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The thermal conductivity of solid argon at high-pressure~up to 50 GPa! and high-temperature~up
to 2000 K! has been calculated by equilibrium molecular dynamics simulations using the Green–
Kubo formalism and an exponential-6 interatomic potential. A simple empirical expression is given
for its pressure and temperature dependence. The results are compared with predictions based on
kinetic theory. The relative change of the thermal conductivityl with density r is found to be
consistent with a] ln l/] ln r slope of approximately 6 in a wide range of pressures and
temperatures, in good agreement with predictions based on kinetic theory.
© 2004 American Institute of Physics.@DOI: 10.1063/1.1812754#

I. INTRODUCTION

Argon is extensively used as a pressure transmitting me-
dium in high-pressure and high-temperature diamond-anvil
cell ~DAC! experiments, because its softness prevents the
development of large pressure gradients in the sample.1,2

Temperature gradients are more difficult to control, as the
high thermal conductivity of diamond in the anvils forces
temperature to drop in a few microns from the desired value
in the sample~typically a few thousand kelvins! down to
ambient temperature at the anvil surface. The thermal con-
ductivity of the pressure transmitting medium is a crucial
parameter in heat-transfer calculations aimed at determining
the temperature distribution inside the cell.1,3 In the case of
argon, the thermal conductivity has been measured4–6 at am-
bient pressure up to the melting point, but its pressure depen-
dence has never been examined from an experimental stand-
point, despite the fact that the pressure dependence of the
thermal conductivity is known to have a stronger influence
on temperature gradient calculations than its temperature
dependence.7 Heat-transfer calculations of the temperature
gradient in a DAC are presently based on simple scaling
models for the pressure and temperature dependence of the
thermal conductivity of solid argon.1

At variance with scaling models, which are typically
based on kinetic theory and on the existence of a single char-
acteristic time for phonon scattering in solids, molecular dy-
namics~MD! provides in principle an exact description of
the dynamical properties of solids, including thermal con-
ductivity, without any further assumption other than the form
of the potential of interaction between atoms. Atomic inter-
actions in argon are extremely well described by simple pair
potentials, of the Lennard-Jones form at low pressure, and of
the so-called exponential-6 form at high pressure. We have
recently calculated the temperature dependence of the ther-

mal conductivity of solid Ar at ambient pressure,8 using MD
and the Lennard-Jones potential, and found it to be within
20% of the experimental values. Motivated by the success of
MD in reproducing the thermal conductivityl of solid argon
at ambient pressure, we now extend the calculation ofl us-
ing MD, to finite pressures, up to 50 GPa.

The paper has two main purposes. On one hand, we aim
at providing DAC modelers with an accurate theroretical pre-
diction of theP-T dependence of the thermal conductivity of
argon, one of the most common pressure transmitting media.
To this aim, we will present a simple formula forl(P,T),
which we hope will be of practical use in DAC modeling. On
the other hand, we would like to check and verify the valid-
ity of simple scaling laws based on kinetic theory in estimat-
ing pressure effects onl. We find that scaling ofl with
density is reasonably well reproduced by kinetic theory but
that scaling laws provide only an order-of-magnitude esti-
mate of pressure effects onl.

The paper is organized as follows: In Sec. II we describe
the method of calculation and present the simulation details.
In Sec. III we show how we calculate the quantities needed
to determine the thermal conductivity from kinetic theory. In
Sec. IV we discuss the MD results for the thermal conduc-
tivity and compare them with those obtained from kinetic
theory. Section V contains summary and conclusions.

II. METHOD

Argon is a rare gas solid and a wide-gap insulator, so we
can safely assume that the electronic contribution to the ther-
mal conductivity is negligible, and focus our analysis on the
lattice contribution only. Radiative heat tranfer is also be-
lieved to be irrelevant up to at least 3000 K.1 At the tempera-
tures of interest for this study (.150 K) quantum effects on
the nuclei are negligible and the atomic dynamics can be
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considered as purely classical. Like most other condensed
rare gases, the atomic dynamics of argon is described with
very good accuracy by simple pair potentials. For pressure
up to 1 GPa, interactions are accurately described by a
Lennard-Jones~LJ! potential9

f~r i j !54eF S s

r i j
D 12

2S s

r i j
D 6G , ~1!

wherer i j is the distance between atomsi and j . The values
of the parameterse ands that best reproduce the thermody-
namics of Ar at ambient pressure aree/kB5119.8 K ands
53.405 Å, wherekB is the Boltzmann constant.10 We used
the LJ potential for all calculations at ambient pressure. At
high pressure, however, the exponential-6~Exp-6! pair po-
tential of Ross and co-workers11,12 is known to yield a better
description of the equation of state. The Exp-6 potential is
given by

f~r i j !5S e

a26D H 6 expFaS 12
r i j

s D G2aS s

r i j
D 6J ~2!

with parameterse/kB5122 K, s53.85 Å, anda513 based
on high-pressure shock-wave data up to 40 GPa.11 We used
the Exp-6 potential in all calculations at finite pressure (P
.1 GPa).

