a flavor eigenstate v, be born at time ¢ =
= 0 in a source centered at x = 0. The wave packet
describing the evolved neutrino state at a point with
the coordinates (¢, x) is then

=2 U

Here, ¥,;(x, t) is wave packet describing a free propa-
gating neutrino of mass m;:

3 .

(x,t)|v4). (8)

|va(x,1))

where ff(p—pl-) is the momentum distribution
function with p; being the mean momentum, and

E;(p)
— p;) indicates that the wave packet corresponds to
the neutrino produced in the source. We will assume
the function f(p — p;) to be sharply peaked at or
very close to zero of its argument (p = p;), with the
width of the peak o, < p;. © No further properties
of fZ-S(p — p;) need to be specified. If fZ-S(p —p;) is
normalized according to

/ &plf5(p — pi)l?

then the wave function W,;(x,¢) has the standard
normalization [ d3x|¥;(x,t)|? = 1. We will, however,
use a different normalization convention, which yields
the correct normalization of the oscillation probability

= \/m The superscript “S™ at f(p —

—1, (10)

®For symmetric wave packets (i.e., when f£(p — pi) is an
even function of its argument), the position of the center
of the peak coincides with the mean momentum p;. For
asymmetric wave packets, it may be displaced from p;.
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(see Eq. (20) below). Expanding E;(p) around the
mean momentum,

OE;(p) j
Ei(p) = Ei(pi) + : (p—p) + (11
|y,
one can rewrite Eq. (9) as
U,(x, 1) ~ ePx Pt ¥ (x Vgit), (12)
where
3
S vgit) = [ ZEL )t (13)
gi 9 (271')3/2 ¢
is the shape factor and
OFE; p
= —— == 14
Yo' op p;  Lilpi (14)

is the group velocity of the wave packet. Here we
have retained only the first and the second terms
in the expansion (11), since the higher order terms
are of second and higher order in the small neutrino
mass and so can be safely neglected in practically
all situations of interest. This approximation actually
preserves the shape of the wave packets (and, in
particular, neglects their spread). Indeed, the shape
factor (13) depends on time and coordinate only
through the combination (x — vg;t); this means that
the wave packet propagates with the velocity v,
without changing its shape.

[f the momentum dispersion corresponding to
the momentum distribution function f(p — po) is
op, then, according to the Heisenberg uncertainty
relation, the length of the wave packet in the coor-
dinate space o, satisfies o, 2 0, 1. the shape-factor
function g7 (x — v,t) decreases rapidly when |x —
— vg;t| exceeds o,. Equation (12) actually justifies
and corrects the plane-wave approach: the wave
function of a propagating mass-eigenstate neutrino
is described by the plane wave corresponding to
the mean momentum p;, multiplied by the shape
function g5 (x — v;t) which makes sure that the wave
is strongly suppressed outside a finite space—time
region of width o, around the point x = vt.

In the approximation, where the wave packet
spread is neglected, the evolved neutrino state is
given by Eq. (8) with ¥;(x,t) from Eq. (12). Note
that the wave packets corresponding to different
neutrino mass eigenstates v; are in general described
by different momentum distribution functions fZ-S(p —
— p;) and therefore by different shape factors g7 (x —

— Vgit).



4 AKHMEDOYV, SMIRNOV

Next, we define the state of the detected flavor
neutrino v as a wave packet peaked at the coordinate

L of the detector:
Z sz ‘VZ>

lup(x —
It will be convenient for us to rewrite WP (x — L)
pulling out the factor e®P:(*~L);
p(x — L)) =

=D Unle®* Mgl (x

Here, g”(x — L) is the shape factor of the wave
packet corresponding to the detection of the ith mass
eigenstate. The transition amplitude A, (L, ) is ob-
tained by projecting the evolved state (8) onto (15):

AaLat) = [ tn(x = Dl (x.0) =
= UsiUs / BrUP*(x — L)T;(x,t).

Substituting here expressions (12) and (16) yields

(15)

(16)
L)]lvi),

(17)

Aab(L,t) = (18)
= Z Ui Gi(L — Vgl.t)e—iEi(m)HipiL7
where

— [ dagix = vyitig"(x - L)

That this integral indeed depends on L and vt only
through the combination (L — vgt) can be easily
shown by shifting the integration variable in (19).
Gi(L — vg;t) is an effective shape factor whose width
o, depends on the widths of both the production
and detection wave packets 0,5 and o,p. Indeed,
since the moduli of the shape-factor functions gf’D
quickly decrease when the argument exceeds the
corresponding wave-packet widths 0,5 or o, p, from
Eq. (19) it follows that the function G;(L — vg;t)
decreases when |L — v;t| becomes large compared
to max{o,s,0.p}. Actually, since o, characterizes
the overlap of the wave packets describing the pro-
duction and detection states, it exceeds both o,g and
o.p. In particular, for Gaussian and Lorentzian (in
the coordinate space) wave packets one has o, =

=\/02¢ + 02, and 0, = 0,5 + 04p, respectively. If
the production and detection wave packets are sym-
metric in the coordinate space, i.e., the shape factors
g7 (x — vgit) and gP(x — L) are even functions of
their arguments, then so is G (L — v;t). In that case

the modulus of G; (L — v;t) reaches its maximum at
L = vt; otherwise the maximum may be displaced
from this point.

The probability P, (L,t) = P(vq — vp; L,t) of
finding a flavor eigenstate neutrino v at the detector
site at time ¢ is given by the squared modulus of
the amplitude Ay, (L, t) defined in Eq. (17). Since in
most experiments the neutrino emission and arrival
times are not measured, the standard procedure in
the wave packet approach to neutrino oscillations
is then to integrate P, (L,t) over time. In doing so
one has to introduce a normalization factor which is
usually not calculated”), and in fact is determined
by imposing “by hand” the requirement that the
probabilities P,,(L) satisfy the unitarity condition.
This is an ad hoc procedure which is not entirely
consistent; the proper treatment would require to
consider the temporal response function of the
detector and would automatically lead to the correct
normalization of the oscillation probabilities. Since
we are primarily interested here in the oscillation
phase which is practically insensitive to the detector
response function, we follow the same procedure of
integration over time. The proper normalization of
the oscillation probability is achieved by imposing the
normalization condition

/ |Gy (L

—00

—vgt)? = 1. (20)

For simplicity, from now on we neglect the trans-
verse components of the neutrino momentum, i.e.,
the components orthogonal to the line connecting the
centers of the neutrino source and detector; this is
a very good approximation for neutrinos propagating
macroscopic distances. The probability of finding a v,
at the detector site, provided that a v, was emitted by
the source at the distance L from the detector, is then

o0

Pu(L) = / dALOP = (21)
Z i UbiUak Uy Lik (L),
where
Lix(L) = 7 dtG;i(L — vg;t) x (22)
X G};(LO—O vgkt)e_iA¢ik(L’t).
Here, G;(L — vy;t) is the effective shape factor corre-

sponding to the ith neutrino mass eigenstate defined

DFor an exception, see [26].
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in (the 1-dimensional version of) Eq. (19). The quan-
tity Agr(L,t) is the phase differences between the
ith and kth mass eigenstates:

Adi, = (B — Eg)t — (pi —pe) L= (23)
= AEjt — Apy.L,
where
E; =\/p?+m2. (24)

Note that this phase difference is Lorentz invariant.

To calculate the observable quantities — the num-
bers of the neutrino detection events —one has to
integrate the oscillation probability (folded with the
source spectrum, detection cross section and detector
efficiency and energy resolution functions) over the
neutrino spectrum and over the macroscopic sizes of
the neutrino source and detector.

3.2. Oscillation Phase: the Answer to the Question

We are now in a position to present our argument.
To simplify the notation, we suppress the indices i
and k, where it cannot cause a confusion, so that
AE = AE;, Am? = Am?,, etc. Consider the case
AFE < E which corresponds to relativistic or quasi-
degenerate neutrinos. In this case one can expand
the difference of the energies of two mass eigenstates
in the differences of their momenta and masses.
Retaining only the leading terms in this expansion,
one gets

OF OF

AE = —Ap+ —Am? =

Op om? (2)

1 2
= vgAp + ﬁAm ,
where v, is the average group velocity of the two mass

eigenstates and E is the average energy. Substituting
this into Eq. (23) yields [31]

Am?2
2F

Note that our use of the mean group velocity and
mean energy of the two mass eigenstates in Eq. (26)
is fully legitimate. Indeed, going beyond this approx-
imation would mean retaining terms of second and
higher order in Am? in the expression for A¢. These
terms are small compared to the leading O(Am?)
terms; moreover, though their contribution to A¢ can
become of order one at extremely long distances, the
leading contribution to A¢ is then much greater than
one, which means that neutrino oscillations are in
the averaging regime and the precise value of the
oscillation phase is irrelevant.

