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Introduction

These notes are a hastily prepared revision of the slides I used to give a series
of six lectures on motives as part of the ICTP Workshop on K-theory and
Motives, May 14-25, 2007. I have also included notes of a second lecture on
pure motives, originally intended as the second lecture in the series, which
was omitted due to time constraints.

Because these notes are essentially the slides of my lectures, I have not
followed the usual style of numbering the various theorems, propositions,
definitions, etc., and all the internal references are accomplished by giving
names (e.g., the PST theorem) to the key results. Also, I did not use internal
citations of the literature, but rather have included a copy of the list of ref-
erence works that I thought would be helpful for the workshop participants.

Finally, I would like to express my heartfelt thanks to the organizers,
Eric Friedlander, 'Remi Kuku and Claudio Pedrini, for putting together a
very useful and interesting workshop, as well as the staff at the ICTP for
their help in making the workshop a very enjoyable experience.

Notation. For a field k, we let Sch; denote the category of separated
schemes of finite type over k, Sm/k the full subcategory of Schy consist-
ing of the smooth, quasi-projective k-schemes, and SmProj/k the smooth,
projective k-schemes.
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Lecture 1

Pure motives

Outline:
e Pre-history of motives
e Adequate equivalence relations
e Weil cohomology

e Grothendieck motives

1 Pre-history of motives

1.1  Part I: Algebraic cycles

X: a scheme of finite type over a field k.

Definition An algebraic cycle on X is Z = Y "\ n;Zj, n; € Z, Z; C X
integral closed subschemes.

Z(X) := the group of algebraic cycles on X.

Z(X) = Z4(X) := ®>02,(X) graded by dimension.

2(X) = 2(X) = ®>02"(X) graded by codimension (for X equi-
dimensional).

1.2 Functoriality

X +— Z,(X) is a covariant functor for proper maps f: X — Y:
f ( )= 0 if dimy, f(Z) < dimy Z
ST R2) R(F(2) - £(2) i dimg f(Z) = dimy Z.

For p : X — Speck projective over k, we have the degree map deg : Zo(X) —
7Z defined by

deg(z) := p«(2) € Zo(Speck) = Z - [Speck] = Z.

X — Z*(X) is a contravariant functor for flat maps f : Y — X:

F(Z) =cye(f7H2) = Y Loy (Oz7) - T;

TCf~Y(2)

the sum is over the irreducible components T of f~1(Z).
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1.3 Intersection theory

Take X smooth, Z, W C X irreducible.
Z and W intersect properly on X: each irreducible component 1" of ZNW
has
codimx T = codimx Z + codimx W.

The intersection product is

ZxW:=> mT:Z-xW)-T.
T

m(T; Z -x W) is Serre’s intersection multiplicity:

i O
m(T;Z -x W)= (~1)"oy . (Tor; *" (071, Owr)).
We extend to cycles Z = >, n;iZ;, W = 3_;m;W; of pure codimension by
linearity.
1.4 Contravariant functoriality

Intersection theory extends flat pull-back to a partially defined pull-back for
f:Y — X in Sm/k:
f(Z) = p1(Ty - p3(2))
I'y CY x X the graph of f, p1: 'y = Y, pa: Y x X — X the projections.
And: a partially defined associative, commutative, unital graded ring
structure on Z*(X) with (when defined)

fr(a-b) = f*(a)- f*(b)
and (the projection formula)
f«(f*(a) - b) = a- fi(b)

for f projective.

1.5 Example: the zeta-function

X: smooth projective over [Fy.

Zx(t) = exp(z #XEer) t").

n
n>1
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Note that
#X(Fgn) = deg(Ax - Ty )

Ax C X x X the diagonal, Frx the Frobenius

Frig(h) == hi.

1.6 Part II: cohomology

WEeil: the singular cohomology of varieties over C should admit a purely
algebraic version, suitable also for varieties over F,.
Grothendieck et al.: étale cohomology with Qy coefficients (¢ # char(k),

k = k) works.
FEzample. The Lefschetz trace formula =

2dx
deg(Ax - Trry) = > (=)' Tr(Fri¥lyix.0,)
i=0

~det(1 —tFrily-(x.0p)
det(1 — tFry|g+x.q,)

Zx(t

Thus: Zx(t) is a rational function with Q-coefficients.
In fact, by the Weil conjectures, the characteristic polynomial

det(l — tFT;(‘Hi()_(,Qg))

has Q (in fact Z) coefficients, independent of £.

However: Serre’s example of an elliptic curve E over F,2 with End(E)q
a quaternion algebra shows: there is no “good” cohomology over F, with
Q-coefficients.

Grothendieck suggested: there is a Q-linear category of “motives” over
k which has the properties of a universal cohomology theory for smooth
projective varieties over k.

This category would explain why the étale cohomology H*(—,Qy) for
different ¢ all yield the same data.

Grothendieck’s idea: make a cohomology theory purely out of algebraic
cycles.



Sixz Lectures on Motives 143

2 Adequate equivalence relations

To make cycles into cohomology, we need to make the pull-back and inter-
section product everywhere defined.

Consider an equivalence relation ~ on Z* for smooth projective varieties:
for each X € SmProj/k a graded quotient Z*(X) — 2% (X).

Definition ~ is an adequate equivalence relation if, for all X, Y € SmProj/k:
1. Given a,b € Z*(X) there is a’ ~ a such that a’ and b intersect properly
on X
2. Given a € Z*(X), b € Z*(X xY') such that pj(a) intersects b properly.
Then
a ~ 0= pa.(pi(a)-b) ~0.

For a field F' (usually Q) make the same definition with Z*(X)r replacing
ZX(X).

2.1 Functoriality

(1) and (2) imply:

e The partially defined intersection product on Z*(X) descend to a well-
defined product on Z* (X).

e Push-forward for projective f : Y — X descends to f, : Z.(Y) —
Z(X)

e Partially defined pull-back for f : ¥ — X descends a well-defined
£ 20(X) = 2L(Y).

We order adequate equivalence relations by ~q~~9 if Z ~1 0 = Z ~45 0:
~1 is finer than ~o.

2.2 Geometric examples

Take Z € 2"(X).
1. Z ~pat 0 if there is a W € 2*(X x P!) with

PL[(X x0— X x00) - W|=Z.

2. Z ~yig 0 if there is a smooth projective curve C' with k-points ¢, ¢’ and
W e Z*(X x C) with

p[(X xe— X xd) - W]=2Z.
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3. Z ~pum 0 if for W € ZdX_”(X) with W -x Z defined,
deg(W -x Z) = 0.

~rat Nalg>’ ~num

(X) = 2%, (X): the Chow ring of X. Write Zpym =

rat

Write CH*(X) := 2%,
Z ete.

rat

~num ?

Remark ~., is the finest adequate equivalence relation ~:
ii. Let f(z) =1-1I, fu (),
ft,(z) € k[z/(z —1)] minimal polynomial of ¢;, normalized by f,(0) = 1.
Then f(0) =0 f(¢;) =1, so

£.00) = Yo malt]) = (0] = (X m (1) ~ 0,

by (2), where n} = [k(t;) : k]n;.
iii. Send x — 1/, get [oo] — (3, nf)[1] ~ 0, so [0] ~ [oc] by (2).
iv. ~opat =~ follows from (2).

Remark ~,,, is the coarsest non-zero adequate equivalence relation ~
(with fixed coefficient field F' D Q).

If ~# 0, then F = 2%(Speck)r — Z% (Speck)p is an isomorphism: if
not, 22 (Speck)r = 0 so

[X]~ = px([Speck].) =0

for all X € SmProj/k. But 7 [X]. acts as id on Z.(X)p.
If Z~0,7ZcCH (X)p and W is in CHX~"(X) then Z-W ~ 0 so

0=px«(Z-W) e 2% (Speck)r = 20 (Speck)r

i.e. Z ~pum 0.

3 Weil cohomology

Smooth, projective varieties over k, SmProj/k, is a symmetric monoidal
category with product = X and symmetry the exchange of factors ¢ : X xj
Y -Y x; X.
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Gr=%Vecy is the tensor category of graded finite dimensional K vector
spaces V = @>oV".
Gr2%eck has tensor ® and symmetry
T(v@w) = (—1)deg”degww Qv
for homogeneous elements v, w.
Definition A Weil cohomology theory over k is a symmetric monoidal func-

tor
H* : SmProj/k? — Gr="Vecy,

K is a field of characteristic 0, satisfying some axioms.
Note: H* monoidal means: H*(X xY) = H*(X) ® H*(Y). Using

§ t H* (X x X) — H*(X)

makes H* a functor to graded-commutative K-algebras.

3.1 The axioms

1. dimg H?(P') = 1. Write V(r) for V @ H*(PH)®~", r € Z.
2. If X has dimension dx, then there is an isomorphism

Try : H* % (X)(dx) — K

such that Trxxy = Trx ® Try and the pairing

HY(X) @ H2X(X)(dy) 25 B2 (X)(dy) 225 K
is a perfect duality.
3. There is for X € SmProj/k a cycle class homomorphism

7k : CH'(X) — H* (X)(r)
compatible with f*, -x and with Trx o fygl(X = deg.

Remarks By (2), H/(X) = 0 for i > 2dy. Also, H’(Speck) = K with
1 =7([Speck]). vx([X]) is the unit in H*(X).
Using Poincaré duality (2), we have f. : H*(X)(dx) — H*T2¢(Y)(dy) for
f: X — Y projective, ¢ = 2dy — 2dx defined as the dual of f*. Trx = px«
By (3), the cycle class maps yx are natural with respect to fi.
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3.2 Correspondences

For a € CH¥™ X+ (X % Y) define:

a, : H*(X) — H(Y)(r)
ax () := p2«(p1+(x) U7(a))).

Example a =Ty for f: Y — X (r=0). a, = f*.
a=Tgforg: X =Y (r=dimY —dimX). a, = f.

3.3 Composition law
Given a € CHY™ X+ (X x V), b € CHI™Y+5(Y x Z) set
boa = pia.(piz(a) - pa3(b)) € CHMM XX x 7).

Then
(boa), = by o ay.

Lemma H!(P!) =0.

Pref. Set = i Speck — Bl B — Speck.
Fid]pl = Ap1 ~rpap 0 X Pl +Pl x 0=

idHl(pl) = Apl*
= (0 x PY), 4 (P! x 0),

But H"(Speck) = 0 for n # 0, so
i* : HY(PY) — H'(Speck); p, : H'(P') — H ! (Speck)(-1)

are zero.
A Weil cohomology H yields an adequate equivalence relation: ~z by

Z~pg0<=~(Z)=0
Note: ~pat >~ >~num-

Lemma ~gg>~p.



Siz Lectures on Motives 147

Take z,y € C(k). p : C — Speck. Then p, = Tr¢ : H*(C)(1) —
H%(Speck) = K is an isomorphism and
Tre(ye(r —y)) = vspeck(P«(z —y)) =0

so yc(z —y) = 0. Promote to ~,j, by naturality of +.
Conjecture: ~yr is independent of the choice of Weil cohomology H.
We write ~g as ~pom-

3.4 Lefschetz trace formula
V = @,V,: a graded K-vector space with dual VvV = ¢,VY, and duality
pairing

<,>y: VeV’ - K

Identify (VV)V =V by <v¥,v>pv = (—1)48v <y, vV>.
Homgvee(V,V) = @, VY, @V, and for f = v ®@v:V — V the graded
trace is
Tryf = <v',v> = (=1)%8%"Y(v).

