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Thermal conductivity of solid argon from molecular dynamics simulations
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The thermal conductivity of solid argon in the classical limit has been calculated by equilibrium
molecular dynamic simulations using the Green—Kubo formalism and a Lennard-Jones interatomic
potential. Contrary to previous theoretical reports, we find that the computed thermal conductivities
are in good agreement with experimental data. The computed values are also in agreement with the
high-temperature limit of the three-phonon scattering contribution to the thermal conductivity. We
find that finite-size effects are negligible and that phonon lifetimes have two characteristic time
scales, so that agreement with kinetic theory is obtained only after appropriate averaging of the
calculated phonon lifetimes. @004 American Institute of Physic§DOI: 10.1063/1.1642611

I. INTRODUCTION wherer;; is the distance between atomsndj. For argon,

the values of the paramete¢sand o that best reproduce its

Microscopic models of thermal conduction in condense hermodynamics are/kg=119.8 K ando=3.405 A, where
systems are increasingly used to predict the heat transf?(r B . i '

properties of materials, from semiconductbrs ceramics _° is.th.e Boltzmann constafitThe simplicity of the inter-
for high-temperature C(;atinjst,o Earth's mantle minerafs. atomic interactions has made argon a benchmark system to

We focus here on those systems where thermal conduction }gst methodological developments and 1o improve our micro-

dominated by lattice contributions. This is the case for mostOP'C understandmg f)f heat transfer in condensed systems.
insulators, where electronic contributions to heat transfer aré € thermal CondUCt'ng of the LJ fluid has been calculated
hindered by the large excitation gap. Moreover, we restricil & number of V‘_’°rk§' For fluid argon, the comparison of
our analysis to the high temperature regime, where nucledhe LJ results with experiment is very satisfactory, the dis-
quantum effects are negligible and the atomic dynamics cafépancy being smaller than 10% in a wide temperature
be considered as purely classical. range® However, the thermal conductivity of the kalid has
Various approaches have been proposed to calculate tfen studied in much less detalfl Comparison of the cal-
macroscopic value of the lattice thermal conductivity at ~ culated values with experiments has been attempted only in
finite temperature, from the atomic dynam‘i‘dm the Green— Ref. 10, where a discrepancy of almost a factor of 2 has been
Kubo approach) is calculated from a molecular dynamics reported. Such a discrepancy is surprising, given the proven
(MD) simulation at equilibrium, using the fluctuation- reliability of the LJ model in describing the static properties
dissipation theorem. In nonequiliborium MINEMD) ap-  as well as other dynamical properties of solid argon. Similar
proaches, a stationary heat flux is generated either by diredliscrepancies have been found in the calculation af high
application of a temperature gradient or by application of anemperature in other solids*?which raises the fundamen-
external fictitious field. Either way, calculations bfgener-  tal question of whether the above-described microscopic

ally require large simulation cells and long time scales tomodels are appropriate to provide an accurate description of

mal conductivity of real materials has been calculated so far | this paper we carry out an extensive series of MD

only for a restricted set of substances, and at best with @mjations of solid argon at zero pressure and at tempera-
semiempirical description of the interatomic interactions. tures between 10 and 75 K, and show that the discrepancy of

'?rgt%” IS, I (tjh's cc(;ntext, an mter;e;tmgt expe[()jtmn. Like g}e “LJ" values of \ for solid argon with experiments is less
most other condensed rare gases, the atomic dynamics o, 5094 This contradicts earlier restfitand therefore sup-

argon is in fact described with a very good accuracy by aports the LJ parametrization for argon as well as the validity

d(rij)=4e

simple Lennard-Jone.J) interatomic pair potential: of the Green—Kubo approach for the calculatiomah sol-
In Sec. Il we present the MD results and compare them with

o112 [ 5\6 ids. The paper is organized as follows: In Sec. Il we describe
(r_> _(r_> , (1)  the Green—Kubo method and present the simulation details.
ij ij
previous theoretical and experimental dat&'3-15Section
3Electronic mail: kvt@ictp.trieste. it IV contains summary and conclusions.
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Il. METHOD

The thermal conductivity is defined as the linear coef-
ficient relating the macroscopic heat currento the tem-
perature gradientFourier’s law:

J=—\-gradT. (2

In this paper we calculata using the Green—Kubo
formula?