Let us now consider expression (26) for the phase
difference A¢. If one adopts the same-momentum

Ap = t — (L — vgt) Ap. (26)
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assumption for the mean momenta of the wave pack-
ets, Ap = 0, the second term on the right-hand side
disappears, which leads to the standard oscillation
phase in the “evolution in time” picture. If, in addition,
one assumes the “time-to-space conversion” rela-
tion (5), the standard formula for neutrino oscillations
is obtained.

Alternatively, instead of expanding the energy
difference of two mass eigenstates in the differences
of their momenta and masses, one can expand the
momentum difference of these states in the differences
of their energies and masses:

Op Op

Ap = —AFE + -2 Am? = 27
P=a52" T g2t (27)
:iAE—iAmQ,
(O 2p

where p is the average momentum. Substituting this
into Eq. (23) yields [32]
2

AmZ, L unaE.
2p Vg
Note that this relation could also be obtained directly
from Eq. (26) by making use of Eq. (25). If one now
adopts the same energy assumption for the mean
energies of the wave packets, AE = 0, the second
term on the right-hand side vanishes, and one arrives
at the standard oscillation formula.

A¢ =

(28)

However, as we shall show now, Egs. (26) and (28)
actually lead to the standard oscillation phase even
without the same-energy or same-momentum as-
sumptions. For this purpose, let us generically write
Egs. (26) and (28) in the form

A¢ = Agg + A, (29)

where Agg; is the standard oscillation phase either
in “evolution in time” or in “evolution in space”
approach, and A¢' is the additional term (the second
term in Eq. (26) or (28)). The first thing to notice is
that A¢’ vanishes not only when Ap = 0 (in Eq. (26))
or AE = 0 (in Eq. (28)), but also at the center of the
wave packet, where L = v,t. Away from the center,
the quantity L — vyt does not vanish, but it never
exceeds substantially the length of the wave packet
0., since otherwise the shape factors would strongly
suppress the neutrino wave function; thus, |L —
— vgt| < 0. The physical meaning of the two terms
in Eq. (29) is then clear: A¢y; is the oscillation phase
acquired over the distance L between the centers of
the neutrino emitter and absorber wave functions,
whereas A¢’ is the additional phase variation along
of the wave packet. Note that in the wave-packet
approach the effective spatial length of the neutrino
wave packet is determined by the sizes of the neutrino
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production and detection regions®), so that the phase
A¢' is related to the condition of localization of the
neutrino emitter and absorber. In what follows we
shall show that explicitly.

Since AF and Ap are the differences of, re-
spectively, the mean energies and mean momenta
of different neutrino mass eigenstates, for relativistic
neutrinos they are both of the order of Am?/2E or
smaller; recalling that the neutrino oscillation length
is lose = 4mE/Am?, we conclude that the additional
phase A¢’ can be safely neglected (and the oscillation
phase takes its standard value) when the effective
length of the wave packets is small compared to the
neutrino oscillation length, i.e., 0, < logc.

We shall show now that under very general as-
sumptions the oscillation phase takes the standard
value. For this we need the wave packet treatment of
neutrino oscillations. We start with the expression for
A¢ in Eq. (28). Substituting it into (22), we find

2
I(L) = exp <—¢%L> X (30)
2p

X / dtGi(L - Ugit)GZ(L - ngt) X
o1
X exp <Z—AEik(L - vgt)> .
Yg

Let us first neglect the difference between the group
velocities of the wave packets describing different
mass eigenstates, i.e., take vy; = vy, = vy and G, =
= G;. In this approximation (which neglects the de-
coherence effects due to the wave-packet separation,
see Appendix), the integral in (30) does not depend
on L; this can be readily shown by changing the in-
tegration variable according to ¢t — (L — v4t). Thus,
in the case when the difference of the group velocities
of different mass eigenstates is negligible, we arrive
at the standard oscillation phase. The integral in
Eq. (30) is then just the Fourier transiorm of the
squared modulus of the shape factor:

1 / d2'|Gi(z")|* exp (iiAEikCt?/) . (31)
Yg Yg

[t is essentially a localization factor, which takes into
account effects of suppression of oscillations in the
case when the localization regions of the neutrino
emitter and/or absorber are not small compared to

®1n the more general quantum field theoretic framework the
length of the neutrino wave packet is related to the time
scales of the neutrino emission and detection processes
rather than to the localization properties of the neutrino
emitter and absorber, see Section 5.4.

the neutrino oscillation length (see Section 5.2 and
Appendix for a more detailed discussion). If localiza-
tion condition (A.8) is fulfilled, one can replace the
oscillating phase factor in the integrand by unity; the
resulting integral is then simply the normalization
factor, which has to be set to 1 in order for the
oscillation probability to be properly normalized (see
Eq. (20)). If, on the contrary, the condition opposite
to the localization condition (A.8) is satisfied, the
integral (31) is strongly suppressed due to the fast
oscillations of the factor exp(iAE;,a’/vy) in the
integrand, leading to the suppression of the oscilla-
tions. In the borderline case AE;,0x /vy ~ 1, a partial
decoherence due to the lack of localization occurs.

If one now allows for vg; # vy, then, as shown in
Appendix, the dependence of the integral in Eq. (30)
on L is still negligible provided that LAv, /vy < 04,
or
U

L < leoh = 0y Avgv

(32)
where Awg = |vg; — vgi|. This is nothing but the
condition of the absence of decoherence due to the
wave packet separation: the distance traveled by
neutrinos should be smaller than the distance over
which the wave packets corresponding to different
mass eigenstates separate, due to the difference of
their group velocities, to such an extent that they can
no longer interfere in the detector®). If the condition
opposite to that in Eq. (32) is satisfied, the integral
in Eq. (30) is strongly suppressed because of the
lack of overlap between the factors G;(L — vg;t) and
G5 (L — vgit) in the integrand (if I;; is written as a
momentum-space integral, the suppression is due to
the fast oscillations of the integrand, see Eq. (A.7)
of Appendix). The L independence of the integral
in Eq. (30) in the absence of decoherence due to
the wave packet separation means that the neutrino
oscillation phase takes its standard value in that case.

Thus we conclude that the standard oscillation
phase is obtained if neutrinos are relativistic or quasi-
degenerate in mass and the decoherence effects due
to the wave-packet separation or lack of the emitter
or absorber localization are negligible. No unjustified
“same energy” or “same momentum” assumptions
are necessary to arrive at this result.

One may wonder why these assumptions are ac-
tually so popular in the literature and even made their
way to some textbooks, though there is no good rea-
son to believe that the different mass eigenstates have

9'We reiterate that o, is an effective spatial width of the wave
packet, which depends on the widths of both the production
and detection wave packets o5 and o,p. Condition (32)
therefore automatically takes into account possible restora-
tion of coherence at detection, as discussed in Section 5.3.
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either same momentum or same energy. One possible
reason could be the simplicity of the derivation of
the formula for the oscillation probability under these
assumptions. However, we believe that simplicity is
no justification for using a wrong argument to arrive
at the correct result.

4. ANOTHER STANDPOINT

In this section we outline a more general approach
to the calculation of the oscillation probability, which
gives an additional insight into the issues discussed in
the present paper. Here we just illustrate some points
relevant to our discussion rather than presenting a
complete formalism, which is beyond the scope of our
paper.

The flavor transition amplitude is given by (the
I-dimensional version of) Eq. (17). The function
WS (x,t) can be represented as the integral over
momenta of Eq. (9). Inserting this expression and a
similar formula for ¥P(z — L) into the expression for
the amplitude and performing the integral over the
coordinate, we obtain

Aaw(L,t) = (33)
_ Z sz/d% hi(qi)e iQiL—iEi(Qi)t’
where
hi(g) = f7(a — po) FP*(a — po). (34)

Here, the momenta ¢; are the integration variables,
whereas p; are, as before, the mean momenta of the
corresponding wave packets.

The amplitude (33) is the sum of plane waves
with different momenta and different masses. The
integration over momenta can be formally substituted
by a summation to make this point clearer. The
oscillation probability is then

Pu(L,t) = | Agp (L, 1) =

= |2 2 Uaiahi(a)e

The waves with all momenta and masses should be
summed up; the resulting expression for the oscil-
lation probability includes the interference of these
waves.