The graded trace is (—1)" times the usual trace on V.
If W = @,W; is another graded K vector space, identify (VY @ W)V =
V @ WV by the pairing

<0V @w,v@wY> = (—1)dewdesr oV 4> < wV >
Given

¢ € HomGrveC(V, W) cVVeWw
7/) € HomGrVec(I/Va V) C WV RV

get pop W — W.
Let c: WY ®V — V ®@WV be the exchange isomorphism, giving

cW)eVeWw' =V aW)"
Checking on decomposable tensors gives the Lefschetz trace formula (LTF):
Trw(¢oy) = <o, c(Y)>vvew.
Apply the LTF to V =W = H*(X). We have
VY = H"(X)(dx)
© V@ VY =@, H (X) @ H*X"(X)(dyx) = H**(X x X)(dx)
<>y =Trxody : H*X (X x X)(dx) — K
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Theorem (Lefschetz trace formula) Let a,b € 29 (X x X) be corre-
spondences. Then

2dx

deg(a-'0) =Y (=1)'Tr(a. o bu)yari(x)-
i=0

Just apply the LTF to ¢ = a,. = H*(a), ¥ = b, = H*(b) and note: H*
intertwines * and ¢ and deg(a - 'b) = <H*(a), H*("0)> = (x)-

Taking b = Ax gives the Lefschetz fixed point formula.
3.5 Classical Weil cohomology

1. Betti cohomology (K =Q): 0:k — C ~ Hy
Hy ,(X) := H"(X+(C),Q)
2. De Rham cohomology (K = k, for char k = 0):
H;lkR(X) = HEar(Xv Q;{/k)
3. Etale cohomology (K = Qy, ¢ # char k):
H (X))o := Hg (X x5 kP, Qp)
In particular: for each k, there exists a Weil cohomology theory on
SmProj/k.

3.6 An application

Proposition Let F' be a field of characteristic zero. X € SmProj/k. Then
the intersection pairing

x 2 (X)F ®F ZdX_T(X)F — F

num num
s a perfect pairing for all r.

Proof. May assume F' = the coefficient field of a Weil cohomology H*
for k.
HY(X)(r) < Zhom(X)F = Zhum(X)F

so dimp 27 (X)p < 00.
By definition of ~,um, x is non-degenerate; since the factors are finite
dimensional, - x is perfect.



Sixz Lectures on Motives 149

3.7 Matsusaka’s theorem (weak form)
Proposition Z’zlilg(X)Q =2L(X)o = 2L m(X)o-

Proof. Matsusaka’s theorem is Z';lilg(@ =21

num@Q*
But ~alg™ ™~ H > ~num-

4 Grothendieck motives

How to construct the category of motives for an adequate equivalence rela-
tion ~.
4.1 Pseudo-abelian categories

An additive category € is abelian if every morphism f : A — B has a
(categorical) kernel and cokernel, and the canonical map coker(ker f) —
ker(coker f) is always an isomorphism.

An additive category € is pseudo-abelian if every idempotent endomor-
phism p : A — A has a kernel:

A=kerp®kerl —p.

4.2 The pseudo-abelian hull

For an additive category C, there is a universal additive functor to a pseudo-
abelian category 1 : € — G2,
7 has objects (A,p) with p: A — A an idempotent endomorphism,

Home: ((4,p), (B, q)) = qHome(A4, B)p.

and (A) = (A,id), ¥(f) = /.

If @, ® is a tensor category, so is C% with

(A,p) @ (B,q) == (A® B,p® q).

4.3 Correspondences again

The category Cor. (k) has the same objects as SmProj/k. Morphisms (for
X irreducible) are

Homcer. (X,Y) := 29 (X x Y)g
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with composition the composition of correspondences.

In general, take the direct sum over the components of X.

Write X (as an object of Cor.(k)) = h~(X) or just h(X). For f:Y —
X, set h(f) :='T'y. This gives a functor

h~ : SmProj/k°® — Cor. (k).

1. Cor~ (k) is an additive category with hA(X) @ h(Y")
2. Cor. (k) is a tensor category with h(X) ® h(Y)
a€ 29X (X xY)g, be 22X (X x V)

= h(X 1Y)
= h(X xY). For

a®b:=1t"(axb)

with¢: (X X X') x (Y xY') - (X xY) x (X’ xY’) the exchange.
h. is a symmetric monoidal functor.

4.4  Effective pure motives

Definition M (k) := Cor.(k)!. For a field F O Q, set
M (k) = [Cor(k) p]

Explicitly, M (k) has objects (X,a) with X € SmProj/k and a €
24X (X x X)g with a® = « (as correspondence mod ~).

ME (k) is a tensor category with unit 1 = (Speck, [Spec k]).

Set ho(X) := (X,Ax), for f:Y — X, ho(f) :=='Ty.

This gives the symmetric monoidal functor

b~ : SmProj(k)® — M (k).

4.5 Universal property

Theorem Let H be a Weil cohomology on SmProj/k. Then the func-
tor H* : SmProj/k® — Gr=%Vecy eatends to a tensor functor H* :
M (k) — Gr2Vecx making

hom

SmProj/k°P

| T

M (k) 7 Gr=Vecy-.

hom

commute.
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Proof. Extend H* to Corpom (k) by H*(a) = a. for each correspondence
a. Since Gr=%Vecy is pseudo-abelian, H* extends to M (k) = Corpom (k)7

hom
Examples 1. Api ~ P! ® 0+ 0® P! gives
h(PY) = (PL, P! ®0) @ (P!, 0 x P).
The maps i : Speck — P!, p : P! — Speck, give

p* : h(Speck) — h(P')
it - H(P') — h(Speck)

and define an isomorphism
1= (P0xPh).
The remaining factor (P*,P! ® 0) is the Lefschetz motive L.
2. Apn ~ Y0 PP x P*~%. The P! x P~ are orthogonal idempotents so
B(P™) = S1o(P", P x P,
In fact (P", P! x Pn=%) 2 L& g0
h(E") = B L.

3. Let C' be a smooth projective curve with a k-point 0. 0 x C' and C'x 0
are orthogonal idempotents in Cor(C,C). Let a:= Ag —0x C —C x 0 so

H(C) = (C,0 x C) + (C,a) + (C,C x 0) 2 1 & (C,0) B L

Each decomposition of h(X) in Mﬁgm(k;) gives a corresponding decom-

position of H*(X) by using the action of correspondences on H*.
1. The decomposition h(P') = 1 @ L decomposes H*(P!) as H(P!) &
H?(P), with 1 < H°(P!) = K and L « H?(P') = K(—1). Set

p% (P := (P, 0 x PY), h% (P?) := (P, P! x 0)
s0 h(P') = b2 (P') @ b2 (P') and

H* (Bhom (P1)) = H'(P')
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2. The factor (P, P"~% x P*) of [P"] acts by
(P! x P"7%), : H*(P") — H*(P")

which is projection onto the summand H? (P"). Since (P",P? x P"~%) = L%
this gives
H2Z(Pn) ~ K(—Z) ~ H2(IP’1)®i.

Setting hZ(P") := (P", P’ x P"~%) gives
b (P") = ©1LohZ (P"),
with H* (b, (P")) = H" (P").
3. The decomposition h(C) =1 @ (C,a) ® L gives
H*(C)=H°(C)® HY(C)® H*(C) = K ® H'(C) ® K(-1).

Thus we write h*(C) = (C,a), h%(C) = (C,0 x C), h2(C) := (C,C x 0)
and
b~(C) 2 h2(C) & 5.(C) & h2(C).
with H* (b, (C)) = H"(C).
Remark h(C) # 0 iff g(C) > 1. It suffices to take ~= num. Since

dimC x C = 2, it suffices to show hl__(C) # 0 for some classical Weil
cohomology. But then H!(C) = K29.

The decompositions in (1) and (2) are canonical. In (3), this depends
(for e.g ~= rat, but not for ~= hom,num) on the choice of 0 € C'(k) (or
degree 1 cycle 0 € CHy(C)q).

4.6  Grothendieck motives
Definition 1. Cor? (k) has objects h(X)(r), r € Z with
Hommgor (1) (A(X)(r), h(Y)(5)) 1= 2277 (X x V)

with composition as correspondences.

2. M. (k) := Cor? (k)" For a field F > Q, set

M (k)p := [Cor*(k)r|*
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Sending X to h(X) := h(X)(0), f: Y — X to 'T's defines the functor
b~ : SmProj/k® — M. (k).
Examples 1. 0 € Z!(P!) gives a map ig : 1(—1) — h(P!), identifying
1(-1) = L.

2. 1(—r) 2L, so h(P") =2 @ 1(—r) and h?"(P") = 1(—r)
3. For C a curve, h°(C) =1, h?(C) = 1(-1).

4. The objects h(X)(r) are not in M (k) for r > 0.

For r < 0 h(X)(r) 2 h(X) @ L*".

4.7 Inverting L
Sending (X, a) € M (k) to (X,0,a) € M.(k) defines a full embedding
i: M (k) — M._(k).

Since i(IL) 2 1(—1), the functor ®L on M (k) has inverse ®1(1) on M- (k).
(X,r,a) = (X,0,0) @ 1(r) ®i(X,a) @ L&,
Thus M. (k) = M (k)[(- @ L)1

4.8 Universal property

Let GrVeck be the tensor category of finite dimensional graded K vector
spaces.

Theorem Let H be a Weil cohomology on SmProj/k. Then the func-
tor H* : SmProj/k? — Gr=%Vecy eatends to a tensor functor H* :
Myom (k) — GrVecg making

SmProj/k°P
|
Mhom (k) o GI"VGCK.

commaute.
Proof. Extend H* to H* : Corj}, (k) — GrVeck by
HY(X,r) i= H'(X)(r), H"(a) = a.

for each correspondence a. Since GrVecg is pseudo-abelian, H* extends to
the category Myom (k) = Corf, (k)%
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4.9 Duality
Why extend M (k) to M(k)? In M(k), each object has a dual:

(Xa T, a)V = (X7 dx — T, ta)
The diagonal Ax yields

ox : 1 — h(X x X)(dx)
ex :H(X)(r)" @ b(X)(r)

(X)(r) ® b(X)(r)"

=bh
= B(X x X)(dy) — 1

with composition
h(X)(r) = 1@ b(X) 22 h(X)(r) © HX)(r)Y © H(X)(r)

MBS h(X)(r) ® 1 = h(X)

the identity.
This yields a natural isomorphism

Hom(A ® h(X)(r), B) = Hom(A, B ® h(X)(r)")
by sending f: A® h(X)(r) — B to
A=A®12% A0 hX)(r) @bX) ()Y L2% Beh(x)er)Y

The inverse is similar, using e.
This extends to objects (X, 7, a) by projecting. A — (AY)Y = A is the
identity.

Theorem M. (k) is a rigid tensor category. For ~= hom, the functor H*
18 compatible with duals.

4.10 Chow motives and numerical motives

If ~>~, the surjection Z. — Z yields functors Cor.(k) — Corx(k),
Cor?, (k) — CorL (k) and thus

M (k) — M (k); Mo(k) — Mx(F).

Thus the category of pure motives with the most information is for the
finest equivalence relation ~= rat. Write

CHM (k)p := Mot (k) F
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For example Home gz (1, H(X) (7)) = CH"(X).
The coarsest equivalence is ~yym, 80 Myum (k) should be the most simple
category of motives.

Set NM (k) := Muum (k), NM(k)p := Myum (k) p-

4.11 Jannsen’s semi-simplicity theorem

Theorem (Jannsen) Fix F a field, charF = 0. NM (k) is a semi-simple
abelian category. If M. (k)p is semi-simple abelian, then ~=ryum.

Proof. d := dx. We show Endy (), (h(X)) = 28,,(X?)F is a finite
dimensional semi-simple F-algebra for all X € SmProj/k. We may extend
F, so can assume F' = K is the coefficient field for a Weil cohomology on
SmProj/k.

Consider the surjection 7 : Zﬁom
finite dimensional, so 24, (X?)F is finite dimensional.

Also, the radical N of 2 _(X?)p is nilpotent and it suffices to show that
m(N) =0.