We calculatel using the Green–Kubo formula:10

l5
1

3VkBT2 E
0

`

^ j ~0!• j ~ t !&dt, ~3!

whereV is the volume,T the temperature, and the angular
brackets denote the ensemble average, or, in the case of a
MD simulation, the average over initial conditions. The mi-
croscopic heat current is given by

j ~ t !5(
i
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1

2 (
i , j ,iÞ j

r i j ~Fi j •vi !, ~4!

wherevi is the velocity of particlei , Fi j is the force on atom
i due to its neighborj from the pair potential~1! or ~2!. The
‘‘local’’ energy « i is given by

« i5
1

2
mivi

21
1

2 (
j

f~r i j !, ~5!

wherem is the mass of atom.
MD simulations were performed in theN-V-T ensemble

where temperature was controlled via a Nose´-Hoover ~NH!
thermostat.13 The fourth-order Runge–Kutta integration
scheme was used to integrate the equations of motion. In
order to avoid problems related to unwanted noncanonical
fluctuations of the instantaneous temperature in NH thermo-
statted simulations~the so-called ‘‘Toda demon’’!, we follow
the prescriptions of Ref. 14.

Simulation details for LJ calculations are identical to
those of Ref. 8. For Exp-6 calculations the integration time
step Dt was set to 0.001t ~the Exp-6 unit of time ist
5Am•s2/e, or 2.42 ps for argon!. The typical lengths of the
runs were equal to 53105 MD steps, after equilibration
(105 MD steps!. Longer runs (53106 MD steps! were also
performed to check the convergence of the results on simu-
lation time. The Exp-6 pair potential was cut off at a radius

of 2.5s, or at (L/2)s ~whereL is the size of the simulation
box! in case the latter was smaller than 2.5s. Long-range
corrections to the energy are given by15

ULRC52prE
Rc

`

f~r !r 2dr, ~6!

wheref(r ) is the interatomic pair potential,r is the density
of system, andRc is the cutoff radius. For the Exp-6 poten-
tial we obtain

ULRC5
2pre

a26 S 6ea(12Rc)@11~11aRc!
2#

a3 2
a

3Rc
3D , ~7!

while long-range energy corrections for the LJ potential are
discussed in Ref. 15. Simulations were performed with cubic
cells containing ofN5256 particles@solid argon crystallizes
in the face-centered cubic~fcc! lattice, with four atoms in the
conventional cubic cell#. Periodic boundary conditions were
imposed in all three directions. As shown in Ref. 8, the size
dependence of the thermal conductivity calculated with the
Green–Kubo formula is weak. Calculations withN5108
particles were shown to be sufficiently large to make size
effect negligible at ambient pressure. At high pressure how-
ever the size of the box withN5108 particles would be
smaller than 2s, so we found that results were fully con-
verged in simulation size only withN5256 particles.

The thermal conductivity was calculated by discretizing
the right-hand side of Eq.~3! in MD time stepsDt as

l5
Dt

3VkBT2 (
m51

M
1

~N2M ! (
n51

N2m

j ~m1n!j ~n!, ~8!

whereN is the number of MD steps after equilibration,M is
the number of steps over which the time average is calcu-
lated, andj (m1n) is the heat current at MD time stepm
1n. M was set to (1 – 2)3104, which is considerably
smaller than the number of MD steps, in order to ensure
good statistical averaging.

In order to check the numerical accuracy of the Green–
Kubo ~GK! method, we show in Fig. 1 the time evolution of
typical heat autocorrelation functions at different pressures,
together with their time integrals, Eq.~3!.