The standard approach to the calculation of the
oscillation amplitude (33) (or probability (35)) is to
sum up first the waves with different momenta but the
same mass, and then sum over the mass eigenstates.
In this way first the wave packets corresponding
to different mass eigenstates are formed, and then

(35)
2
L—iE;(q:)t
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the interference of these wave packets is considered.

Since
/ dg;h; (qi)eiqZ’L*iEi(Qi)t —

= Gy(L — Ugit)eipiL_iEi(pi)t’

Eq. (33) then directly reproduces the results of Sec-
tion 3.

Another possibility is to sum up first the plane
waves with different masses but equal (or related)
momenta and then perform the integration over the
momenta. In particular, one can select the waves with
equal energies. Clearly, the final result should not de-
pend on the order of summation if no approximations
are made, and should be almost independent of this
order if the approximations are well justified. How-
ever, different summation conventions allow different
physical interpretations of the result. In what fol-
lows we will perform computations using the “equal
momenta” and “equal energy” summation rules and
identify the conditions under which they lead to the
standard result for the oscillation probability.

Let us first consider the “equal momenta” sum-
mation. Setting ¢; = p for all i, one can write the
amplitude (33) as

Aup(Lat) = /dpz Upihi(

Next, we note that, for ultrarelativistic neutrinos, to
an extremely good approximation

hi(p) = h(p, Ei(p)), (38)

i.e., the functions h;(p) depend on the index i
only through their dependence on the neutrino en-

ergy Ei(p) = 1/p?+m?. Indeed, h;(p) depend on

i through the neutrino mass dependence of the
phase-space volumes and amplitudes of the neutrino
emission and detection processes. The phase-space
volumes depend on m; only through E;(p); the pro-
duction and detection amplitudes can in principle
depend directly on m; due to the chiral suppression,
as, e.g., in the case of 7% or K* decays. However, the
corresponding contributions to the total amplitudes
are completely negligible compared to the main con-
tributions, which in this case are proportional to the
masses of charged leptons.

Let us expand h; in power series in AmZ:

(36)

)L (p)t

(37)

hi(p) = h(p, E;) = h(p, E3) + (39)
Oh; Am?2
E 13
* 'OF; mi—ms 2E3 -

Inserting this expression into (37), we obtain

Aw(L,t) = / dph(p, Es(p))ePL B0 5 (40)
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)—Es3(p)]t + AA V(L 1),

Z sz

where
AL (L,t) = / dpePL—1Es ()t (41)
E;0h; Am?
* Upse B (P)—Es )]t 21200 i3
x Z bi€ OE; ms—ms 2E3(P)

[t is easy to see that the term Afb(L, t) is typically very
small:

Am?

A i3

L,t)~ 42
Aab( Y ) EO_E Al’ ( )
where A; is the first term on the right-hand side
of Eq. (40). Indeed, if the width of the effective
momentum distribution function h(p) is o, one has

Oh/0p ~ h/op, so that

Eoh EOh Eh  Eh
OF vgOp Vg0, OF
which immediately leads to (42). Thus, if
Am?
o > W, (44)

A5 (L, t) can safely be neglected.

Consider now the first term in Eq. (40). For
a fixed momentum the phase difference is A¢p;3 =
= (Ez — Eg)t ~ Am%z)’t/QEglo). If the width of the
effective momentum distribution function h(p, E3) is
small enough, so that the change of the phase within
the wave packet is small, we can pull the oscillatory
factor out of the integral at some effective momentum
(corresponding to an energy E):

Am
Z U(;ki Upi exp ( 2EZ3 t)

Aap(L,t) ~

(45)

x / dph(p, Es(p))e?t )t =

Am
Z 7 Ubi xp ( 5 EZ3 t>

)eip3 L—iE3(p3)t .

X Gg(L

Here, the factor in the square brackets gives the
standard oscillation amplitude in the “evolution in

- ’Uggt

OThis approximation breaks down at very small momenta.
Note, however, that the small-p contribution to the integral
in (40) is strongly suppressed because of the effective
momentum distribution function h(p, E3), which is strongly
peaked at a relativistic momentum p = ps. This justifies
using the approximation for A¢;s in (40).

time” approach. Integrating the squared modulus
of amplitude (45) over time and using once again
Eq. (44), one arrives at the standard expression for the
oscillation probability.

Thus, we obtain the standard oscillation formula
by first summing up the waves with equal momenta
and different masses and then integrating over the
momenta provided that the following two conditions
are satisfied:

(i) The variation of the oscillation phase within
the wave packet due to the energy spread is small:
op < (2rE?*/Am? )L™, this condition allows one
to pull the 0501llatory factor out of the integral over
the momenta, as discussed above. Note that it is
actually equivalent to the condition of no wave packet
separation, Eq. (32) (recall that Av, ~ Am?/2E?
and o, >~ vg/0E).

(ii) The momentum distribution functions h;(p)
are not too narrow: o > Am?/2E. This condition,
in particular, allows one to neglect the contribution
AS (L, t) in Eq. (40). 1t is essentially the localization
condition in the wave-packet picture, as it actually
ensures that the neutrino wave packet length o, ~
~ vy /o g is small compared to the neutrino oscillation
length.!)

These conditions for obtaining the standard oscil-
lation formula coincide with the conditions found in a
different framework in Section 3.2.

To describe the possible decoherence effects due
to the separation of the wave packets and reproduce
the localization factor in the oscillation probabil-
ity explicitly, one should lift conditions (i) and (ii)
and consider the corresponding corrections to the
oscillation amplitude. This is discussed in detail in
Section 5.

Similarly, we can consider summation of waves
with equal energies and different masses, with
the subsequent integration over energies (or mo-
menta). Requiring E;(¢;) = E3(p) yields ¢ ==+

+4/p? + Am3,, g3 =p. Taking into account that

dg; = +dp/+/1 + Am2,/p?, we obtain

.Aab(L t) =
E3( )) iqi(p)Lf

- [ pn

Here, it is assumed that vg is the heaviest mass
eigenstate, so that Am%i >0 and no singularities
appear in the integrand. Note that our change of

(46)

iB3 (P)t.

'Note that the oscillation probability may take the standard
form even if this condition is violated, as it is the case, e.g.,
for Méssbauer neutrinos [4, 6].

SIHEPHASI ®U3MKA Ttom72  Ne8 2009
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the integration variables ¢; — p excludes, fori =1, 2,
the small regions of momenta ¢; around zero; this,
however, introduces only a tiny error, because the
main contributions to the integral come from the
regions around the points ¢; = p;, where the functions
hi(q;) are strongly peaked.

Expanding h;(gi(p), E5(p)) as
hi(Qi7 E3(p)) ~ h(p, E3(p)) +

\/14+ Am3, /p?

n (h<p, Es(p)) — p

(47)

ah(pa B3 (p)) Am?«;z’
Op 2p?

and inserting this expression into (46), we obtain
Au(Lot) = [ dphip. Eo(p)e 50 x - (38)

X Z U Upellas®)=pll . A8

where

AS(L,t) = / dpePL=1EsP)t o (49)

% i[qi (p)—p]L poh Am%i
X ZUaiUbie (i (p) ] <h — 6—p> 2p2 .

Just as in the previous case, one can show that the
amplitude A% (L, t) can be neglected if condition (44)
is satisfied. Assuming this to be the case and that
the variation of the oscillation phase within the wave
packet due to the momentum spread is small, and
taking into account that (¢; —p)L = (¢; — q3)L ~
~ AmZ,L/2p, one finds

Aab(L,t) ~
Am2,
> UsUsiexp (z m3’L>] X
i 2p

X G3(L — vyat)ePsL—iba@s)t

(50)

~

where p is the average neutrino momentum. This
is the standard oscillation amplitude multiplied by
the effective shape factor of the wave packet of vg
(note that in our current approximation we actually
neglect the difference between the wave packets of
different mass eigenstates). Integrating the squared
modulus of the amplitude in Eq. (50) over time and
using normalization condition (20), we again arrive at
the standard expression for the oscillation probability,
just as in the previous case when we first summed
the terms with equal momenta and different masses
and then integrated over the momenta. In deriving
this result we once again used conditions (i) and (ii)
discussed above.
SIAEPHAS ®U3MKA
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Our discussion of the new summation rules for
calculating the oscillation probability presented here
leads to an alternative explanation of why the “same
energy” and “same momentum” assumptions even-
tually lead to the correct physical observables, as
discussed in Section 6.