Take f € N. Then folgisin N for all g € Z¢ (X?)p, and thus f oty

hom

(X)p — 24 (XDp. 28 (X?)p is

hom

is nilpotent. Therefore
Tr(H*(fo'g)) =Tr(H (fo'g) =0.
By the LTF
deg(f -g) =Tr(H"(fo'g)) —Tr(H (fo'g)) =0
hence f ~uum 0, i.e., 7(f) = 0.

4.12 Chow motives

CHM (k)r has a nice universal property extending the one we have already
described:

Theorem Giving a Weil cohomology theory H* on SmProj/k with coeffi-
cient field K O F is equivalent to giving a tensor functor

H*: CHM(k)r — GrVeck

with H (1(—1)) = 0 for i # 2.
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“Weil cohomology” ~~ H* because ~yat>~pg.

H* ~» Weil cohomology: 1(—1) is invertible and H*(1(—1)) = 0 for i # 2
— H?*(P') > K.

H(X)V =h(X)(dx) ~ H*(h(X)) is supported in degrees [0, 2dx]

Rigidity of CHM (k)p ~~ Poincaré duality.

4.13 Adequate equivalence relations revisited

Definition Let € be an additive category. The Kelly radical R is the col-
lection

R(X,Y) :={f € Home(X,Y) | Vg € Home(Y, X),1 — gf is invertible}
R forms an ideal in € (subgroups of Home(X,Y') closed under og, go).
Lemma C — C/R is conservative, and R is the largest such ideal.

Remark If J C C is an ideal such that J(X, X) is a nil-ideal in End(X) for
all X, then J C R.

Definition (C,®) a tensor category. A ideal J in Cis a ® ideal if f € I,
geC= frgel

€ — @€/J is a tensor functor iff J is a tensor ideal. R is not in general a
® ideal.

Theorem There is a 1-1 correspondence between adequate equivalence re-
lations on SmProj/k and proper @ ideals in
CHM (k)r: Mo(k)r := (CHM(k)p/3-)".

In particular: Let N C CHM (k)qg be the tensor ideal defined by numer-
ical equivalence. Then N is the largest proper ® ideal in CHM (k)q.
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Lecture 11
Mixed motives: conjectures and
constructions

Outline:

e Mixed motives
e Triangulated categories

e Geometric motives

1 Mixed motives

1.1 Why mixed motives?

Pure motives describe the cohomology of smooth projective varieties
Mixed motives should describe the cohomology of arbitrary varieties.
Weil cohomology is replaced by Bloch-Ogus cohomology: Mayer-Vietoris

for open covers and a purity isomorphism for cohomology with supports.

1.2 An analog: Hodge structures

The cohomology H™ of a smooth projective variety over C has a natural
pure Hodge structure.

Deligne gave the cohomology of an arbitrary variety over C a natural
mized Hodge structure.

The category of (polarizable) pure Hodge structures is a semi-simple
abelian rigid tensor category. The category of (polarizable) mixed Hodge
structures is an abelian rigid tensor category, but has non-trivial extensions.
The semi-simple objects in MHS are the pure Hodge structures.

MHS has a natural exact finite weight filtration W, M on each object M,
with graded pieces gr!¥ M pure Hodge structures.

There is a functor

RHdg : Sch¥ — D*(MHS)

with R"Hdg(X) = H™(X) with its MHS, lifting the singular cochain com-
plex functor
C*(—,Z) : Sch® — D°(Ab).
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In addition, all natural maps involving the cohomology of X: pull-back,
proper pushforward, boundary maps in local cohomology or Mayer-Vietoris
sequences, are maps of MHS.

1.3 Beilinson’s conjectures

Beilinson conjectured that the semi-simple abelian category of pure motives
Mpom(k)g should admit a full embedding as the semi-simple objects in an
abelian rigid tensor category of mized motives M M (k).

MM (k) should have the following structures and properties:

e a natural finite exact weight filtration W,M on each M with graded
pieces gr!V M pure motives.

e For 0 : k — C a realization functor R, : MM (k) — M HS compatible
with all the structures.

e A functor Rb : Sch)® — D(M M (k)) such that R, (R"h(X)) is H"(X)
as a MHS.

e A natural isomorphism (Q(n)[2n] = 1(n))

Hom i (s (k) (@ RO(X) (@) [p]) = Ko (X),

in particular Extﬁ/[M(k)(Q, Q(q)) = KQ(Z)_p(k:).
e All “universal properties” of the cohomology of algebraic varieties
should be reflected by identities in D?(M M (k)) of the objects Rh(X).

1.4 Motivic sheaves

In fact, Beilinson views the above picture as only the story over the generic
point Spec k.

He conjectured further that there should be a system of categories of
“motivic sheaves”

S+— MM(S)

together with functors Rf,, f*, f' and Rfi, as well as Hom and ®, all
satisfying the yoga of Grothendieck’s six operations for the categories of
sheaves for the étale topology.

1.5 A partial success

The categories MM (k), M M (S) have not been constructed.
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However, there are now a number of (equivalent) constructions of trian-
gulated tensor categories that satisfy all the structural properties expected
of the derived categories D®(M M (k)) and D?(M M (S)), except those which
exhibit these as a derived category of an abelian category (¢-structure).

There are at present various attempts to extend this to the triangulated
version of Beilinson’s vision of motivic sheaves over a base S.

We give a discussion of the construction of various versions of triangu-
lated categories of mixed motives over k due to Voevodsky.

2 Triangulated categories

2.1 Translations and triangles

A translation on an additive category A is an equivalence T : A — A. We
write X[1] := T(X).

Let A be an additive category with translation. A triangle
(X,Y,Z,a,b,c) in A is the sequence of maps

x5y bz xn.
A morphism of triangles
(f? 97 h) : (X7 Y7 Z? a? b? C) - (X/7 Yl? Z/7 al? b/7 C/)

is a commutative diagram

X .y Y.z <, X
1o )
X —— Y —— 2 —— X[l]

Verdier has defined a triangulated category as an additive category A with
translation, together with a collection £ of triangles, called the distinguished
triangles of A, which satisfy:

TR1
€ is closed under isomorphism of triangles.

AL Aa—0— A[1] is distinguished.
Each X % Y extends to a distinguished triangle

X35Y - 27— X[
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TR2
X5y 5 7z 25 X[1] is distinguished

o v 2z xn] 2 vy is distinguished

TR3
Given a commutative diagram with distinguished rows
X -y 21— 7z 2 X[1]

A

X' Y 7! X'[1]

u! v’

there exists a morphism h : Z — Z’ such that (f,g,h) is a morphism of

triangles:
X v 2 7 2 X[
I
X' - Y’ - z' ; X'[1]
TR4

If we have three distinguished triangles (X,Y, Z’ u,i,%), (Y, Z, X', v,*,7),
and (X, Z,Y', w, %, *), with w = vowu, then there are morphisms f : 7' — Y/,
g:Y" — X' such that

e (idx,v, f) is a morphism of triangles
e (u,idz,g) is a morphism of triangles
o (Z.Y' X' f,g,i[1] 0 j) is a distinguished triangle.

A graded functor F' : A — B of triangulated categories is called exact if
F takes distinguished triangles in A to distinguished triangles in B.

Remark Suppose (A, T, €) satisfies (TR1), (TR2) and (TR3). If (X, Y, Z,a,b, )
isin &, and A is an object of A, then the sequences

Aty Hom 4 (A, X) £ Hom4(A,Y) LN

Hom 4 (A, Z) <5 Homy (A, X[1]) oltl
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and
L Hom 4(X[1], A) <, Homy(Z, A) AN
Hom4(Y, A) <, Hom 4 (X, A) A
are exact.

This yields:

e (five-lemma): If (f, g, h) is a morphism of triangles in &, and if two of
f,g,h are isomorphisms, then so is the third.

o If (X,Y,Z,a,b,c) and (X,Y, 7' a,l/,c) are two triangles in €, there is
an isomorphism h : Z — Z’ such that

(idx,idy,h) : (X,Y, Z,a,b,c) — (X,Y, Z' a,V, )
is an isomorphism of triangles.
If (TR4) holds as well, then € is closed under taking finite direct sums.
2.2 The main point
A triangulated category is a machine for generating natural long exact se-

quences.

2.3 An example

?

Let A be an additive category, C"(A) the category of cohomological com-
plexes (with boundedness condition ? = (}, +, —, b), and K’ (A) the homotopy
category.

For a complex (A,d4), let A[1] be the complex

A" = AL 2[1} = —dTrl.
For a map of complexes f: A — B, we have the cone sequence
AL B L Cone(f) 2 A[]
where Cone(f) := A" & B™ with differential
d(a,b) := (=da(a), f(a) + dp(b))

i and p are the evident inclusions and projections.
We make K’(A) a triangulated category by declaring a triangle to be
exact if it is isomorphic to the image of a cone sequence.
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2.4 Tensor structure

Definition Suppose A is both a triangulated category and a tensor category
(with tensor operation ®) such that (X ® Y)[1] = X[1]® Y.

Suppose that, for each distinguished triangle (X,Y, Z,a,b,c), and each
W € A, the sequence

Xeow LW, yay W, zow EW, ¥ W = (X @ W)[]
is a distinguished triangle. Then A is a triangulated tensor category.

Example If A is a tensor category, then K’ (A) inherits a tensor structure,
by the usual tensor product of complexes, and becomes a triangulated tensor
category. (For ? = (), A must admit infinite direct sums).

2.5 Thick subcategories

Definition A full triangulated subcategory B of a triangulated category A
is thick if B is closed under taking direct summands.

If B is a thick subcategory of A, the set of morphisms s : X — Y in A
which fit into a distinguished triangle X % Y — Z — X[1] with Z in B
forms a saturated multiplicative system of morphisms.

The intersection of thick subcategories of A is a thick subcategory of A,
So, for each set T of objects of A, there is a smallest thick subcategory B
containing 7, called the thick subcategory generated by 7.

Remark The original definition (Verdier) of a thick subcategory had the
condition:

Let X LY — 27— X[1] be a distinguished triangle in A, with Z in B.
If f factors as X I B 2y with B in B, then X and Y are in B.

This is equivalent to the condition given above, that B is closed under
direct summands in A (¢f. Rickard).

2.6 Localization of triangulated categories

Let B be a thick subcategory of a triangulated category A. Let S be the
saturated multiplicative system of map A - B with “cone” in ‘B.
Form the category A[$7!] = A/B with the same objects as A, with

Homyg-1)(X,Y) = lim  Homgx(X',Y).
s: X'—-Xe8
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Composition of diagrams

Y —Z
lt
!/ >
X

is defined by filling in the middle
! g

X' ==Y —=>Z

!/ >
)j fY
X.

One can describe Hom 45-1(X, Y’) by a calculus of left fractions as well, i.e.,

Homys-1)(X,Y) = lim Homa(X, Y').
s:Y—=Y'e8§

Let Q3 : A — A/B be the canonical functor.

Theorem (Verdier) (i) A/B is a triangulated category, where a triangle
T in A/B is distinguished if T is isomorphic to the image under Qs of a
distinguished triangle in A.

(i) The functor Qg is universal for exact functors F: A — C such that
F(B) is isomorphic to 0 for all B in B.

(iii) 8 is equal to the collection of maps in A which become isomorphisms
in A/B and B is the subcategory of objects of A which becomes isomorphic
to zero in A/B.

Remark If A admits some infinite direct sums, it is sometimes better to
preserve this property. A subcategory B of A is called localizing if B is thick
and is closed under direct sums which exist in A.

For instance, if A admits arbitrary direct sums and B is a localizing
subcategory, then A/B also admits arbitrary direct sums.

Localization with respect to localizing subcategories has been studied by
Thomason and by Ne’eman.
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2.7 Localization of triangulated tensor categories

If A is a triangulated tensor category, and B a thick subcategory, call B a
thick tensor subcategory if A in A and B in B implies that AQ B and B® A
are in B.

The quotient Q3 : A — A/B of A by a thick tensor subcategory inherits
the tensor structure, and the distinguished triangles are preserved by tensor
product with an object.