1 ©
)‘:Wfo (j(0)j(1))dt, 3

whereV is the volume,T the temperature, and the angular
brackets denote the ensemble average, or, in the case of a
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MD simulation, the average over time. The microscopic heat

current is given by

> (R, (4)

) 1

J(t)zz V]'Si+ E 25
1 1,],1#]

wherey; is the velocity of particle, F;; is the force on atom

i due to its neighboj from the pair potentia(1). The site

energyse; is given by

1 1
8i=§mi|Vi|2+§§j: o(rij), 5)

wherem is the mass of atom.
MD simulations were performed both in tiNv T and in

FIG. 1. Calculated thermal conductivity of solid argon as a functidw 1/
whereN is the number of particles in the simulation cell. The lines are just
a guide to the eye.

whereN is the number of MD steps after equilibratiay, is
the number of steps over which the time average is calcu-
lated, andj(m+n) is the heat current at MD time step
+n. M was set to (1-4X10* at low temperatures and
(4—8)x10® at high temperatures, which is considerably
smaller than the number of MD steps, in order to ensure
good statistical averaging.

Finite-size effects were checked by repeating the simu-
lations with cubic cells containing & = 4n? particles[solid

theNpT ensemble, to allow for appropriate comparison withargon crystallizes in the face-centered cukiicc) lattice,
experiments, which were in some cases performed under is@vith four atoms in the conventional cubic defind increas-

choric conditions, and in other cases under isobgpie Q)
conditions. Temperature iINVT simulations was controlled
via a Nose-Hoover (NH) thermostat® The fourth-order

ing n from 3 to 10(which corresponds tdl=108 to 4000.
Periodic boundary conditions were imposed. The behavior of
N\ with the particle numbeN for three different temperatures

Kunge—Kutta integration scheme was used to integrate thig shown in Fig. 1. It has been argued that larger simulation
equations of motion. In order to avoid problems related tocells are required to converge the results for the solid at low
unwanted noncanonical fluctuations of the instantaneoutemperatured’ with respect to the fluid. We find that the

temperature in NH thermostatted simulatiqtise so-called
“Toda demon”), we follow the prescriptions of Ref. 17. MD

results for the solid are converged, at 20 K, even with the
smallest size consideredE& 108), which is consistent with

simulation in theNp T ensemble was performed using Gear'sthe weak size effects found in the study of liquid argon with
fourth-order predictor-corrector method to integrate thethe Green—Kubo approaéhit is possible that for particle
equation of motiorf, and no thermostats. Temperature andnumbers less thatN=108, size effects with the Green—

volume were rescaled every 5 MD steps.

The integration time stefit was set to 0.002 ; LJ units
(the LJ unit of time isr ;= Jm- o?/¢, or 2.16 ps for argon
at low temperaturesT(<=50 K) and 0.00%, ; otherwise. The
typical lengths of the runs were equal to X.10° MD steps,
after equilibration (1® MD step$ at low temperatures and
5.5X 10° MD steps, after equilibration (8 10* MD steps at
high temperatures. Longer runs X30° MD step$ were

Kubo method are more important in the solid than in the
liquid. However, calculations wittN=108 are already ex-
tremely cheap from a computational point of view, so we
consider size effects irrelevant for any practical purpose.
Moreover, the size dependence of thermal conductivity has
been shown to be minimal also in recent NEMD
simulations?®

It is interesting to notice, as already done by otHérs,

also performed to check the convergence of the results othat convergence in size is achieved for cell sides that are
simulation time. The LJ pair potential was cut off at a radiusstill much smaller than the phonon mean free path. In fact,
of 2.50 and long-range corrections to the energy werewe can estimate the phonon mean free path, using kinetic

considered?® theory, as
The thermal conductivity was calculated by discretizing 3
the right-hand side of Eq3) in MD time steps At) as | = o (7)
vC

At M N—m

_ ; ; whereCy, is the specific heat and is the speed of sound.
A 3VkBT2mE=l (N_M) n§=:1 J(m+n)J(n)a