5. QUANTUM-MECHANICAL UNCERTAINTY
RELATIONS AND NEUTRINO
OSCILLATIONS

Neutrino oscillations, being a quantum-mecha-
nical interference phenomenon, owe their very exis-
tence to quantum-mechanical uncertainty relations.
The coordinate—momentum and time—energy uncer-
tainty relations are implicated in the oscillations phe-
nomenon in a number of ways. First, it is the energy
and momentum uncertainties of the emitted neutrino
state that allow it to be a coherent superposition of
the states of well-defined and different mass. The
same applies to the detection process — for neutrino
detection to be coherent, the energy and momen-
tum uncertainties inherent in the detection process
should be large enough to prevent a determination
of the absorbed neutrino’s mass in this process. The
uncertainty relations also determine the size of the
neutrino wave packets and therefore are crucial to
the issue of the loss of coherence due to the wave-
packet separation. In addition, these relations are
important for understanding how the produced and
detected neutrino states are disentangled from the
accompanying particles. Let us now discuss these
issues in more detail.

5.1. Uncertainty Relations and Disentanglement
of Neutrino States

In the majority of analyses of elementary-particle
processes it is assumed that the energies and mo-
menta of all the involved particles have well-defined
(sharp) values and obey the exact conservation laws.
However, for this description to be exact, the consid-
ered processes (and the particles involved) should be
completely delocalized in space and in time, whereas
in reality these processes occur in finite and relatively
small spatial volumes and during finite time intervals.
For this reason, the energy and momenta of all
the participating particles have intrinsic quantum
mechanical uncertainties, and the particles should
be described by wave packets rather than states of
definite momentum — plane waves (see, e.g., [19]).
The conservation of energy and momentum for these
particles is also fulfilled up to these small uncertain-
ties.

This does not, of course, mean that the energy—
momentum conservation, which is a fundamental law
of nature, is violated: it is satisfied exactly when one
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applies it to all particles in the system, including those
whose interactions with the particles directly involved
in the process localize the latter in a given space—
time region. Schematically speaking, if we consider
the process as occuring in a box, the interactions
with the walls of the box and the contributions of
these walls to the energy—momentum balance have
to be taken into account. In reality, this is never
done; however, the resulting inaccuracy of the energy
and momentum conservation as well as the intrinsic
quantum-mechanical uncertainties of the energies
and momenta of the involved particles are usually
completely negligible compared to their energies and
momenta themselves, and therefore can be safely
ignored in most processes.

This is, however, not justified when neutrino os-
cillations are considered, since the neutrino energy
and momentum uncertainties, as tiny as they are, are
crucially important for the oscillation phenomenon.
In this respect, we believe that the attempts to use
the exact energy—momentum conservation in the
analyses of neutrino oscillations are inconsistent. In
some analyses the exact energy—momentum conser-
vation is assumed for the neutrino production and
detection processes in order to describe neutrinos as
being entangled with accompanying particles. The
subsequent disentanglement, which is necessary for
neutrino oscillations to occur, is assumed to be due
to the interaction of these accompanying particles
(such as, e.g., electrons or muons produced in de-
cays of charged pions) with medium. This localizes
those particles and creates the necessary energy
and momentum uncertainties for the neutrino state.
The described approach misses the fact that the
parent particles are already localized in the neutrino
production and detection processes, and so no addi-
tional disentanglement through the interaction of the
accompanying particles with medium is necessary.
Indeed, it is clear that neutrinos produced, for exam-
ple, in 7% decays oscillate even if the accompanying
charged leptons do not interact with medium, i.e., are
not “measured”. The measurement of the flavor of
these charged leptons that discriminates between e*
and p* and makes neutrino oscillations possible is
actually provided by the decoherence of the charged
leptons due to their very large mass difference [7].

5.2. Coherence of the Produced and Detected
Neutrino States

In order for a neutrino state produced in a charged-
current weak interaction process to be a coherent
superposition of different neutrino mass eigenstates,
it should be in principle impossible to determine
which mass eigenstate has been emitted. This means
that the intrinsic quantum-mechanical uncertainty of

the squared mass of the emitted neutrino state o,,2
must be larger than the difference Am? of the squared
masses of different neutrino mass eigenstates [21,
23]: 0,,2 = Am?2. Conversely, if 0,2 < Am?, one can
determine which mass eigenstate has been emitted,
i.e., the coherence of different mass eigenstates is
destroyed. This situation is quite similar to that with
the electron interference in double slit experiments:
If there is no way to find out which slit the detected
electron has passed through, the detection probability
will exhibit an interference pattern, but if such a
determination is possible, the interference pattern will
be washed out.

Assume that by measuring energies and momenta
of the other particles involved in the production pro-
cess we can determine the energy £ and momentum
p of the emitted neutrino state, and that the intrinsic
quantum-mechanical uncertainties of these quanti-
ties are og and o,. From the energy—momentum
relation E? = p? + m? we can then infer the squared
mass of the neutrino state with the uncertainty 7,2 =
= [(2Eog)? + (2po,)?)/?, where it is assumed that
o and o, are uncorrelated. Therefore the condition

that the neutrino state be emitted as a coherent
superposition of different mass eigenstates is [21, 23]

Oz = [(2E0E)2 + (2p0p)2} Y (o1)

This condition has a simple physical meaning. Note
first that in many cases the two terms in the square
brackets in Eq. (51) are of the same order of mag-
nitude: Fog ~ po, (more generally, Fog < poy, see
Section 5.4). Therefore the condition in Eq. (51) es-
sentially reduces to 2po, > Am?, or o}, > Am? /2p =
= 27 /losc. Since the momentum uncertainty o), is
related to the coordinate uncertainty of the neutrino

source 0,5 by o) ~ 0;51, we finally get

2> Am?.

(52)

This is nothing but the obvious requirement that the
neutrino production be localized in a spatial region
that is small compared to the neutrino oscillation
length; if it is not satisfied, then neutrino oscillations
will be averaged out upon the integration over the
neutrino emission coordinate in the source, which
is equivalent to decoherence. For this reason the
condition in Eq. (51) is often called the localization
condition. Similar argument applies to the detection
process, i.e., the spatial size of the neutrino absorber
o.p should satisfy

08 K losc-

o:p K losc~ (53)

Since both (52) and (53) have to be fulfilled for
neutrino oscillations to be observable, one can refor-
mulate the localization condition as the requirement
that the oscillation length I, be large compared to

SIAIEPHAS ®U3MKA
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ox =max{o.s,0.p}, i.e., essentially compared to
the effective size of the wave packet o, which is of
order of ox:

Oy < losc- (54>

That this directly follows from the wave packet for-
malism is shown in Appendix.

In real situations one always deals with large
ensembles of neutrino emitters, and the detectors also
consist of a large number of particles. Therefore, in
calculating the observable quantities — the numbers
of the neutrino detection events —one always has
to integrate over the macroscopic volumes of the
neutrino source and detector. In some situations (e.g.,
for solar or reactor neutrinos) the source and detector
are much larger than the localization domains of the
wave functions of individual neutrino emitters and
absorbers. In these cases the integration over the
source and detector volumes modifies the localization
conditions: instead of depending on the spatial sizes
of the individual neutrino emitter and absorber, o.g
and o, p, they contain the macroscopic lengths of the
source and detector in the direction of the neutrino
beam, Lg, and Lp. In other words, a necessary
condition for the observability of neutrino oscillations
is

LS,D < losc, (55)

which is much more restrictive than the conditions
in Egs. (52) and (53). If this condition is violated,
neutrino oscillations are averaged out.

5.3. Wave Packet Separation and Restoration
of Coherence at Detection

Let us now assume that a neutrino flavor state
was produced coherently in a weak interaction pro-
cess and consider its propagation. The wave packet
describing a flavor state is a superposition of the wave
packets corresponding to different mass eigenstates.
Since the latter propagate with different group veloc-
ities, aiter some time #¢,p, they will separate in space
and will no longer overlap. If the spatial width of the
wave packet is o, this time is t.op =~ 0, /Avg. The
distance [, that the neutrino state travels during
this time is leon ~ vg(0s/Avg). If the distance L
between the neutrino emission and detection points
is small compared to the coherence length, i.e., if
condition (32) is satisfied, then the coherence of the
neutrino state is preserved, and neutrino oscillations
can be observed. If, on the contrary, L ~ l.op or L >
> leon, partial or full decoherence should take place.