Example The classical example is the derived category D?(A) of an abelian
category A. D’(A) is the localization of K’(A) with respect to the multi-
plicative system of quasi-isomorphisms f : A — B, i.e., f which induce
isomorphisms H"(f) : H"(A) — H™(B) for all n.

If A is an abelian tensor category, then D~ (A) inherits a tensor structure
®@L if each object A of A admits a surjection P — A where P is flat, i.e.
M — M ® P is an exact functor on A. If each A admits a finite flat
(right) resolution, then D?(A) has a tensor structure @ as well. The tensor
structure ®% is given by forming for each A € K’ (A) a quasi-isomorphism
P — A with P a complex of flat objects in A, and defining

Al B:=Tot(P ® B).

3 Geometric motives

Voevodsky constructs a number of categories: the category of geometric mo-
tives D Mgym (k) with its effective subcategory DMgerfrfl(k), as well as a sheaf-
theoretic construction DM, containing DMgeffl(k) as a full dense subcate-
gory. In contrast to many earlier constructions, these are based on homology
rather than cohomology as the starting point, in particular, the motives
functor from Sm/k to these categories is covariant.

3.1 Finite correspondences

To solve the problem of the partially defined composition of correspondences,
Voevodsky introduces the notion of finite correspondences, for which all
compositions are defined.

Definition Let X and Y be in Schy. The group ¢(X,Y") is the subgroup of
2(X %1 Y) generated by integral closed subschemes W C X x Y such that
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1. the projection p; : W — X is finite
2. the image p1 (W) C X is an irreducible component of X.
The elements of ¢(X,Y") are called the finite correspondences from X to Y.

The following basic lemma is easy to prove:

Lemma Let X, Y and Z be in Schy,, W € ¢(X,Y), W € (Y, Z). Suppose
that X and Y are irreducible. Then each irreducible component C of |W| x
ZNX x|W'| is finite over X and px(C) = X.

Thus: for W € ¢(X,Y), W' € ¢(Y, Z), we have the composition:
W' oW = pxz.(pky (W) - py (W),
This operation yields an associative bilinear composition law

o:¢(Y,Z) x ¢(X,Y) — (X, 2).

3.2 The category of finite correspondences

Definition The category Corgy, (k) is the category with the same objects as
Sm/k, with
Homcop,, (k) (X,Y) :=c(X,Y),

and with the composition as defined above.

Remarks (1) We have the functor Sm/k — Corgy (k) sending
a morphism f: X — Y in Sm/k to the graph I'y C X x; Y.

(2) We write the morphism corresponding to I'y as f,, and the object
corresponding to X € Sm/k as [X].

(3) The operation xj, (on smooth k-schemes and on cycles) makes Corgy, (k)
a tensor category. Thus, the bounded homotopy category K°(Corg,(k)) is a
triangulated tensor category.

3.3 The category of effective geometric motives

—— eff
Definition The category DMZm(k‘) is the localization of K?(Corg,(k)), as
a triangulated tensor category, by
e Homotopy. For X € Sm/k, invert p, : [X x Al] — [X]
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o Mayer-Vietoris. Let X be in Sm/k. Write X as a union of Zariski
open subschemes U, V: X =U U V.
We have the canonical map

Cone([U N V] (Ju,unvs—Jv,unvs) U] e [V]) (Gustivse) X]

since (jus + jvs) © (Ju.unvs, —jv.unvs) = 0. Invert this map.
The category DMggl(k) of effective geometric motives is the pseudo-

abelian hull of DM Zifn(k:) (Balmer-Schlichting).

3.4 The motive of a smooth variety

Let Mgm(X) be the image of [X] in DM (k). Sending f : X — Y to
Mg, (f) := [I'f] = fs defines

M - Sm/k — DM (k).

Remark DMgerffl(k) is modeled on homology, so Mgfrfl is a covariant functor.
In fact, Mgerffl is a symmetric monoidal functor.

3.5 The category of geometric motives

To define the category of geometric motives we invert the Lefschetz motive.
For X € Smy, the reduced motive (in C®(Corgy,(k))) is

[X] := Cone(py : [X] — [Speck])[—1].
If X has a k-point 0 € X (k), then pio« = idjgpeck) SO
[X] = [X] @ [SpecH]

and

[X] = Cone(igs : [Speck] — [X])
in K°(Corgy (k).
Write Mg (X) for the image of [/)\(/] in MH (k).

Set Z(1) := MZE(P!)[—2], and set Z(n) := Z(1)®™ for n > 0.
Thus Mgerffl(IP’l) =7Z®Z(1)[2], Z := Mg (Speck) = Z(0). So Z(1)[2] is
like the Lefschetz motive.
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Definition The category of geometric motives, D Mgy (k), is defined by in-
verting the functor ®Z(1) on DMgerfrfl(k), ie, forr,se€Z, M,N € DMgerffl(k),

Hom p g, (k) (M(r), N(s)) := lim HomDMgegf,(k)(M RZ(n+1),NRZn+s)).
Remark Inorder that D Mgy, (k) be again a triangulated category, it suffices

that the commutativity involution Z(1)®Z(1) — Z(1)®Z(1) be the identity,
which is in fact the case.

Of course, there arises the question of the behavior of the evident functor
DM (k) — D Mgy (k).
Here we have Voevodsky’s cancellation theorem:

Theorem (Cancellation) The functori : DMgfrfl(k‘) — DM (k) is a fully
faithful embedding.

Let Mg : Sm/k — D Mgy (k) be io Mgrfrfl. Mg (X) is the motive of X.

Remark We will see later that, just as for M. (k), DMgn(k) is a rigid
tensor (triangulated) category: we invert Z(1) so that every object has a
dual.

4 Elementary constructions in DMgfl(k)

4.1 Motivic cohomology
Definition For X € Sm/k, q € Z, set

HP(X,Z(q)) = HomDMgm(k)(Mgm(X), Z(q)[p)).

Compare with CH"(X) = Home gy (1(—7),h(X)). In fact, for all
X € Sm/k, there is a natural isomorphism

CH"(X) = Homg g prey (L(—=7), h(X))
= Hompg,,, (k) (Mgm (X), Z(r)[2r]) = H*" (X, Z(r)).

In particular, sending h(X) to Mgy (X) for X € SmProj/k gives a full
embedding
CHM ()P < D Mgy (k)
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4.2 Products

Define the cup product
H(X,Z(q)) ® H” (X, Z(¢)) — H"7' (X, Z(q + ')

by sending a ® b to

Mg (X) %> Mg (X) @ Mg (X) 2% Z(q)[p) @ Z(d) ] = Zlg + ¢)p + 1'].

This makes &, ,HP(X,Z(q)) a graded commutative ring with unit 1 the map
Mg (X) — Z induced by px : X — Speck.

4.3 Homotopy property

Applying Hompay,,, (—, Z(q)[p]) to the isomorphism
De t Mgm (X x Al) — My, (X) gives the homotopy property for H*(—, Z(x)):

p* HP(X,Z(q)) = HP(X x Al Z(q)).

4.4 Mayer-Vietoris

For U,V C X open subschemes we can apply the functor Hompayz,,, (—, Z(q)[p])
to the distinguished triangle

Mo (UNV) = Mg(U) ® Mgm(V) = Mg (UUV) — Mg (UNV)[1].
This gives the Mayer-Vietoris exact sequence for H*(—, Z(x)):

... — HY U UV, Z(q)) — HP(UNV,Z(q))
— HP(U,Z(q)) ® H"(V,Z(q)) — H*(U UV, Z(q)) — ...

4.5 Chern classes of line bundles

For each n, let T',, be the cycle on P" x P! defined by the bi-homogeneous
equation

n . .
> XTI
1=0

where X, ..., X, are homogeneous coordinates on P" and Tp, T} are homo-
geneous coordinates on P!,
Let v, : =T —n-P" x o0.
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Then =, is finite over P”, so defines an element
Yn € Homcorﬁn(k)(]P’", IP’l).
In fact p, 0y, = 0, p : P! — Spec k the projection, so we have
[yn] € Homgorg, (1) (P, Z(1)[2]).

Definition Let L — X be a line bundle on X € Smy. Suppose that L is
generated by n+1 global sections fo, ..., fo;let f:=(fo:...: fn): X — P
be the resulting morphism.

We let

en(L) € HA(X, Z(1)) := Hom e g (Mo (X), Z(1)[2
be the element [v,] o f

Proposition For X € Sm/k, sending L to c1(L) extends to a well-defined
homomorphism
c1 : Pie(X) — H*(X,Z(1)).

¢y is natural: ¢1(L) o g« = c1(9*L) for g: Y — X in Sm/k

There are of course a number of things to check, mainly that ¢i(L) is
independent of the choice of generating sections fy, ..., fn, and that ¢ (L ®
M) = c1(L) + c1(M) when L and M are globally generated. These follow
by explicit A'-homotopies relating the representing cycles.

4.6 Weighted spheres

Before we compute the motive of P, we need:

Lemma There is a canonical isomorphism
Mg (A" \ 0) — Z(n)[2n — 1] ® Z.

Proof. For n =1, we have Mg, (P') = Z ® Z(1)[2], by definition of Z(1).
The Mayer-Vietoris distinguished triangle

Mgm(Al \0) — Mgm(Al) ©® Mgm(Al) - Mgm(Pl) - Mgm(Al \ 0)[1]

defines an isomorphism ¢ : Mgy, (A \ 0) — Z(1)[1] & Z.
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For general n, write A"\ 0 = A"\ A"~ U A"\ Al. By induction, Mayer-
Vietoris and homotopy invariance, this gives the distinguished triangle

(Z()[1]®2Z)® (Z(n—1)2n — 3| B Z)
—(Z)]ezZ)® (Z(n—1)[2n—-3] B Z)
— Mgm(A"™\ 0)

— (Z)[1]®Z)® (Z(n—1)[2n — 3] ® Z)[1]

yielding the result.

4.7 Projective bundle formula

Let £ — X be a rank n + 1 vector bundle over X € Sm/k, ¢ : P(E) — X
the resulting P*~! bundle, O(1) the tautological quotient bundle.
Define aj : Mg (P(E)) — Mgm(X)(5)[24] by

My (B(E)) & My (B(E)) © My (P(E)) 2220,

Mg (X)(5) (2]
Theorem ©7_ga; : Mgm(P(E)) — ©7_qMem(X)(j)[24] is an isomorphism.

Proof. The map is natural in X. Mayer-Vietoris reduces to the case of a
trivial bundle, then to the case X = Speck, so we need to prove:

Lemma ©7_qo; 1 Mem(P") — ®7_Z(4)[2]] is an isomorphism.

Proof. Write P" = A" U (P™ \ 0). Mgy (A™) =Z. P*\ 0 is an A! bundle
over P71 so induction gives

Mg (P \ 0) = ©723 Z(3) [24].

Also Mg (A" \ 0) = Z(n)[2n — 1] & Z.
The Mayer-Vietoris distinguished triangle

Mg (A" \ 0) = Mg (A") @ Mgm (P \ 0) — Mgm (P") — Mg (A™ \ 0)[1]

gives the result.
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4.8 The end of the road?

It is difficult to go much further using only the techniques of geometry and
homological algebra.
One would like to have:

e A Gysin isomorphism

e A computation of the morphisms in DMggl(k‘) as algebraic cycles.
Voevodsky achieves this by viewing DMgerffl(k) as a subcategory of a de-

rived category of “Nisnevich sheaves with transfer”.

Lecture 111
Motivic sheaves

Outline:

Sites and sheaves

Categories of motivic complexes

The Suslin complex

e The main results: the localization and embedding theorems

1 Sites and sheaves

We give a quick review of the theory of sheaves on a Grothendieck site.

1.1 Presheaves

A presheaf P on a small category € with values in a category A is a functor
P:C% — A.

Morphisms of presheaves are natural transformations of functors. This de-
fines the category of A-valued presheaves on @, PreShv(C).