III. KINETIC THEORY

Thermal conductivities obtained from MD simulations
will be compared in the following section with the predic-
tions of kinetic theory, so we briefly describe here how we
obtain l from kinetic theory. The thermal conductivity can
be written, in kinetic theory, as

l5
1

3
CVv l , ~9!

whereCV is the specific heat per unit volume,v is the aver-
age velocity of sound in the solid, andl is the mean free path
of the energy-carrying particle. In solids, where lattice vibra-
tions are described in terms of phonons,l is limited, at high
temperature, by phonon-phonon scattering, and can be esti-
mated as16
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l .
d

agT
, ~10!

whered is the interatomic distance,a is the thermal expan-
sion coefficient,g is the thermodynamic Gru¨neisen param-
eter. The calculation ofl from kinetic theory therefore re-
quires the calculation ofCV , v, a, andg at the pressure and
temperature conditions of interest.

CV was fixed to the value for the classical harmonic
solid (CV53NkB /V) which was found to approximate very
well the actual value computed by differentiating the internal
energy at a fewP-T points. In order to determine the bulk
modulus, the Gru¨neisen parameter and the coefficient of
thermal expansion, we calculated with MD the equations of
state (V-P andP-T) of solid argon at different temperatures
and densities, respectively~Fig. 2!. At room temperature our
results @Fig. 2~a!# compare very well with those of Ross
et al.12 ~as they should, since the pair potential used in 12 is
identical to the one used here!. The isothermal bulk modulus
@B52V(]P/]V)T# obtained from the equation of state
compares well with experimental data17,18 @Fig. 3~a!#, even
though the agreement becomes poorer at the highest pres-
sures~50 GPa!. This is reasonable, since the Exp-6 potential
was created and tested for pressures only up to 40 GPa.11,12

The coefficient of thermal expansion was determined from19

a5
1

B S ]P

]T D
V

. ~11!

In Fig. 2~b! we show the temperature dependence of the
pressure at different densities, which turns out to be linear at
all densities. The partial derivative in Eq.~11! was then eas-
ily obtained from the results of Fig. 2~b! and its volume
dependence is presented in Fig. 3~b!. The volume depen-
dence of the thermal expansion coefficient is shown in Fig.
4~a!. The Grüneisen parameter was obtained as19

g5
aB

CV
, ~12!

and its volume dependence is shown in Fig. 4~b!. The results
are in good agreement with previous calculations.12

We finally describe the calculation of the average sound
velocity v. The average sound velocity is given, in Debye
theory, by20

v5F1

3 S 1

vL
3 1

2

vT
3D G21/3

, ~13!

FIG. 1. Time dependencies atT5400 K and different pressures of~a! heat
autocorrelation function and~b! thermal conductivity.

FIG. 2. Equations of state of solid argon at high pressure.~a! Volume de-
pendence of pressure at different temperatures. Solid symbols are present
work. Open circles are the results of Rosset al. ~Ref. 12!. ~b! Temperature
dependence of pressure at different densities. Densities are expressed both in
reduced units and real units (r* 5rs3/m).
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where vL and vT are longitudinal and transverse average
sound velocities. For a cubic latticevL andvT coincide with
the longitudinal and transverse velocities along the~100!
direction.18,20Assuming that the phonon frequencies of solid
Ar are well described by a nearest-neighbor interaction
model, then the frequencies of the longitudinal and of the
transverse mode are21

vL~k!5vLO sin
ka

4
, vT~k!5vTO sin

ka

4
, ~14!

wherevLO54vL /a and vTO54vT /a. Phonon frequencies
vLO andvTO were calculated from the peaks of the Fourier
transform of the velocity autocorrelation functions at
k5(2p/a,0,0), along the three Cartesian directions
(a5x,y,z):10

Ca~v!.E
2`

`

exp~ ivt !^va~ t !va~0!&dt, ~15!

with

va5(
i

v i
ae2 ik•r i, ~16!

r i being the position of atomi andv i
a the a Cartesian com-

ponent of its velocity.
In Fig. 5~a! we compare our results for the longitudinal

and transverse velocities along~100! with available experi-
mental data18 and find that the agreement is excellent. Figure
5~b! shows the volume dependence of the average sound
velocity calculated using Eq.~13!.

IV. RESULTS AND DISCUSSION

Pressure and temperature dependencies of the thermal
conductivity of solid argon obtained with the GK method are
presented in Fig. 6. The temperature dependence@Fig. 6~a!#
deviates slightly from theT21 law, and is better represented
by a T2b law, with b varying between 1.2 to 1.5. The same
behavior was observed at ambient pressure both in experi-
ment and simulation.8 The linear dependence ofl with pres-
sure in the log-log plot of Fig. 6~b! suggests a power law also
for the dependence ofl on pressure. Based on these obser-
vations, we fitted our high-pressure GK results to a simple
empirical expression where the logarithms of both tempera-
ture and pressure appear lineraly. A best-fit analysis of the
data of Fig. 6 gives

log~l!52.621.31 log~T!11.29 log~P!, ~17!