If the wave-packet width o, in the above discus-
sion is assumed to be fully determined by the emission
process, then this is not the full story yet: even if
the coherence is lost on the way from the source to

SIAEPHAS ®U3MKA
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the detector, it still may be restored in the detector if
the detection process is sufficiently coherent, i.e., is
characterized by high enough energy resolution [33].
According to the quantum-mechanical time—energy
uncertainty relation, high energy resolution requires
the detection process to last sufficiently long; in that
case, the different wave packets may arrive during the
detection time interval and interfere in the detector
even if they have spatially separated on their way
from the source to the detector. One can take into
account this possible restoration of coherence in the
detector by considering o, to be an effective width
of the wave packet, which exceeds the width of the
emitted wave packet and takes the coherence of the
detection process into account. This effective wave-
packet width is actually the width that character-
izes the shape factors G;(L — vg,t), as discussed in
Section 3.1. With o, being the effective wave-packet
width, coherence condition (32) includes the effects of
possible coherence restoration at detection.

[t is well known that coherence plays a crucial role
in observability of neutrino oscillations. It is inter-
esting to note, however, that even non-observation
of neutrino oscillations at baselines that are much
shorter than the oscillation length is a consequence
of and a firm evidence for coherence of the neutrino
emission and detection processes: if it were bro-
ken (i.e., if the different neutrino mass eigenstates
were emitted and absorbed incoherently), the survival
probability of neutrinos of a given flavor, instead of
being practically equal to 1, would correspond to
averaged neutrino oscillations.

5.4. What Determines the Size of the Wave Packet?

According to the quantum-mechanical uncer-
tainty relations, the energy and momentum uncer-
tainties of a neutrino produced in some process are
determined by, correspondingly, the time scale of the
process and spatial localization of the emitter. These
two quantities are in general independent; on the
other hand, for a free on-shell particle of definite mass
the dispersion relation E? = p? +m? immediately
leads to

(56)

Since this relation is satisfied for each mass eigen-
state component of the emitted flavor state, it must
also be satisfied for the state as a whole (provided that
the energies and momenta of different components
as well as their uncertainties are nearly the same,
which is the case for relativistic or quasi-degenerate
neutrinos). Thus, we have an apparently paradoxical
situation: on the one hand, og and o, should be
essentially independent, while on the other hand they
must satisfy Eq. (56).

Eog = pop.
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The resolution of this paradox comes from the
observation that at the time of their production neu-
trinos are actually not on the mass shell and there-
fore do not satisfy the standard dispersion relation.
Therefore their energy and momentum uncertainties
need not satisfy (56). However, as soon as neutrinos
move away from their production point and propagate
distances = such that px > 1, they actually go on
the mass shell, and their energy and momentum
uncertainties start obeying Eq. (56). This happens
because the bigger of the two uncertainties shrinks
towards the smaller one, so that Eq. (56) gets fulfilled.
Indeed, when the neutrinos go on the mass shell, the
standard relativistic dispersion relation connecting
the energies and momenta of their mass eigenstate
components allows to determine the less certain of
these two quantities through the more certain one,
thus reducing the uncertainty of the former. As a
result, the two uncertainties get related by Eq. (56),
with the one that was smaller at production retaining
its value also on the mass shell. Note that for neutrino
energies in the MeV range neutrinos go on the
mass shell as soon as they propagate distances = 2

> 10719 ¢m from their birthplace.

From the above discussion it follows that the
spatial width of the neutrino wave packet, which de-
termines the neutrino coherence length I, through
Eq. (32), is determined by the smaller of the two
uncertainties at production, og and o,. This comes
about because [.., is a characteristic of neutrinos
that propagate macroscopic distances and therefore
are on the mass shell. At the same time, localization
condition (54) always depends on the spatial localiza-
tion properties of the neutrino emitter and detector,
which are related to the corresponding momentum
uncertainties at production and detection.

Which of the two uncertainties, o}, or o, is actu-
ally the smaller one at production and so determines
the spatial width of the neutrino wave packet? Quite
generally, this happens to be the energy uncertainty
op. Indeed, consider, e.g., an unstable particle, the
decay of which produces a neutrino. In reality, such
particles are always localized in space, so one can
consider them to be confined in a box of a linear
size Lg. The localizing “box” is actually created by
the interactions of the particle in question with some
other particles. Assume first that the time interval Ts
between two subsequent collisions of the decaying
particle with the walls of the box (more precisely, the
interval between its collisions with the surrounding
particles) is shorter than its lifetime 7 = I'"'. Then
the energy width of the state produced in the decay
is given by the so-called collisional broadening and is

actually ~T5'. This width directly gives the neutrino
energy uncertainty, i.e., op ~ Ts_l. On the other

hand, the neutrino momentum uncertainty is o, ~
~ Lgl. Since Ty is related to Lg through the velocity
of the parent particle v as Tg ~ Lg/v, one finds

(57)

o < Op,
which is actually a consequence of v < 1.

Consider now the situation when the lifetime of
the parent particle is shorter than the interval between
two nearest collisions with the walls of the box. In this
case the decaying particle can be considered as quasi-
free, and the energy uncertainty of the produced neu-
trino is given by the decay width of the parent particle:
op ~ T2 The momentum uncertainty of neutrino
is then the reciprocal of its coordinate uncertainty
04, which in turn is just the distance traveled by
neutrino during the decay process: o, ~ (p/E)T =
= (p/E)T~! ~ (p/E)oz". Thus we find po, ~ Fop,
i.e., Eq. (56) is approximately satisfied in this case.
Once again condition (57) is fulfilled. It can be shown
that this inequality is also satisfied when neutrinos
are produced in collisions rather than in decays of
unstable paricles [34].

Thus, we conclude that the spatial width o, of
the wave packets describing the flavor neutrino states
is always determined by the energy uncertainty of
the state as the smaller one between ¢, and o,
i.e., 0y ~vy/og. This is in accord with the known
fact that for stationary neutrino sources (for which
op = 0) the neutrino coherence length is infinite [33,
35]. On the other hand, the localization conditions for
neutrino production and detection are determined by
the corresponding momentum uncertainties.

[t then follows that the parameters o, that enter
into the coherence condition and into the localization
condition, discussed in Sections 3.2 and 5.2 and in
Appendix (see Egs. (32) and (54)), are in general dif-
ferent; they only coincide (or nearly coincide) when at
production o, ~ o, so that Eq. (56) is approximately
satisfied from the very beginning. As we discussed
above, such a situation is not uncommon, but it is not
the most general one.

This observation underlines a shortcoming of the
simple wave-packet approach to neutrino oscilla-
tions: it does not take into account the neutrino pro-
duction and detection processes, except by assigning
to the neutrino state a momentum uncertainty, which
is supposed to be determined by these processes. In
particular, the neutrino wave-packet picture assumes
the mass eigenstate components of the flavor neutrino

2)This only holds for slow parent particles. In the case of rela-
tivistic decaying particles, o depends on the angle between
the momenta of the parent particle and of neutrino [28]. Still,
condition (57) holds in that case as well.
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states to be always on the mass shell, so that their en-
ergy and momentum uncertainties are always related
by Eq. (56). Obviously, this approach is adequate in
the cases when at production and detection o, ~ o,
but is not satisfactory when this condition is strongly
violated. In the latter cases one has to resort to
the more consistent quantum field theoretical (QFT)
treatment of neutrino oscillations, in which neutrino
production, propagation and detection are considered
as one single process. For QFT approach to neutrino
oscillations see, e.g., [4, 23, 26, 34—38].

An interesting case in which the condition o, ~
~ gp is strongly violated both at production and
detection is the proposed Mdssbauer neutrino exper-
iment, for which og ~ 1071 eV and o, ~ 10 keV
are expected [4, 6], so that o5 ~ 1070, This case
also gives a very interesting example of coherence
restoration at detection, which resolves another para-
dox of neutrino oscillations. In a Méssbauer neutrino
experiment neutrinos are produced coherently due to
their large momentum uncertainty [4]. However, as
soon as the emitted neutrino goes on the mass shell,
its momentum uncertainty shrinks to satisfy Eq. (56),
i.e., essentially becomes equal to the tiny energy
uncertainty. Therefore, for on-shell Mdssbauer neu-
trinos o, ~ 10711 eV < Am?2/2E ~ 107" eV, i.e., the
momentum uncertainty is much smaller than the
difference of the momenta of different mass eigen-
states. This means that coherence of different mass
eigenstates in momentum space is lost. However, the
fact that in this case both the energy and momentum
uncertainties of the propagating neutrino state are
much smaller than Am?/2E does not mean that
oscillations cannot be observed. In fact, it has been
shown in [4] that the Mdssbauer neutrinos should ex-
hibit the usual oscillations. The resolution of the para-
dox lies in the detection process: the large momentum
uncertainty at detection, o,p ~ 10 keV > Am?/2F,
restores the coherence by allowing the different mass
eigenstates composing the flavor neutrino state to be
absorbed coherently.