Remark We require C to be small so that the collection of natural trans-
formations ¢ : F' — G, for presheaves F, G, form a set. It would suffice that
C be essentially small (the collection of isomorphism classes of objects form
a set).
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1.2 Structural results

Theorem (1) If A is an abelian category, then so is PreShv*(C), with
kernel and cokernel defined objectwise: For f: F — G,

ker(f)(x) = ker(f(z) : F(x) — G(x));
coker(f)(z) = coker(f(x) : F(z) — G(x)).

(2) For A = Ab, PreShvAP(C) has enough injectives.

The second part is proved by using a result of Grothendieck, noting that
the abelian category PreShvAP(C) has the set of generators {Zx | X € €},
where Zx (Y') is the free abelian group on Home(Y, X).

1.3 Pre-topologies

Definition Let C be a category. A Grothendieck pre-topology T on € is given
by defining, for X € €, a collection Cov,(X) of covering families of X: a
covering family of X is a set of morphisms {f, : Uy, — X} in C. These
satisfy:

Al. {idx} is in Cov,(X) for each X € C.

A2. For {fo : Uy — X} € Cov,(X) and ¢ : Y — X a morphism in C,
the fiber products U, x x Y all exist and {p2 : Uy xx Y — Y} is in Cov,(Y).

A3. If {fo : Uy — X} is in Cov(X) and if {gag : Vap — Ua} is in
Cov,(Uy) for each a, then {fq 0 gop : Vag — X} is in Cov,(X).

A category with a (pre) topology is a site

1.4 Sheaves on a site

For S presheaf of abelian groups on € and {f, : U, — X} € Cov,(X) for
some X € €, we have the “restriction” morphisms

fo:8(X) —
pT,a,ﬁ : S(Ua)
p;,aﬂ : S(Uﬁ)

Taking products, we have the sequence of abelian groups

S(Ua)
— S(Ua Xx Ug)
— S(Ua XX Ug).

0— S(X) % HS(UQ) Hp1,a,ﬁ_np2,aﬁ HS(Ua X x UIB) (1)
@ a,
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Definition A presheaf S is a sheaf for 7 if for each covering family {f, :
Uy, — X} € Cov,, the sequence (1) is exact. The category ShvAP(C) of
sheaves of abelian groups on € for 7 is the full subcategory of PreShvP(@)
with objects the sheaves.

Proposition (1) The inclusion i : ShvAP(C) — PreShvAP(C) admits a left
adjoint: “sheafification”.

(2) ShvAP(@) is an abelian category: For f : F — G, ker(f) is the
presheaf kernel. coker(f) is the sheafification of the presheaf cokernel.

(3) Shv2AP (@) has enough injectives.

2 Categories of motivic complexes

Nisnevich sheaves. The sheaf-theoretic construction of mixed motives is
based on the notion of a Nisnevich sheaf with transfer.

Definition Let X be a k-scheme of finite type. A Nisnevich cover U — X
is an étale morphism of finite type such that, for each finitely generated field
extension F' of k, the map on F-valued points U(F') — X (F) is surjective.

Using Nisnevich covers as covering families gives us the small Nisnevich
site on X, Xnis- The big Nisnevich site over k, with underlying category
Sm/k, is defined similarly.

Notation Sh™NS(X) := Nisnevich sheaves of abelian groups on X,
ShMis(k) := Nisnevich sheaves of abelian groups on Sm/k

For a presheaf ¥ on Sm/k or Xyjs, we let Fyjs denote the associated
sheaf.

For a category €, we have the category of presheaves of abelian groups
on C, i.e., the category of functors C°°? — Ab.

Definition (1) The category PST(k) of presheaves with transfer is the cat-
egory of presheaves of abelian groups on Corgy(k) which are additive as
functors Corgy (k)P — Ab.

(2) The category Sh™'(Corg,(k)), of Nisnevich sheaves with transfer on
Sm/k, is the full subcategory of PST (k) with objects those F' such that, for
each X € Sm/k, the restriction of F' to Xyjs is a sheaf.

Remark A PST F is a presheaf on Sm/k together with transfer maps
Tr(a) : F(Y) — F(X)
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for every finite correspondence a € Corg,(X,Y), with:
Tr(I'y) = f*, Tr(aob) = Tr(b) o Tr(a), Tr(a = b) = Tr(a) £ Tr(b).

Definition Let F' be a presheaf of abelian groups on Sm/k. We call F
homotopy invariant if for all X € Sm/k, the map

p* i F(X) — F(X x AY)

is an isomorphism.
We call F strictly homotopy invariant if for all ¢ > 0, the cohomology
presheaf X — HY(Xyjis, FNis) is homotopy invariant.

Theorem (PST) Let F' be a homotopy invariant PST on Sm/k. Then
(1) The cohomology presheaves X — H9%(Xnis, Fis) are PST’s
(2) Fis is strictly homotopy invariant.
(3) Fzar = Fyis and Hq(XZara FZar) = Hq(XNis,FNis)-

Remarks (1) uses the fact that for finite map Z — X with X Hensel local
and Z irreducible, Z is also Hensel local. (2) and (3) rely on Voevodsky’s
generalization of Quillen’s proof of Gersten’s conjecture, viewed as a “moving
lemma using transfers”. For example:

Lemma (Voevodsky’s moving lemma) Let X be in Sm/k, S a finite
set of points of X, juy : U — X an open subscheme. Then there is an open
neighborhood jy : V. — X of S in X and a finite correspondence a € c¢(V,U)
such that, for all homotopy invariant PST’s F, the diagram

i

F(X) = F(U)

7 \L Tr(a)

commutes.

One consequence of the lemma is
(1) If X is semi-local, then F'(X) — F(U) is a split injection.

Variations on this construction prove:
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(2) If X is semi-local and smooth then F(X) = Fy,,(X) and H"(Xzar, Fzar) =
0 for n > 0.

(3) If U is an open subset of AL, then Fz,(U) = F(U) and H"(U, Fzs;) =0
for n > 0.

(4) If j : U — X has complement a smooth k-scheme i : Z — X, then
cokerF(Xzar) — j«F(Uzar)
(as a sheaf on Zz,,) depends only on the Nisnevich neighborhood of Z in X.

(1)-(4) together with some cohomological techniques prove the theorem.

2.1 The category of motivic complexes

Definition Inside the derived category D~ (Sh™S(Corgy(k))), we have the
full subcategory DM (k) consisting of complexes whose cohomology sheaves
are homotopy invariant.

Proposition DM (k) is a triangulated subcategory of D~ (Sh™®(Corgy (k))).

This follows from

Lemma Let HI(k) C Sh™N'(Corgy, (k)) be the full subcategory of homotopy
invariant sheaves. Then HI(k) is an abelian subcategory of ShMis(Corg, (k)),
closed under extensions in Sh™®(Corgy (k)).

Proof 1 (Proof of the lemma.) Given f : FF — G in HI(k), ker(f) is
the presheaf kernel, hence in HI(k). The presheaf coker(f) is homotopy
invariant, so by the PST theorem coker(f)nis is homotopy invariant.

To show HI(k) is closed under extensions: Given 0 = A — E — B — 0

exact in ShN®(Corg, (k)) with A, B € HI(k), consider p : X x Al — X. The
PST theorem implies R'p,A = 0, so
0— pA—pE—p,B—0

is exact as sheaves on X. Thus p,F = F, so E is homotopy invariant.
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3 The Suslin complex

3.1 The Suslin complex
Let A™ := Specklto, ... tn]/ Y i gti — 1.
n +— A" defines the cosimplicial k-scheme A*, where the coface maps
5+ A" — AL
are d;(ag,...,an) == (ag,...,ai-1,0,a;,...,a,).
Definition Let F' be a presheaf on Corg, (k). Define the presheaf C,,(F') by
Cp(F)(X) := F(X x A™)
The Suslin complex Ci(F) is the complex with differential
dp =Y (=1)'6] : Cu(F) = Cpa(F).
For X € Sm/k, let C(X) be the complex of sheaves C,,(X)(U) := Corg, (U X
A" X).

Remarks (1) If F' is a sheaf with transfers on Sm/k, then C.(F) is a
complex of sheaves with transfers.

(2) The homology presheaves h;(F) := H~(C,(F)) are homotopy invari-
ant. Thus, by Voevodsky’s PST theorem, the associated Nisnevich sheaves
hNS(F) are strictly homotopy invariant. We thus have the functor

C, : ShN®(Corgy, (k)) — DME(E).

(3) For X in Schy, we have the sheaf with transfers L(X)(Y) = Corg, (Y, X)
for Y € Sm/k.

For X € Sm/k, L(X) is the free sheaf with transfers generated by the
representable sheaf of sets Hom(—, X).

We have the canonical isomorphisms Hom(L(X), F') = F(X) and C(X) =
Ci(L(X)).

In fact: For F' € Shyis(Corgy(k)) there is a canonical isomorphism

Extdy, .o (Corgn (k) (LX), F) = H" (Xnis, F)
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4 Statement of main results

4.1 The localization theorem

Theorem The functor C, extends to an exact functor
RC, : D™ (Shyis(Corga(k))) — DM (),

left adjoint to the inclusion DM (k) — D~ (Shyis(Corgy(k))).
RC, identifies DM (k) with the localization D~ (Shyis(Corgn(k)))/A,
where A is the localizing subcategory of D~ (Shis(Corgn(k))) generated by

complezxes

LX x AY) 2 [(X); X € Sm/k.

4.2 The tensor structure

We define a tensor structure on ShN(Corgy, (k)):
Set L(X)® L(Y) :=L(X xY).
For a general F', we have the canonical surjection

B(x,ser(x)L(X) — F.
Iterating gives the canonical left resolution L(F) — F. Define
F®G:=HYS(L(F)®L(Q)).

The unit for ® is L(Speck).
There is an internal Hom in Sh™(Corg, (k)):

Hom(L(X),G)(U) = G(U x X);
Hom(F, Q) := Hy(Hom(L(F),Q)).

4.3 Tensor structure in DM

The tensor structure on Sh™*(Corg,(k)) induces a tensor structure @~ on
D~ (ShNis(Corﬁn(k)))'

We make DM (k) a tensor triangulated category via the localization
theorem:

M @ N := RC,.(i(M) @L i(N)).
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4.4 The embedding theorem
Theorem There is a commutative diagram of exact tensor functors

Hb (Corgn (k) —=— D~ (Shyis(Corgn (k)))

| [me.

DM (k) —— DM (k)

7

such that

1. i is a full embedding with dense image.
2. RCL(L(X)) =2 Cu(X).

Corollary For X andY € Sm/k,

Hom p yyett (1) (Mg ('), Mg (X)[n]) = H" (Ynis, Cu (X)) = H" (Yzar, Cu (X))

gm

Lecture IV
Consequences and computations

Outline:
e Consequences of the localization and embedding theorems
e Computations in D]ngfl

e The Gysin distinguished triangle

1 Consequences of the localization and embedding
theorems

1.1 Morphisms as hypercohomology

Corollary For X andY € Sm/k,
Hom p yrett (1) (Mg ('), Mg (X)[n]) = H" (Ynis, Cu (X)) = H" (Yzar, Ci (X))

Proof. For a sheaf F', and Y € Sm/k,

HomShNis(Corﬁn)(L(Y)7 F) = F(Y)
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Thus the Hom in the derived category, for F' a complex of sheaves, is:
Hom p- ($hy;,(Corga)) (L(Y), F[n]) = H" (Yxis, F).
Thus (using the embedding theorem and localization theorem)
HomDMgg(k) (Mg (Y'), Mg (X)[n])
= Hom p et 1y (C4 (Y), Ci(X)[n])

= HomD*(ShNis(Corﬁn)) (L(Y)v Cx (X) [’I’L])
= H"(Ynis, C«(X)).

PST theorem = H"(Yzar, C«(X)) = H"(Ynis, C«(X)).