Using Cy=3Nkg and

(6)
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TABLE |. Comparison of the thermal conductivity of some systems as 0.8 T T T T T
obtained in the present woilk, A*) and in other theoretical works\ (g, r ®  Clayton and Batchelder
*9). Temperatures and densitie$*( and p*) are expressed in reduced 0.7r A Krupskii and Manzhely
units. Thermal conductivities are in reduced unis ( Aj) or W/mK (X, 06- 0 L MD;NVT;N=256 |
)\ref)- —_— ' L
L 05F .
N T p* A A ret ‘_K r %ﬂ
; i N ]
Fluid LJ: Ref. 6 § 0'4_
108  0.73 0.8442 0.12@) 0.1273) =3l ~ @J |
108  0.94 0.7149 0.092) 0.0945) <7 ~d é
108  1.27 0.6499 0.068) 0.0704) o2t S~ .
Fluid LJ: Ref. 7 01 1
N T* p* )\* .rkef 0 L 1 | L 1
215 22 225 23 235 24 245
108 0.72 0.835 6@) 6.4(3) (@) Molar volume [ml]
108 1.35 0.4 1.782) 1.8009)
108 1.8627 0.9248 109 9.905) 10 = :
Solid LJ: Ref. 9
N ™ p* A* et
256  0.55 1.414 3575) 357(61) —
Solid r 12 Ref. 19 X ;
N ™ p* A* N §
108 0.208 1.414 2G21) 20310 =
108 0.546 1.414 52(8.1) 53.22.7) <
108 1.191 1.414 24(1.5 23.21.2)
k.0 10 100
80 T K]
c=——, 8 (b) [
7ko (tS)

. . , FIG. 2. (a) Volume dependence of the thermal conductivity of solid argon at
where 0y, is the Debye temperaturé, is Planck’s constant, 75 . The black triangle is the datum of Krupskii and Manzh@#ief. 13.

andkp = 3/6N 72V is the Debye wave vector, we obtain, for The dots are the data of Clayton and Batchel@®af. 14. Squares are our
argon atT=20 K, a phonon mean free path efl4c. On results in theNVT ensemble. The broken curve was calculated using Eq.

: ; (9). (b) Temperature dependence of the thermal conductivity of solid argon
the other hand, Fig. 1 shows that the value.aé converged at atmospheric pressuré+) data from Ref. 13(X) data from Ref. 15.

even forN=108, which corresponds to a cell size of only gjack squares are the theoretical results of Kaburaki, Li, and K. 10.

4.90. Open circles are the results of single runs in tR¥ T ensemble |
=108). Black dots correspond to the average of ten independent runs in the
NVT ensembldnotice the reduced error bar with respect to the single)runs
Squares are the results of simulations in kT ensemble {l=108). The

Il. RESULTS broken curve was calculated using E§).

We first compare our results with available theoretical
data for fluid argon as well with calculations of the thermal C b (¢")3
conductivity of the fcc lattice obtained with LJ and inverse- N~—=\—""Fr3> (9)
twelfth-power potential§Table ). The good agreement with aT v m(¢")
previous determinations of is a further independent check where ¢” and ¢” are the second and third derivatives, re-
of the reliability of our calculations. spectively, of the pair interaction potentia is the atomic
We now describe the results obtained for solid argon. Irmass.a is the lattice spacing of the primitive cubic cell, and
Fig. 2(a) we show the dependence of the thermal conductivC is a dimensionless constar@ € 8.12 for a LJ fcc solidf).
ity of solid argon on the molar volume at 75 K. The simula- Even though Eq(9) was derived under the assumption that
tions were performed in thRVT ensemble. The results are only three-phonon terms contribute Xo it has been argued
in remarkable agreement with the experimental results ofhat the same expression might account in an effective fash-
Refs. 13 and 14. Differences between MD simulations andon for higher-order phonon scattering processeas,ahd the
experiments are of the order of 20%, which is smaller tharpotential termsp” and ¢ are evaluated at the temperature-
the sum of the MD statistical errors and the experimentabependent equilibrium distance between partittdsstead
error bars. of their zero temperature limit. We confirm that such a
According to Ref. 22, the high-temperature limit of the “quasiharmonic” approximation is indeed an accurate way
thermal conductivity of a cubic crystal with pairwise inter- of accounting for deviations from tHE ! law, due to higher-
actions can be written as order effects, as can be seen in Fig. 2.
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1 T T T T

TABLE II. Comparison of phonon life times in solid argon, and , are
the two components of the heat-current autocorrelation funésea Fig. 3.
Tav IS the average decay time defined in Et0). 7y, and ¢, are phonon

§ lifetimes extracted from kinetic theory and our datg;{) or experimental
= data (re ). All entries are expressed in LJ units, ¢ see the text for the
= definition).