FIG. 3. ~a! Pressure dependence of the bulk modulus at different tempera-
tures. Solid symbols are present work. Open circles are experimental results
of Grimsditchet al. ~Ref. 17!. The solid line is the experimental result of
Shimizuet al. ~Ref. 18!. ~b! Volume dependence of the temperature deriva-
tive of pressure. Open circles are the results of MD simulation. Solid line is
the fit to simulation data.

FIG. 4. ~a! Volume dependence of the thermal expansion coefficient.~b!
Volume dependence of the thermodynamic Gru¨neisen parameter. Dots are
present work. Open circles are the results of Rosset al. ~Ref. 12!.
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wherel is in W/K m, P is in GPa, andT in Kelvin. Figure
6~a! shows how well the empirical expression~17! repro-
duces the simulation data. The range of validity of expres-
sion ~17! is limited to the range 2<P<50 GPa and 150
<T<2000 K and to the domain of stability of the solid
phase.

The density dependence ofl calculated with the GK
method is shown in Fig. 7~b!, where it is compared with the
results obtained from kinetic theory~KT!. Kinetic theory
systematically overestimates the GK results, by an amount
ranging from 1.5–2 times at ambient pressure~see Table I!,
up to a factor 4 at high pressure. At ambient pressure, where
comparison with experimental data is available, the GK re-
sults agree within less than 20% with experiments, while the
results of KT overestimate the experimental results by about
25–50%. KT is known to overestimate the thermal conduc-
tivity in a number of other systems.16 This is probably a
consequence of an overestimation of the phonon mean free
path as given by Eq.~10!. GK and KT, however, give a
similar scaling of the thermal conductivity with density. Lin-
ear fits to the curves shown in Fig. 7~b! result in slopes of
about 660.3, with marginally higher slopes for KT. Such
slopes compare very well with the the scaling expression19,23

S ] ln l

] ln r D
T

'
] ln B

] ln r
22

] ln g

] ln r
1

] ln v
] ln r

2
1

3
~18!

obtained from KT ~dimensional analysis shows that in
the expression published in Ref. 19 the term24/3 should
be replaced by21/3).24 Density averaged values for the
above quantities, as obtained by linear fitting of the data
presented in the previous section, yield, for example at room
temperature,] ln B/] ln r54.25, ] ln g/] ln r520.42, and
] ln v/] ln r51.4, which result, using Eq.~18!, in a slope of
6.2, in nice agreement with the slopes of Fig. 6~b!.

FIG. 5. ~a! Pressure dependence of the square of the longitudinal and trans-
verse velocities. Open circles are present work. The lines are experimental
results of Shimizuet al. ~Ref. 18!. ~b! Volume dependence of the average
sound velocity. Line is the fit to the data.

FIG. 6. ~a! Temperature dependence of the thermal conductivity of solid
argon at different pressures.~b! Pressure dependence of the thermal conduc-
tivity at different temperatures.

TABLE I. Comparison of the thermal conductivity at ambient pressure ob-
tained in the present work using LJ potential (lGK , lKT) with experimental
data~Ref. 4! and with an independent theoretical determination~Ref. 22!.
Temperatures and densities (T andr! are expressed in K and g/cm3. Ther-
mal conductivities are in W/K m. The values ofT525 and 75 K were
extrapolated from McGaughey’s data~Ref. 22!.

T r lGK lGK ~Ref. 22! lexpt ~Ref. 4! lKT

25 1.784 1.14~19! 1.120 1.43 2.22
50 1.721 0.43~6! 0.417 0.549 0.755
75 1.647 0.23~3! 0.230 0.255 0.321
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V. CONCLUSIONS

Based on molecular dynamics simulations we have de-
termined the pressure and temperature dependence of the
thermal conductivity of solid argon in the pressure range
2,P,50 GPa and in the temperature range 150,T

,2000 K. We provide a simple empirical expression@Eq.
~17!# which we hope will be of practical use in modeling
thermal gradients in diamond-anvil cells when argon is used
as the pressure-transmitting medium.

We also verified that kinetic theory can be safely used
for qualitative predictions of pressure effects on the thermal
conductivity, but we found that the discrepancy between ki-
netic theory and simulations increases with pressure and
temperature.
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