1.2 Mayer-Vietoris for Suslin homology
Definition For X € Sm/k, define the Suslin homology of X as
HP™(X) := Hy(C..(X)(Speck)).

Theorem Let U,V be open subschemes of X € Sm/k. Then there is a long
exact Mayer-Vietoris sequence

o= HIS(UUV) — HYS(UNV)
— HSS(U) @ H3S(V) — HOS(UUV) — ...

Proof. By the embedding theorem [U NV] — [U] & [V] — [U U V] maps
to the distinguished triangle in DM (k):

C*(U N V)Nis — C*(U)Nis © C*(V)Nis - C*(U U V)Nis -

This yields a long exact sequence upon applying Homp et (Mgm(Y'), —)
for any Y € Sm/k.

By the corollary to the embedding theorem, this gives the long exact
sequence

.= H_H(YNis, C*(U N V)) — H_n(YNis, C*(U)) D H_H(YNiS, C*(V))
— H"(Yxis, Co(UNV) — H " (Y, CL(UNV)) — ...

Now just take Y = Speck, since
H~"(Spec knis, Cx (X)) = H,(C.(X)(Speck)) = H>*(X).
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Remark In fact, the embedding theorem implies that for all Y € Sm/k, the
homology sheaves h%2"(Y') associated to the presheaf U +— H, (C.(Y)(U))
are the same as the sheaves associated to the presheaf

U — Hom p ysett (1) (Mg (U), Mg (Y')[—n]).-

Thus
o W2 (Y x A') — h%"(Y) is an isomorphism
e for Y = U UV, have a long exact Mayer-Vietoris sequence

oo hPUNV) = BENU) @ hZ (V) — b2 (Y) — k2 (U NV) — ...

2 Fundamental constructions in DMgfl(k)

2.1 Weight one motivic cohomology

Z(1)[2] is the reduced motive of P!, and My, (P!) is represented in DM®T by
the Suslin complex C,(P!). The homology sheaves of C,(P') and C,(Speck)
are given by:

Lemma h§*(P') = Z, h{*(P') = G, and b (P') = 0 for n > 2.
h& (Spec k) = Z, h%(Speck) = 0 forn > 1.

Sketch of proof: Cp(Speck)(Y) = c(Y x A", Speck) = H°(Yzar, Z). Thus

hy(Cy(Speck)(Y)) = {HO(YZar,Z) for p =0

0 for p#0
We have h%**(A) = h%*(Spec k) and we have a Meyer-Vietoris sequence
= P (AY) @ W2 (AY) — B2 (PY) — B2 (AT 0) — ..
giving
hZr(PY) = h% (Spec k) @ 2 (Gyp).

p
where 2% (G, ) := hZ (A1 \ 0)/hZ (1).

So we need to see that

Gm®Z-[1] forp=0

0 else.

hZe (AT 0) = {
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For this, let Y = SpecO for O = Oy, some z € X € Sm/k
hy™ (AT 0)xp = Hy(Co(AM\ 0)(Y)).
For W C Y x A" x (Al \ 0) finite and surjective over Y x A", W has a
monic defining equation

N-1
Fy(y,t,x) =™ + ) Fi(y,t)2’ + Fy(y,t)
i=1
with Fy(y,t) a unit in Oltg,...,t,)/ > ; ti — 1.
Map h%ar — Z by W +— degy W.
Define cly : G, (Y) — Ho(Cy (A \ 0)(Y))dego by

Cly(u) = [Fu — Pl],

', CY x Ab\ 0 the graph of u: Y — A'\ 0.
One shows cly is a group homomorphism by using the cycle T on Y x
Al x A\ 0 defined by

tx—w)(z—1)+ (1 —t)(z —u)(z —v),

dT = (Tyy —T1) — (Ty = T1) — (T, — Ty).

To show cly is surjective: If W C Y x Al \ 0 is finite over Y, we have
the unit u := (—1)~ Fyy(y,0) with Fyy(y,z) the monic defining equation for
W, N = degy W. The function

defines a finite cycle T on Y x Al x A\ 0 with
AT =W —Ty — (N — )Ty = (W —degy W - T';) — (T — T'1).

To show that cly is injective: show sending W to (—1)" Fyy(y,0) passes
to Hy. This can be done by noting that there are no non-constant maps
f: A — AN

The proof that hlz,ar(Y) = 0 for p > 0 is similar.

This computation implies that
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in DM (k). Indeed:

Z(1)[2] = Cone(C,(P') — C,(Speck))[—1]
= Wi (PY[1] = Gl

This yields:

Proposition For X € Sm/k, we have

H%ar(X, 0%) forn=1
H"(X,Z(1)) = { Pic(X) := HL (X,0%) forn=2
0 else.

Proof.. Since Z(1) 2 G,,[~1] in DM (k), the corollary to the embed-
ding theorem gives:

HomDMgg(Mgm(X)aZ(l)[n]) = le(X Z( ))
Zar(X Z( )) Hy. 1(X G )

Zar

Remark The isomorphism H?(X,Z(1)) = Pic(X) gives another way of
associating an element of H?(X,Z(1)) to a line bundle L on X; one can
show that this agrees with the 1st Chern class ¢;1(L) defined in Lecture 3.

2.2 Gysin isomorphism

Definition For i : Z — X a closed subset, let My, (X/X \ Z) € DMgg(k‘)

be the image in DMggl(k;) of the complex [X \ Z] ER [X], with [X] in degree
0.

Remark The Mayer-Vietoris property for Mgy, (—) yields a Zariski exci-
sion property: If Z is closed in U, an open in X, then My, (U/U \ Z) —
Mg (X/X \ Z) is an isomorphism.

In fact, Voevodsky’s moving lemma shows that Mym(X/X \ Z) depends
only on the Nisnevich neighborhood of Z in X: this is the Nisnevich excision

property.
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2.3 Motivic cohomology with support
Let Z C X be a closed subset, U := X \ Z. Setting
HY(X, Z(q)) == Hom p et () (Mg (X/U), Z(q)[p])
gives the long exact sequence for cohomology with support:
.. — HY(X, Z(g)) > HY(X, Z(q)) = H"(U.Z(q)) — HG™ (X, Z(q)) —

Theorem (Gysin isomorphism) Leti: Z — X be a closed embedding in
Sm/k of codimension n, U = X \ Z. Then there is a natural isomorphism
in DMgCg(k:)

Mg (X/U) = Mg (Z)(n)[2n].

In particular:

HY(X,Z(q)) = Hom p et (1) (Mge (X/U), Z(q) [p))

(i) (
= Hom ) yyefr () (Mgm (Z) (1) [2n], Z(q)[p])
= Hom p e () (Mgm(Z), Z(q — n)[p — 2n])
— HPP(Z,2(g — ).

2.4 Gysin distinguished triangle

Theorem Let i : Z — X be a codimension n closed immersion in Sm/k
with open complement j : U — X. There is a canonical distinguished triangle

in DM (k):
Mg (U) = Mg (X) — Mg (Z)(n)[2n] — Mgn(U)[1]
Proof. By definition of Mgy, (X/U), we have the canonical distinguished
triangle in DMgerffl(k):
M (U) > Mygea(X) — Mygen(X/U) — Mo (U)[1]

then insert the Gysin isomorphism Mg (X/U) = Mym(Z)(n)[2n).
Applying Hom(—,Z(q)[p]) to the Gysin distinguished triangle gives the
long exact Gysin sequence

= HP72(Z,Z(q — n)) 2 HP(X, Z(q))
L, 52U, 2(q)) 2 HP20(2,2(q — n)) —
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which is the same as the sequence for cohomology with supports, using the
Gysin isomorphism

HP=*"(Z, Z(q — n)) = HY(X, Z(q))-

Now for the proof of the Gysin isomorphism theorem:
We first prove a special case:

Lemma Let E — Z be a vector bundle of rank n with zero section s. Then
Mg (E/E\ (Z)) = Mg (Z)(n)[2n].

Proof. Since Mgym(E) — Mgm(Z) is an isomorphism by homotopy, we
need to show

Mg (E'\ $(Z)) = Mgm(Z) ® Mgm(Z)(n)[2n — 1].

Let P:=P(E®Oyz), and write P = EU (P \ s(Z)). Mayer-Vietoris gives the
distinguished triangle

Mg (E\ 8(Z)) — Mg (E) © Mgm(P\ (Z)) — Mg (P) — Mgm(E\ s(2))[1]

Since P\ s(Z) — P(E) is an A! bundle, the projective bundle formula gives
the isomorphism we wanted.

2.5 Deformation to the normal bundle

For i : Z — X a closed immersion in Sm/k, let
P (X x Az — X x Al
be the blow-up of X x Al along Z x 0. Set
Def(i) := (X x A zx0 \ p'[X x 0].

We have i : Z x A' — Def(i), q : Def(i) — Al

The fiber 4; is i : Z — X, the fiber ig is s : Z — Nz x.
Lemma The maps

Megn(Nz/x /Nzjx \ 5(Z)) = Mgn(Def(i)/[Def(i) \ Z x A'])
Mg (X/X \ Z) — Mgm(Def(i)/[Def (i) \ Z x A'))

are isomorphisms.
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Proof. By Nisnevich excision, we reduce to the case Z x 0 — Z x A™.
In this case, Z x Al — Def(i) is just (Z x 0 — Z x A™) x Al, whence the
result.

Proof of the theorem.

Mg (X/ X\ Z) = Mg (Nz/x /Nz/x \ 5(2)) = Mgm(Z)(n)[2n]

Lecture V
Mixed motives and cycle
complexes, 1

Outline:
e Proofs of the localization and embedding theorems
e Cycle complexes

e Bivariant cycle cohomology

1 Proofs of the localization and embedding theo-
rems
1.1 Statement of main results

We recall the statements of the results we are to prove:

Theorem (The localization theorem) The functor
C. : ShNS(Corgy, (k) — DM ()
extends to an exact functor
RC, : D™ (Shyis(Corgn(k))) — DM (K),

left adjoint to the inclusion DM (k) — D~ (Shyis(Corgy(k))).
RC, identifies DM (k) with the localization D~ (Shyis(Corgn(k)))/A,
where A is the localizing subcategory of D~ (Shnis(Corgn(k))) generated by

complezxes

LX x AY) 2 [(X); X € Sm/k.
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Theorem (The embedding theorem) There is a commutative diagram
of exact tensor functors

KY(Corgn(k)) —=— D~ (Shyis(Corga(k)))

| Jre.

DME (k) —— DM (k)

i

such that
1. i is a full embedding with dense image.
2. RCL(L(X)) = Cu(X).

Now to work. We will use the result from Lecture 3:

Theorem (Global PST) Let F* be a complex of PSTs on Sm/k: F €
C~(PST). Suppose that the cohomology presheaves h'(F) are homotopy
invariant. Then

(1) For Y € Sm/k, Hi(Yxis, Fy) = HY (Yzar, FS,)

(2) The presheaf Y — H'(Ynis, FY;s) s homotopy invariant

(1) and (2) follows from the PST theorem using the spectral sequence:

B3 = HP(Y,, (F);) = BPI(Y,, Fy), 7 = Nis, Zar.

1.2 A'-homotopy

The inclusions ig,i; : Speck — Al give maps of PST’s 4g,iy : 1 — L(A!).

Definition Two maps of PST’s f,g: F — G are A'-homotopic if there is a
map

h:F® LAY - F

with f =ho (id®1ip), g =ho (id ® i1).
The usual definition gives the notion of A'-homotopy equivalence.
These notions extend to complexes by allowing chain homotopies.

Example p* : ' — C,(F) is an Al-homotopy equivalence:
n = 1 is the crucial case since C1(Cy—1(F)) = C,(F).
We have the homotopy inverse i : C1(F) — F.
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To define a homotopy h : C1(F) @ L(A') — C1(F) between p*i} and id:
Hom(C1(F) ® L(AY), C1(F))
= Hom(Hom(L(A), F), Hom(L(A) ® L(AY), F))

so we need a map p: Al x Al — Al
Taking pu(z,y) = xy works.