N’

=

/\\ T(K) 71 T2 Tav Tkin Texpt

~~

.2 20 0.34 4.27 2.16 2.33 2.18
=) 50 0.23 1.29 0.46 0.58 0.64
5 70 0.19 0.70 0.28 0.38 0.35

@ t rable weight to the integral of E(3). Yet, one can still

define anaveragedecay time as

Jo(i(Dj(0))dt AkgT? 10
—~ Tav™= "7 A = —
5 \ T ((0)j(0))  3V(j(0)j(0))
é \\ and compare it to the decay time that can be determined
S o = | using kinetic theoryr,;,=1/c, with | given by Eq.(7). Using
DN Noos NS the calculated values for the Debye temperatumg, (
= —  N-256 D™ =85.1 K)'® and the calculated values &f we find thatr,
é v RNy is very similar tor,, (see Table Ii. This suggests that kinetic
= - — -N=1372 \ theory is valid for solid argon, even though with a definition
____ N0 ‘ of the phonon lifetime t,,) which accounts explicitly for the
0.01 . L . : presence of two decay regimes. We notice thatcompares
(b) o 057 . o228 very well also with the phonon lifetime,,,, extracted, using

kinetic theory, from experimental data pfand 6 .** On the
contrary, estimates of the phonon lifetime based on the long-
time decay of the autocorrelation function scattering i
Table 1l) would not be consistent with kinetic theory, asis
systematically larger thamn,, by about a factor of 2.

FIG. 3. Heat autocorrelation functiofe) for different temperatures ard
=108 particles{b) at T=50 K and different cell sizes.

In Fig. 2(b) we show the temperature dependence of the
thermal conductivity. The agreement with experimentaly, syMMARY AND CONCLUSIONS
results$®~1%is remarkable. Notice that points in Fig(b? ob-
tained in theNpT andNVT ensemble agree within the error We have shown that the thermal conductivity of solid
bars. In Fig. 2b) we also show the results of an earlier MD argon in the high-temperatufelassical regime determined
simulation of solid argon? Their results disagree with our through accurate MD simulations with a LJ model and the
MD results as well as with experimental data. The methodGreen—Kubo method is in good agrement with experimental
ology used in Ref. 10 was in principle identical to the onedata. This disproves earlier works where a discrepancy of
used in this work, and the LJ parametrization was also idenabout a factor of 2 was reportéd.
tical to ours. Therefore, we are not in a position to qualify =~ We find that simplified models for the thermal conduc-
possible sources of discrepancy between the two sets of réivity based on the high-temperature limit of the three-
sults. phonon scattering rate?? reproduce our data rather well,

Typical normalized heat current autocorrelation func-including deviations from thd@ ! law, if they are evaluated
tions[the integrand of Eq(3)] are presented in Fig.(8& for in the quasiharmonic approximatidne., at the equilibrium
different temperatures. As expected, the decay of the heablume for any given temperatyre
current autocorrelation function is slower at lower tempera-  We confirm that size effects in the determination of the
ture, because of the reduced number of scattering processeisermal conductivity with the Green—Kubo method are neg-
It is interesting to notice, however, that none of the curvedigible, even for cell sizes much smaller than the phonon
follows a single exponential decdy!® This behavior is il- mean free path.
lustrated in more detail in Fig.(B), where the heat flux In conclusion, our results confirm that the Green—Kubo
autocorrelation function at 50 K is displayed for different approach is a very powerful method to calculate the thermal
sizes of the simulation cell. The decay can be modeled witltonductivity of crystals at high temperature. Concomitantly
a double-exponential function with a faster component fol-with the development of improved interatomic potentials for
lowed by a slower decay. In Table Il we report the values ofthe description of more complex materials, our results sug-
the two characteristic times{ and r,) at different tempera- gest that this approach could soon lead to the prediction of
tures. We remark that both decays contribute with compathermal conductivities in materials where experimental data
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