Our final comment in this section is on the case
when o, ~ o at production, in which the coherence
and localization conditions depend on the same pa-

rameter o, Nalgl. While the localization condition

requires relatively large o, (0, > Am?/2p) for the
emitted and detected neutrino states to be coherent
superpositions of mass eigenstates, the condition of
no decoherence due to the wave-packet separation,
on the contrary, requires long wave packets, i.e.,
relatively small o,. Is there any clash between these
two requirements? By combining the two conditions
we find Am?/2p < 0, < (vy/Avy) LY, which can
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only be satisfied if

Am?/2p < (vy/Avg) L7 (58)
This can be rewritten as the following condition on
the baseline L:

L Vg
2r— L ——

e < Buy (59)

Since vy/Avg > 1, this condition is expected to
be satisfied with a large margin in any experiment
which intends to detect neutrino oscillations: if it
were violated, neutrino oscillations would have been
averaged out because of the very large oscillation
phase (except for unrealistically good experimental

energy resolution dE/E < Avg /v, ~ Am?/2E?).

6. WHEN IS THE STATIONARY-SOURCE
APPROXIMATION JUSTIFIED?

[t has been pointed out in [23, 33] and greatly
elaborated and exploited in [14] that for stationary
neutrino sources the following two situations are
physically indistinguishable:

(a) a beam of plane-wave neutrinos, each with a
definite energy E and with an overall energy spectrum
(E);

(b) a beam of neutrinos represented by wave
packets, each of them having the energy shape factor
h(E) such that |h(E)|?> = ®(E).

As was stressed in [14], this actually follows from
the fact that in stationary situations the spectrum
®(E) fully determines the neutrino density matrix and
therefore contains the complete information on the
neutrino system.

This, in fact, gives an alternative explanation of
why the “same energy” approach, though based on
an incorrect assumption, leads to the correct result.
It has been shown in Section 4 that, within the
proper wave-packet formalism, one can choose to
sum up first the states of different mass but the
same energy, and then integrate over the energy (or
momentum) distributions described by the effective
energy or momentum shape factors of the wave
packets, h(E) or h(p). In the light of the physical
equivalence of situations (a) and (b), it is obvious that
the integration over the spectrum of neutrinos, which
is inherent in any calculation of the event numbers,
leads to the same result as the integration over the
energy spread within the wave packets (provided
that the corresponding energy distributions coincide).
Thus, the “same energy” assumption, though by itself
incorrect, leads to the correct number of events upon
the integration over the neutrino energy spectrum.
The same is true for the “same momentum” as-
sumption. This actually means that the wave-packet
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description becomes unnecessary in stationary situ-
ations, when the temporal structure of the neutrino
emission and detection processes is irrelevant and
the complete information on neutrinos is contained in
their spectrum ®(F), as was first pointed out in [14].

Let us derive the results of stationary source
approximation in terms of the wave-packet picture
described in this paper. We start with Eq. (17) for the
oscillation amplitude and Eq. (9) for the evolved wave
function W9 (z, ). Notice that the shape factor £ (p —
— p;) in(9) does not depend on time, and furthermore
this expression is determined for all moments ¢ from
—o0 to +oo. The only time dependence in (9) is
in the form of the plane waves in the integrand.
This is precisely what corresponds to the stationarity
condition: the source has no special time feature, and
there is no tagging of neutrino emission and detection
times.

Substituting Egs. (9) and (15) into Eq. (17) we
obtain, upon neglecting the transverse components of
the neutrino momenta,

Aaw(L,t) = (60)
= Z U Upi / dpfis(p — pi)ﬁp(p)eipL—iEi(p)t7
where
fz‘D(P) = /dx\I/ZD*(x — L)eip(z—L) (61)

is the Fourier transform of the detection state. Note
that R; = | £ (p)|? characterizes the momentum (en-
ergy) resolution of the detector.

The oscillation probability is obtained by integrat-
ing the squared modulus of the amplitude over time.
We have

|~Aab(L t Z UazUblUkadk x (62)
i,k
/dp/dp FE = p) f55 (0" — pr) P (p) %
% ka*(p )ez(p P )Le—Z[E'(p)_Ek(P/)]t_
The integration over time is trivial:
+oo
/ dt &= EB)~E; 0t — (63)
= 218[E;i (p) — Ex()],

which means that only the waves with equal energies
interfere. We stress once again that this is a con-
sequence of the fact that no time structure appears
in the detection and production processes, which is
reflected in the time independence of the momentum

distribution functions f2(p — p;) and fP(p), and in

the integration over the infinite interval of time. The
equality F;(p) = Ex(p’) leads to

p—p =Ami;/2p (64)

to the leading order in the momentum difference. The
¢ function (63) can be used to remove one of the
momentum integrations in (62), so that we finally
obtain

+00

Py(L) = /dt!Aab(L,t)\Q:

—00

(65)

N 27T/dplfs(p—p)lzlfD(p)l2 x

Z Ub'lUbk‘ ak €XP < A Zk L>
2p

Here we have neglected the dependence of the shape
factors on the neutrino mass. Replacing the integra-
tion over momenta by the integration over energies,
we can rewrite the oscillation probability as

“+00

Pu(L) = / AL P = (66)
= 2" [ iB®(E)R(E)Py(E. L),
Vg
where
Pu(E.L) = (67)

A (2
:zk: UblUkaakeXp( 2E’“L>

is the standard expression for the oscillation proba-
bility, ®(F) = |f5(E — E)|? is the energy spectrum
of the source, and R(E) = |fP(E)|? is the resolution
function of the detector (note that we have substituted
the momentum dependence of these quantities by
the energy dependence using the standard on-shell
dispersion relation).

The expression in Eq. (66) corresponds to the
stationary-source approximation: the oscillation
probability is calculated as an incoherent sum of
the oscillation probabilities, computed for the same-
energy plane waves, over all energies.

Notice that we have performed integration over the
spatial coordinate at the level of the amplitude and
over time at the probability level. Apparently, such
an asymmetry of space and time integrations is not
justified from the QFT point of view. In QFT com-
putations the integration over time is performed in
the amplitude, and this leads (in the standard setup)
to the ¢ function which expresses the conservation
of energy in the interaction process. To match our
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picture with that of QFT we need to consider the
detection process and take into account the energies
of all the particles that participate in the process.
Suppose that the algebraic sum of the energies of
all the accompanying particles (taken with the “—”
sign for all incoming paricles and the “+” sign for the
outgoing ones) is Ep. Then instead of (63) we will
have in the probability

+o0 +oo
/dte—i[Ei(p)—ED]t / dt'etEr@)—Eplt” —  (68)

= 4r%3(E;(p) — Ex(p)0[E;(p) — Ep,

where the second ¢ function on the right-hand side
reflects the energy conservation in the detection pro-
cess. Using (68) we again obtain the “same energy”
interference, as before.

In the above calculation we have not introduced
any time structure at detection and performed the
integration over ¢ from —oo to +o00. In reality, certain
time scales are always involved in the detection
processes (even if we do not perform any time tag-
ging in the emission process). For example, we can
measure with some accuracy the appearance time of
a charged lepton produced by the neutrino capture in
the detection process. In this case, the neutrino state
of detection will have a time dependence:

UP =P (x— L,t —to), (69)

where WP has a peak at ¢ty with a width oy that is
determined by the accuracy of the measurement of
the time of neutrino detection. Since in practice the
spatial characteristics of neutrino detection do not

change with time, the dependences of WP on x and
t factorize: WP = WD (x — L)WD (¢ — ty). Integrating
over time in the amplitude, we will have

/ dz / dtUP* (z — Lt — to)e?*~Eit = (70)

= €I () (),
where fZ-D(p) was defined in (61) and

fR(E) = / dtW i (t — to)e Pt (71)
is the Fourier transform of WE*(¢ —to). As we have
mentioned, W2 (¢t —¢y) has a peak of width o, at
t = to. Taking for o; the value o, ~ 1079 s (which
is probably the best currently achievable time res-
olution), we obtain 5E~0t_1 ~107% eV. This is
many orders of magnitude smaller than the typi-
cal energy resolution in the oscillation experiments.
Therefore one can substitute f2(E) — 6(FE — Ep),
which brings us back to our previous consideration.
SIAEPHAS ®U3MKA
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7. WHEN CAN NEUTRINO OSCILLATIONS
BE DESCRIBED BY PRODUCTION
AND DETECTION INDEPENDENT
PROBABILITIES?