Lemma The inclusion F = Co(F) — C.(F) is an A'-homotopy equiva-
lence.

Proof. Let F, be the “constant” complex, F,, := F, d,, = 0,id.

F — F, is a chain homotopy equivalence.

F, — C,(F) is an A'-homotopy equivalence by the Example.
1.3 A'-homotopy and Extyjs

Lemma Let F,G be in Shyis(Corgy(k)), with G homotopy invariant. Then
id® p,: F® L(AY) — F induces an isomorphism

Ext"(F,G) — Ext"(F @ L(A'),G).
Here Ext is in Shyis(Corgy (k)).
Proof. For F' = L(X), we have
Ext"(L(X),G) = H"(Xnis, G),
so the statement translates to:
p*+ H™"(Xnis, G) — H"(X x Ay, G)

is an isomorphism. This follows from: G strictly homotopy invariant and
the Leray spectral sequence.
In general: use the left resolution L(F) — F.

Proposition Let
f:F, — F!

be an Al-homotopy equivalence in C~(Shyis(Corgy(k)). Then

f*
Hom p - (. (Corgn ())) (Fr» G[1]) == Hom p— (. (Corgn (k))) (Fi> G[12])
is an isomorphism for all G € HI(k).



188 M. Levine

Theorem (Al-resolution) For G € HI(k), F a PST, we have
Ext"(Fis, G) & HOm p— (s, (Corga (k))) (Cx (F)nis, G[n])

for all n. Hence:
Ext!(Fyis,,G) = 0 for 0 <i <n and all G € HI(k) < hNS(F) =0 for
0<?1<n.

Proof. The A'-homotopy equivalence F' — C,(F) induces an A'-homotopy
equivalence Fyis — Cy(F)nis-
1.4 Nisnevich acyclicity theorem

A very important consequence of the Al-resolution theorem is

Theorem Let F be a PST such that Fxis = 0. Then Cy(F)nis and Cy(F)zar
are acyclic complexes of sheaves.

Proof. We need to show that
hy S(F) = 0= h{™(F)

for all i. The vanishing of the AN (F) follows from the Al-resolution theorem.
Since h;(F) is a homotopy invariant PST, it follows from the PST the-
orem that

W (F) = BN (F)
hence hZ2(F) = 0.

1.5 The localization theorem

Theorem The functor C, extends to an exact functor
RC, : D™ (Shyis(Corga(k))) — DM (k),

left adjoint to the inclusion DM (k) — D~ (Shyis(Corgy(k))).
RO, identifies DM (k) with the localization D~ (Shyis(Corgn(k)))/A,
where A is the localizing subcategory of D~ (Shyis(Coran(k))) generated by

complexes

LX x AY) 2 [(X); X € Sm/k.
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Proof. 1t suffices to prove

1. For each F' € Shyis(Corgy,(k)), the canonical map F' — C,(F) is an
isomorphism in D~ (Shyis(Corgy (k)))/A-

2. For each T € DM (k), B € A, Hom(B,T) = 0.

Indeed: (1) implies DM (k) — D~ (Shyis(Corgy(k))) /A is surjective on
isomorphism classes.

(2) implies DM (k) — D~ (Shyis(Corgn(k)))/A is fully faithful, hence
an equivalence.

(1) again implies the composition
D~ (Shyis(Corgn (k) — D™ (Shyis(Corn (k))) /A — DM (k)

sends F' to Cy(F).
To prove: 2. For each T € DM (k), B € A, Hom(B,T) = 0.

A is generated by complexes I(X) := L(X x Al) Len), L(X).

But Hom(L(Y), T) = H°(Ynis, T') for T € D~ (Shyis(Corgn(k))) and
H*(X,T) 2 H*(X x A, T)

since T is in DM®T(k), so Hom(I(X),T) = 0.

To prove: 1. For each F' € Shyis(Coray(k)), F' — Cy(F) is an isomor-
phism in D~ (Shyis(Corgy, (k)))/A.

First: A is a ®-ideal: A € A, B € D~ (Shyis(Corgn(k))) = A® B € A.

A is localizing, so can take A = I(X), B = L(Y). But then A® B =
I(X xY).

Second: F, — C,(F) is a term-wise A'-homotopy equivalence and F —
F, is an iso in D~ (Shyis(Corgy,(k))), so it suffices to show:

For each F' € Shyis(Corgy(k)), we have

d®ig=id®i : F— FQA!

in D_(ShNiS(COI‘ﬁn(k)))/.A.

For this: ig — 4y : L(Speck) — L(A') goes to 0 after composition with
L(A'YY — L(Speck), so lifts to a map ¢ : L(Speck) — I(A!).

Thus id®ip—id®i; : F — F@L(A) lifts to id®¢ : F — FRI(A') € A.
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1.6 The embedding theorem

Theorem There is a commutative diagram of exact tensor functors

KY(Corgn(k)) —=— D~ (Shyis(Corga(k)))

! Jr

DME (k) —— DM (k)
such that
1. i is a full embedding with dense image.
2. RCL(L(X)) =2 Cu(X).

Proof of the embedding theorem.

We already know that RC,(L(X)) =& Cy(L(X)) = Ci(X).

To show that i : DMgerffl(k) — DM (k) exists:

DM (k) is already pseudo-abelian. Using the localization theorem, we
need to show that the two types of complexes we inverted in K?(Corgy(k))
are already inverted in D~ (Shyis(Corgy (k)))/A.

Type 1. [X x A'] — [X]. This goes to L(X x A') — L(X), which is a
generator in A.

Type 2. (([UNV]— [U]® [V]) — [UUV]. The sequence

0> LUNV)—= LU)®LV)— LUUV) =0

is exact as Nisnevich sheaves (N.B. not as Zariski sheaves), hence the map
is inverted in D~ (Shyis(Corgy (K))).

To show that ¢ is a full embedding;:

We need show show that L~!(A) is the thick subcategory generated by
cones of maps of Type 1 and Type 2.

The proof uses results of Neeman on compact objects in triangulated
categories.

To show that ¢ has dense image: This uses the canonical left resolution
L(F)— F.

2 Cycle complexes

We introduce various cycle complexes and describe their main properties.
Our goal is to describe the morphisms in DMgeffl(k) using algebraic cycles,
more precisely, as the homology of a cycle complex.
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2.1 Bloch’s cycle complex

A face of A™ := Specklty,...,tn]/ Y ;ti — 1 is a closed subset defined by
ti,=...=t;, =0.

Definition X € Schy. z,.(X,n) C z,4,(X x A™) is the subgroup generated
by the closed irreducible W C X x A™ such that

dimWnNX x F<r+dmF

for all faces F' C A™.
If X is equi-dimensional over k of dimension d, set

21(X,n) = zqg—q(X,n).

Let o' : A" — A" be the inclusion to the face t; = 0.
The cycle pull-back 6, is a well-defined map

0 iz (X,n+1) — z(X,n)

Definition Bloch’s cycle complex z,.(X,x*) is z.(X,n) in degree n, with

differential
n+1

dn = Z(—l)lézn* : ZT(X,TL + 1) - ZT(Xv ’I’L)
i=0

Bloch’s higher Chow groups are
CH,(X,n) := Hy(2-(X, *)).

For X locally equi-dimensional over k, we have the complex 2?(X,*) and
the higher Chow groups CHY(X, n).

2.2 A problem with functoriality

Even for X € Sm/k, the complex z9(X, %) is only functorial for flat maps,
and covariantly functorial for proper maps (with a shift in ¢). This complex
is NOT a complex of PST’s.

This is corrected by a version of the classical Chow’s moving lemma for
cycles modulo rational equivalence.
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2.3 Products

There is an external product z¢(X, %) ® 27 (Y, %) — 2977 (X x; Y, %), induced
by taking products of cycles. For X smooth, this induces a cup product,
using 0%

2.4 Properties of the higher Chow groups

(1) Homotopy. p* : z,(X,*) — z.41(X x Al %) is a quasi-isomorphism for
X € Schy.

(2) Localization amd Mayer-Vietoris. For X € Schy, let i : W — X
be a closed subset with complement j : U — X. Then

2 (W, %) 25 20(X, %) L5 20(U, %)

canonically extends to a distinguished triangle in D~ (Ab). Similarly, if
X =UUV, U,V open in X, the sequence

2 (X, %) = 2,(U, %) @ 2, (V, %) = 2,(UNV, %)

canonically extends to a distinguished triangle in D~ (Ab).
(3) K-theory. For X regular, there is a functorial Chern character
isomorphism
ch: Kp(X)g — ®&,CHY(X,n)g

identifying CHY(X,n)q with the weight g eigenspace K,,(X)@ for the Adams
operations.

(4) Classical Chow groups. CH"(X,0) = CH"(X).

(5) Weight one. For X € Sm/k, CH'(X,1) = H°(X,0%), CH'(X,0) =
HY(X,0%) = Pic(X), CH(X,n) =0 for n > 1.

The proof of the localization property uses a different type of moving
lemma (Bloch’s moving by blowing up faces).

2.5 Equi-dimensional cycles

Definition Fix X € Schy. For U € Sm/k let 28" (X)(U) C 2(X x U)
be the subgroup generated by the closed irreducible W C X x U such that
W — U is equi-dimensional with fibers of dimension r (or empty).

Remark The standard formula for composition of correspondences makes
2z (X) a PST; in fact 2™ (X) is a Nisnevich sheaf with transfers.
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Definition The complex of equi-dimensional cycles is
20 (X, %) 1= O (220 (X)) (Spec k).

Explicitly: 289 (X, n) is the subgroup of z.4n(X x A™) generated by
irreducible W such that W — A" is equi-dimensional with fiber dimension
r. Thus:

There is a natural inclusion
zfqui(X,*) — 2 (X, ).

Remark zgqui(X )(Y) € Z(Y x X) is the subgroup generated by integral
closed subschemes W C Y x X just that W — Y is quasi-finite and dominant
over some component of Y.

Write C¢(X) for C, (250 (X)).

Since 289" (X) is a Nisnevich sheaf with transfers, C¢(X) defines an ob-
ject Mg, (X) of DM (E).

X+ Mg,,(X) is covariantly functorial for proper maps and contravari-
antly functorial for flat maps of relative dimension 0 (e.g. open immersions).

Similarly, we can define the PST L(X) for X € Schy, by L(X)(Y') = the
cycles on X x Y, finite over X. This gives the object

Mg (X) := Cu(X) = Cu(L(X))

of DMt (k), covariantly functorial in X, extending the definition of Mgy,
from Sm/k to Schy.

3 Bivariant cycle cohomology

3.1 The cdh topology

Definition The cdh site is given by the pre-topology on Schy with covering
families generated by
1. Nisnevich covers
2. pli: YIIF — X, where ¢ : ' — X is a closed immersion, p: Y — X
is proper, and
p:Y\p'lF - X\F

is an isomorphism (abstract blow-up).
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Remark If k£ admits resolution of singularities (for finite type k-schemes and
for abstract blow-ups to smooth k-schemes), then each cdh cover admits a
refinement consisting of smooth k-schemes.

Definition Take X,Y € Schy. The bivariant cycle cohomology of Y with
coefficients in cycles on X are

A (Y, X) = H ' (Yean, Co (289 ( X)) can)-

A, (Y, X) is contravariant in Y and covariant in X (for proper maps).
We have the natural map

hi(270(X))(Y) = Hi(C (279 (X)) (Y)) — Ara(Y, X).

T T

3.2 Mayer-Vietoris and blow-up sequences

Since Zariski open covers and abstract blow-ups are covering families in the
cdh topology, we have a Mayer-Vietoris sequence for U,V C Y:

L. ATJ(U U ‘/,X) — Ani(U,X) D ATJ(V,X)
- Ar,i(UmV,X) — Am‘_1(UUV,X) — ...

and for pIl7: Y IIF - Y:

Lo Arﬂ'(Y,X) — ATJ(Y/,X) D Ani(F,X)
— A i(pHF), X) = A (Y, X) — ...