In most analyses of neutrino oscillations it is
assumed that the oscillations can be described by
universal, i.e., production and detection process in-
dependent probabilities. In other words, it is assumed
that by specifying the flavor of the initially produced
neutrino state, its energy and the distance between
the neutrino source and detector, one fully determines
the probability of finding neutrinos of all flavor at
the detector site (for known neutrino mass squared
differences and leptonic mixing matrix). The standard
formula for neutrino oscillations in vacuum, Eq. (6), is
actually based on this assumption. Such an approach
is very often well justified, but certainly not in all
cases. [t is, therefore, interesting to study the appli-
cability limits and the accuracy of this approximation.

A natural framework for this is that of QF T, which
provides the most consistent approach to neutrino
oscillations. In this approach the neutrino production,
propagation, and detection are considered as a single
process with neutrinos in the intermediate state. This
allows one to avoid any discussion of the properties
of the neutrino wave packets since neutrinos are
actually described by propagators rather than by
wave functions. The properties of neutrinos in the
intermediate state are fully determined by those of the
“external” particles, i.e., of all the other particles that
are involved in the neutrino production and detection
processes. The wave functions of these external par-
ticles have to be specified. Usually, these particles are
assumed to be described by wave packets; for this
reason the QFT-based treatment is often called the
“external wave packets” approach [30], as opposed
to the usual, or “internal wave packets” one, which
was discussed in Sections 3, 4, 6 and Appendix
and which does not include neutrino production and
detection processes. The results of the QFT-based
approach turn out to be similar, but not identical,
to those of a simple wave-packet one; in particular,
possible violations of on-shell relation (56) between
the neutrino energy and momentum uncertainties
is now automatically taken into account. Moreover,
the values of these uncertainties, which specify the
properties of the neutrino wave packet in the “internal
wave packets” approach and which have to be esti-
mated in that approach, are now directly derived from
the properties of the external particles.

The results of the QFT approach can be summa-
rized as follows. For neutrinos propagating macro-
scopic distances the overall probability of the produc-
tion — propagation — detection process for relativistic
or quasi-degenerate neutrinos can to a very good
accuracy be represented as a product of the individual
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probabilities of neutrino production, propagation (in-

cluding oscillations), and detection!3). The oscillation
probability, however, is not in general independent
of production and detection processes, which means
that the factorizability of the probability of the entire
production—propagation—detection process and the
universality of the oscillation probability (or lack
thereof) are in general independent issues. The oscil-
lation probability can be generically represented as

P(va = vy L) = Y UsiUnUakUy, x— (72)
ik

Am2
X €Xp (—i ;Zlk L> Seon(L/150M) Sioe (1€ /1956

Here, Scon(L/ISM) and Sjoc(019¢/195¢) are, respec-
tively, the coherence and localization factors, which
account for possible suppression of the oscillations
due to wave-packet separation and violation of the
localization conditions. They both are equal to unity
at zero argument and quickly decrease (typically
exponentially) when their arguments become large.
Note that these factors depend on the indices ¢ and
k because so do the partial oscillation and coherence
lengths [5>¢ and ll?,gh. The simple “internal wave
packets” approach leads to an expression for the
oscillation probability that is similar in form to that
in Eq. (72); however, unlike in that simple approach,
in the QFT-based framework the coherence and
localization lengths entering into Eq. (72) depend
in general on different length parameters, o<°" and

ol%¢ This is related to the fact that the energy and
momentum uncertainties at production and detection
need not satisfy (56), as discussed in Section 5.4. In
addition, the form of the coherence and localization
factors Seon(L/ISM) and Sioe (a1°/195¢) in Eq. (72),
rather than being postulated, is derived from the
properties of the external particles and of the detection
and production processes.

For the oscillation probability to be independent of
the production and detection processes, the following
conditions have to be fulfilled:

(i) decoherence effects due to wave-packet sepa-
ration and due to violation of the localization condi-
tions should be negligible;

(ii) the energy release in the production and de-
tection reactions should be large compared to the
neutrino mass (or compared to mass differences).

A notable exception from this rule is the case of the
Méssbauer effect with neutrinos, in which the probabilities
of neutrino production and detection do not factorize but are
instead entangled with each other[4]. Still, even in this case,
the oscillation (actually, 7. survival) probability can to a very
good accuracy be factored out of the expression for the overall
probability of the process.

The necessity of (i) is clear from the discussion
above: if this condition is fulfilled, the coherence
and localization factors in Eq. (72) are both equal
to unity, and the standard neutrino-oscillation for-
mula is recovered. If, on the contrary, (i) is violated,
the oscillations will suffer from the production- and
detection-dependent decoherence effects. As to the
condition (ii), it ensures that the production- and
detection-probabilities are essentially the same for
all mass-eigenstate components of the emitted or
detected flavor neutrino states (modulo the different
values of |Uyl|?); if this condition is violated, the
phase space available in the production or detection
process will depend on the mass of the participating
neutrino mass eigenstate, and the mass eigenstate
composition of the flavor eigenstates will no longer be
given by simple formula (1).

8. DISCUSSION AND SUMMARY

In the present paper we discussed a number of
subtle issues of the theory of neutrino oscillations
which are still currently under debate or have not
been sufficiently studied yet. For each problem we
discussed, we were trying to present our analysis from
different perspectives and obtained consistent results.
We have also developed a new approach to calculating
the oscillation probability in the wave-packet picture,
in which we changed the usual order of integration
over the momenta (or energies) and summation over
the mass eigenstate components of the wave packets
representing the flavor neutrino states. This allowed
a new insight into the question why the unjustified
“same energy” and “same momentum” assumptions
lead to the correct result for the oscillation probability.

We have also presented an alternative derivation
of the equivalence between the results of the sharp-
energy plane-wave formalism and of the wave-packet
approach in the case of stationary neutrino sources,
as well as discussed the applicability conditions for
the stationary-source approximation.

Below we give a short summary of our answers to
the first seven questions listed in Introduction.

(1) The standard formula for the probability of neu-
trino oscillations is obtained if the decoherence effects
due to the wave-packet separation are negligible and
the neutrino emitter and absorber are sufficiently well
localized. Under these conditions the additional os-
cillation phase A¢’ which is acquired in the neutrino
production and detection regions is negligible. The
“same energy” and “same momentum” assumptions,
which allow one to nullify this additional phase, are
then unnecessary. They still lead to the correct result
because their main effect is essentially just to remove
this extra phase. An alternative explanation of the
fact that the “same energy” assumption gives the
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correct result comes from the observation that in
going from the oscillation probability to the observ-
ables such as event numbers, one has to integrate
over the neutrino spectra. As discussed in [14, 33]
and in Section 6, for stationary neutrino sources
this is equivalent to integration over the energy
distribution within wave packets (provided that this
energy distribution coincides with the spectrum of
plane-wave neutrinos). In Section 4 we have shown
that the integration over the spectrum of plane-wave
neutrinos is just a calculational convention in the
wave-packet approach, which does not involve any
additional approximations.

(2) Quantum-mechanical uncertainty relations
are at the heart of the phenomenon of neutrino
oscillations. For neutrino production and detection to
be coherent, its energy and momentum uncertainties
must be large enough to prevent a determination of
the neutrino’s mass in these processes. These un-
certainties are governed by the quantum-mechanical
uncertainty relations, which also determine the size of
the neutrino wave packets and therefore are pivotal for
the issue of the coherence loss due to the wave-packet
separation.

(3) The spatial size of the neutrino wave packets is
always determined by their energy uncertainty og.

(4) The coherence condition ensures that the
wave packets corresponding to the different mass
eigenstates do not separate to such an extent that
they can no longer interfere in the detector. This
condition is therefore related to the spatial size of
the neutrino wave packets, which is determined by
the neutrino energy uncertainty og. Note that this is
an effective uncertainty which depends on the energy
uncertainties both at neutrino production and detec-
tion. At the same time, the localization conditions are
determined by the effective momentum uncertainty
op, which depends on the momentum uncertainties
at production and detection. In the simple wave-
packet approach, the neutrino energy and momentum
uncertainties are related to each other due to the on-
shellness of the propagating neutrino, whereas in a
more general quantum field theoretic framework they
are in general unrelated.

(5) Wave-packet approach (or a superior QFT
one) is necessary for a consistent derivation of the
expression for the oscillation probability. Once this
has been done, wave packets can be forgotten in
all situations except when the decoherence effects
due to the wave-packet separation or due to the
lack of localization of the neutrino source or detector
become important. Even in those cases, though, the
decoherence effects can in most situations be reliably
estimated basing on the standard oscillation formula
and simple physical considerations. In addition, the
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wave packets are unnecessary in the case of station-
ary problems [14]. Thus, the wave-packet approach
is mainly of pedagogical value. It is also useful
for analysing certain subtle issues of the neutrino-
oscillation theory.

(6) The oscillation probability is independent of
the production and detection processes provided the
following conditions are satisfied: (i) decoherence
effects due to wave-packet separation and due to
violation of the localization conditions are negligible,
and (ii) the energy release in the production and
detection reactions is large compared to the neutrino
mass (or compared to mass differences). Note that if
the condition opposite to (i) is realized, the probabil-
ities of flavor transitions also take a universal form,
as in that case they simply corresponds to averaged
oscillations.

(7) The stationary-source approximation is valid
when the time-dependent features of the neutrino
emission and absorption processes are either ab-
sent or irrelevant, so that one essentially deals with
steady neutrino fluxes. Integration over the neutrino
detection time then results in the equivalence of
the oscillation picture to that in the “same energy”
approximation.

Appendix

INTEGRAL I; AND ITS PROPERTIES

Let us consider the properties of the integral
Iix (L) defined in Eq. (22). Expressing the shape
factors gf’D(x) of the wave packets through the
corresponding momentum distribution functions ac-
cording to (the 1-dimensional version of) Eq. (13) and
substituting the result into (19), we find the following
representation for G (L — vg;t):

GZ(L - Ugit) = (Al)
= [ o) e

Consider now the integral

o0

Izk(L) = / dtGZ(L - Ugit)GZ(L - ’ngt) = (AQ)

:/ﬁ/m/@ﬁ@wmmﬁmX

« fl?(pz)eip1(L*vgit)*ipz(L*vgkt).
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Performing first the integration over time and making
use of the standard integral representation of Dirac’s
¢ function, we obtain

o0

Ta(L) =T / dpfS () IP* () F57(rp) X (A3)
vgk_oo

x fP(rp))ePI—mE,

where

Ui:l.
gk

Q

(A.4)

r

<

In the limit when the group velocities of the wave
packets corresponding to different mass eigenstates

are exactly equal to each other, » =1, I;;, does
not depend on the distance L. Since the dominant
contribution to the integral in (A.3) comes from the
region [p| < op = min{oys,0,p} of the integration
interval, Iy, is practically independent of L, provided
that |1 —r|Lop < 1, or

Yg

)
Awvg

L<leop =0x (A.5)
where Avg = |vg; — vgi| and ox =1/0,. This is
merely the condition of the absence of the wave-
packet separation: the distance traveled by neutrinos
should be smaller than the distance over which the
wave packets corresponding to different mass eigen-
states separate due to the difference of their group
velocities and cease to overlap. If the condition oppo-
site to that in Eq. (A.5) is satisfied, the integral I;; is
strongly suppressed because of the fast oscillations of
the integrand. I is actually the overlap integral that
indicates how well the wave packets corresponding
to the ¢th and kth neutrino mass eigenstates overlap
with each other upon propagation the distance L from
the source.

Consider now the integral I;; that enters into
expression (21) for the oscillation probability P(v, —
— up; L) and is given by Eq. (30). The calculation
similar to that of the integral I;j, in Eq. (A.2) yields

Li(L) = 2_7T6—iAEik[(vgi—vgk)/%gvgk}L x  (A.6)
Vgk
X exp (_Z#L) / dpf? (p) [P (0) fi7* %

x (rp + A fvge) P (rp + AEik/vgk)eip(lfT)L.
The first exponential factor here must be replaced
by unity because the exponent contains the product
of the factors AE;, and (1/vg —1/vg) =~ [(vgi —
— vgk)/204vgk], both of which are ocAm?,, and hence

is of fourth order in neutrino mass. Thus, we finally
get

2
I (L) = exp (—z’AmikL> 27 (A7)
2p Ugk
8 / dpf () fP* () f* (rp + AEi/vgr) %

x fE(rp+ AEik/ng)eip(l_r)L-

Just as in the case of I, the integral on the right
hand side of Eq. (A.7) is practically independent of L
when the condition (A.5) is satisfied and is strongly
suppressed in the opposite case. In addition, it is

quenched if the split of the arguments of fZ-S’D and

D . .
,f’ in the integrand exceeds op; thus, a necessary

condition for unsuppressed I is

AEikax/Ug < 1. (A.8)

This is often called the localization condition for
the following reason. Since AEy /vy ~ Am?, /2p ~
~ I} and ox, being the inverse of min{o,s,opp},
is the largest of the sizes of the two spatial lo-
calization regions, of the emitter and detector, the
condition (A.8) is actually equivalent to the obvious
requirement that the neutrino source and detector be
localized within spatial regions that are small com-
pared to the oscillation length los. If this condition
is violated, integration over the coordinates of the
neutrino emission and detection points within the
source and detector results in neutrino oscillations
being averaged out.

From the above consideration it follows that the
factor I;; in the expression for the oscillation prob-
ability yields the standard oscillation phase factor

exp (—iAQLp?’CL) multiplied by the integral which

accounts for possible suppression of the oscillating
terms due to decoherence caused by wave-packet
separation and/or lack of localization of the neutrino
source and detector. Note that both decoherence
mechanisms lead to exponential suppression of the
interference terms in the oscillation probabilities since
they come from the infinite-limits integrals of fast
oscillating functions. The exact form of these sup-
pression factors depends on the shape of the wave
packets, i.e., is model dependent; in particular, for
Gaussian and Lorentzian wave packets, these factors
are Nexp[_(L/lcoh)2] eXp[_(UX/losc)Q] and exp(—
—L/l.on) exp(—ox /losc ), respectively.
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MAPAJIOKCbl HEUTPUHHbBIX OCLUJIJISILUIA

E. X. Axmenos, A. HO. CmupHoB

HecmoTpst Ha To uTO TeoprH HEUTPHUHHBIX OCLUMJISILME y»Ke HEMAJO JIET, HEKOTOpblE OCHOBOIMOJIAratolHe
BOIMPOCHl 3TOH TEOPHM BCE elle MUCKYTHPYIOTCsl B JuTepatype. Mbl obcyxkaaeM psil TaKUX BONPOCOB,

BKJIIOUAsl YMECTHOCTb MPUOJIMXKEHUH “OJIMHAKOBOU 3HEpPruu” U “OJMHAKOBOrO HUMIyJbca”,

poJib KBaHTO-

BOMEXaHHUECKHX COOTHOLLEHHH HEONpPEeIe/IEHHOCTH B HEHTPHUHHBIX OCLMJIALMAX, 3aBUCHUMOCTb YCJIOBHI
KOTEPEHTHOCTH M JIOKAJIH3aL|K, OMPelessioliX BO3MOXKHOCTb HaGMI0eHHsT HEHTPUHHBIX OCLMJIISILIAH,
OT HEOIpe/IeJeHHOCTEH HEPrHH W MMITyJbca HEHTPHHO, YCJIOBHUSI HE3aBUCHMOCTH (MJIM 3aBHCHMOCTH)
BEPOATHOCTH HEHTPHHHBIX OCUMJUISILME OT MPOLLECCOB POXKJICHUS U J€TEKTHPOBAHUS HEHTPHHO W NpEesibl
MPUMEHUMOCTH TTPUOJIHKEHUST CTALMOHAPHOTO HCTOUHMKA. MBI TaKxKe pa3BUBaeM HOBBIN TOAXOJ K pacueTy
BEPOATHOCTH HEHTPHHHBIX OCLMJISLMNA HCXO/S U3 OTHUCAHHs C MOMOLBIO BOJIHOBBIX MTAKETOB, 0CHOBAHHOTO
Ha COTJIallleHHsIX O TOPsIIKe CYMMHPOBAHHSI M HHTErPUPOBAHHUS B aMIIUTY/Ie, OTJIHYAIOLINXCS OT CTaHAApT-
HOTO MpaBua. DTO MO3BOJSET B3NJISIHYTh C HOBOK TOUKH 3pEHHUsl Ha MpobJsemy “OJMHAKOBOH Hepruu” u
“oMHaKOBOro UMITysbca”. Mbl TakKe 00Cy2K1aeM psifl NapafoKcaubHbIX 0COOEHHOCTEN TeOPUH HEHTPUHHBIX

OCLHMJIJISILHHA.
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