Additional properties of A, ;, to be discussed in the next lecture, require
some fundamental results on the behavior of homotopy invariant PST’s with
respect to cdh-sheafification. Additionally, we will need some essentially
algebro-geometric results comparing different cycle complexes. These two
types of results are:

1. Acyclicity theorems. We have already seen the Nisnevich acyclicity
theorem:

Theorem Let F' be a PST F with Fnis = 0. Then the Suslin complex
C(F)zar 1s acyclic.

We will also need the cdh version:



195

Theorem (cdh-acyclity) Assume that k admits resolution of singulari-
ties. For F a PST with Feqy = 0, the Suslin complex Cy(F)zar is acyclic.

This result transforms sequences of PST’s which become short exact after
cdh-sheafification, into distinguished triangles after applying Cy(—)zar-

Using a hypercovering argument and Voevodsky’s PST theorem, these
results also show that cdh, Nis and Zar cohomology of a homotopy invariant
PST all agree on smooth varieties:

Theorem (cdh-Nis-Zar) Assume that k admits resolution of singularities.
For U € Sm/k, F* € C~(PST) such that the cohomology presheaves of F'
are homotopy invariant,

Hn(Uzar, Fikar) = Hn(UNiS’ Fl;kfis) = Hn(thh) Fc*dh)

We will derive the important consequences of the cdh acyclicity theorem
for bivariant cohomology in the next lecture.

2. Moving lemmas. The bivariant cohomology A, ; is defined using cdh-
hypercohomology of 259, so comparing 229 with other complexes leads
to identification of A,; with cdh-hypercohomology of the other complexes.
These comparisons of zfnqui with other complexes is based partly on a number
of very interesting geometric constructions, due to Friedlander-Lawson and
Suslin. We will not discuss these results here, except to mention where they
come in.

Lecture VI
Mixed motives and cycle
complexes, 11
Outline:
e Properties of bivariant cycle cohomology
e Morphisms and cycles

e Duality
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1 Properties of bivariant cycle cohomology

To develop the properties of bivariant cycle cohomology, we need a number
of tools.
We will use the global PST theorem:

Theorem (Global PST) Let F* be a complex of PSTs on Sm/k: F €
C~(PST). Suppose that the cohomology presheaves h'(F) are homotopy
invariant. Then

(1) For Y € Sm/k, H(Ynis, F¥y) = H (Yzar, Fy.)

(2) The presheaf Y +— H'(Ynis, Fyyis) is homotopy invariant

(1) and (2) follows from the PST theorem using the spectral sequence:
ENY = HP(Y,, hi(F),) = HPTY(Y,, F;), = Nis, Zar.
Recall also:

Definition Take X,Y € Schy. The bivariant cycle cohomology of Y with
coefficients in cycles on X are

A i (Y, X) i= H (Yean, Cu(229(X) ) edn)-

A, (Y, X) is contravariant in Y and covariant in X (for proper maps).
We have the natural map

hi(27 " (X))(Y) i= Hy(Co(27 ™ (X))(Y)) — Ara(Y, X).

T T

The bivariant cycle cohomology A, ;(Y, X) has long exact Mayer-Vietoris
sequence and a blow-up sequence with respect to Y.
We have already seen the Nisnevich acyclicity theorem:

Theorem Let F be a PST with Fnis = 0. Then the Suslin complex Cy(F)zay
s acyclic.

We will also need the cdh version:
Theorem (cdh-acyclity) Assume that k admits resolution of singulari-

ties. For F a PST with F.qy, = 0, the Suslin complex Cy(F)cqn 18 acyclic as
on Schy,.
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Using a hypercovering argument again, and Voevodsky’s PST theorem,
these results lead to a proof that cdh, Nis and Zar cohomology of a homotopy
invariant PST all agree on smooth varieties:

Theorem (cdh-Nis-Zar) Assume that k admits resolution of singularities.
For U € Sm/k, F* € C~(PST) such that the cohomology presheaves of F
are homotopy invariant,

HH(UZarv Fikar) = Hn(UNiS7 Fl:]is) = Hn(thh’ F*dh)

C

We will also use some essentially geometric moving lemmas, due to Suslin
and Friedlander-Lawson. We will not discuss these results here, except to
mention where they come in.

1.1 Homotopy

Bivariant cycle homolopy is homotopy invariant:

Proposition Suppose k admits resolution of singularities. Then the pull-
back map
P ALY, X) — A (Y x AN X)

s an isomorphism.

Proof. Using hypercovers and resolution of singularities, we reduce to
the case of smooth Y.

The cdh-Nis-Zar theorem changes the cdh hypercohomology defining A, ;
to Nisnevich hypercohomology:

A (Y, X) = H (Y, Cie (289 (X ) nis ) -

T

By the global PST theorem, the hypercohomology presheaves
Y = HY (Yavis, Cu (277 (X)is))

are homotopy invariant.

1.2 The geometric comparison theorem

Theorem (Geometric comparison) Suppose k admits resolution of sin-
gularities. Take X € Schy. Then the natural map z°9(X, %) — z.(X, %) is
a quasi-isomorphism.
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This is based on Suslin’s moving lemma, a purely algebro-geometric con-
struction, in case X is affine. In addition, one needs to use the cdh techniques
to prove a Meyer-Vietoris property for the complexes 29U (X, %) (we'll see
how this works a bit later).

1.3 The geometric duality theorem
Let 229 (Z, X) := Hom(L(Z), 28 (X)). Explicitly:
72, X)(U) = 21"(X)(Z x U).

We have the inclusion 229 (Z, X) — zfilgim (X x Z).

Theorem (Geometric duality) Suppose k admits resolution of singular-
ities. Take X € Schy, U € Sm/k, quasi-projective of dimension n. The
inclusion

MU, X) — 28X x U)

induces a quasi-isomorphism of complexes on Sm/kyy; :
Cu( (U, X)) zar — Co(2780(X X U))zn

The proof for U and X smooth and projective uses the Friedlander-
Lawson moving lemma for “moving cycles in a family”. The extension to U
smooth quasi-projective, and X general uses the cdh-acyclicity theorem.

1.4 The cdh comparison and duality theorems

Theorem (cdh comparison) Suppose k admits resolution of singularities.
Take X € Schy. Then for U smooth and quasi-projective, the natural map

hi(z (X)) (U) — Ari(U, X)

T

s an isomorphism.

Theorem (cdh duality) Suppose k admits resolution of singularities. Take
X,Y € Schy, U € Sm/k of dimension n. There is a canonical isomorphism

Api(Y XU, X) = Apyn (Y, X x U).
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To prove the cdh comparison theorem, first use the cdh-Nis-Zar theorem
to identify

Hy: (U, Ci(229%(X))) = Hofh, (U, Co(22™ (X)) =2 Api(U, X)

Next, if Vi, Vo are Zariski open in U, use the geometric duality theorem to
identify the Mayer-Vietoris sequence

Cu(ZM (X)) (Vi U Vo) = Culz7%(X)) (V1) @ Cu(277 (X)) (Vo)
— Ci(z (X)) (Vi N Va)
with what you get by applying Ci(—)(Speck) to
0 — 22X x (V; UVa)) — 220X x V1) @ 22T (X x Va)

r+d r+d r+d

— 22X x (ViN1A))

d=dimU.
But this presheaf sequence is exact, and cokercqn, = 0. The cdh-acyclicity
theorem thus gives us the distinguished triangle

C(z8M(X x (Vi UVR)))zar

r+d
— C*(Zi(j_lg(X X ‘/1))Zar %) C*(Z:fj}(ljl(X X V2))Zar

— CL(22(X % (Vi NV2)))zar —

Evaluating at Speck, we find that our original Mayer-Vietoris sequence
for Ci (2" (X)) was in fact a distinguished triangle.

The Mayer-Vietoris property for Cy (2. (X)) then formally implies that

hi(Ci (220 (X)))(U) — Hys

Zar

(U, Cu(27M (X)) = Ari(U, X)

is an isomorphism.
The proof of the cdh-duality theorem is similar, using the geometric
duality theorem.

1.5 cdh-descent theorem

Theorem (cdh-descent) Suppose k admits resolution of singularities. Take
Y € Schy.
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(1) Let U UV = X be a Zariski open cover of X € Schy. There is a long
ezxact sequence

.= Ani(yv, UnN V) — Ar,i(Y> U) D Ar,i(Yy V)
— AV, X) = A, 1Y, UNV) — ...
(2) Let Z C X be a closed subset. There is a long exact sequence
=AY Z) = ALY X)) = ALY, X\ Z) = A (Y Z) —

(3) Let pIli : X' 11 F — X be an abstract blow-up. There is a long exact
sequence

o= A(Yp N (F)) — An(Y, X)) @ Ai(Y, F)
— A (Y, X) — Ar,i_l(Y,p_l(F)) — ...

Proof. For (1) and (3), the analogous properties are obvious in the “first
variable”, so the theorem follows from duality.
For (2), the presheaf sequence

0 — 2/9%(Z) — £ "(X) — (X \U)

T

is exact and cokerqqn = 0. The cdh-acyclicity theorem says that applying
C(—)can to the above sequence yields a distinguished triangle.

1.6 Localization for Mg,

Continuing the argument for (2), the cdh-Nis-Zar theorem shows that the
sequence

0 — Cu(z7(Z))nis — Cu(27™ (X))nis — Culzf ™ (X \ U))is
canonically defines a distinguished triangle in DM (k). Taking r = 0 gives
Theorem (Localization) Suppose k admits resolution of singularities. Let

1: Z — X be a closed immersion in Schy, with complement j : U — X. Then
there is a canonical distinguished triangle in DM (k)

Mg (Z) 25 MEL(X) L5 ME, (U) — MEL(2)[1]
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Corollary Suppose k admits resolution of singularities. For each X €
Schy,, Mg, (X) is in DM (k) ¢ DM (k).

Proof. We proceed by induction on dim X. First assume X € Sm/k.
By resolution of singularities, we can find a smooth projective X containing
X as a dense open subscheme. Since the complement D := X \ X has
dim D < dim, Mg, (D) is in DM (k).

Mg, (X) = Mgy (X) since X is for proper. The localization distinguished
triangle shows Mg, (X) is in DMgefl(k).

For arbitrary X, take a stratification X, of X by closed subschemes with
X; \ Xi—1. The localization triangle and the case of smooth X gives the
result.

1.7 A computation
Proposition Mg, (A") = Z(n)[2n]

Proof. For Z projective Mg, (Z) = Mgm(Z). The localization sequence
gives the distinguished triangle

Mgm(Pn_l) - Mgm(Pn) - Mgcm(An) - Mgm(Pn_l)[l]
Then use the projective bundle formula:
Mg (P") = i Z(1)[2i]
Mg (P*™1) = @) Z(i)[2d).

Corollary (Duality) For X,Y € Schy, n = dimY we have a canonical
isomorphism
CH,n(X x Y,i) =2 A, (Y, X)

Proof. For U € Sm/k, quasi-projective, we have the quasi-isomorphisms
C’*(zfilg(X x U))(Speck) = zf(}r‘g(X X U, %) — zpyn(X X U, %)
C.(#(U, X))(Spec k) — Cu(2795(X x U))(Speck)

and the isomorphisms
A (U, X) — Argni(Speck, X x U) «— hi(zfilii(X x U))(Speck)
This gives the isomorphism

CH, (X X U,i) — Ani(U, X).
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One checks this map is natural with respect to the localization sequences
for CHy 4 (X x —,4) and A, ;(—, X).
Given Y € Schy, there is a filtration by closed subsets

=Y ,CcYyC...CY,=Y

with Y; \ Y;—1 € Sm/k and quasi-projective (k is perfect), so this extends
the result from U € Sm/k, quasi-projective, to Y € Schy.

Corollary Suppose k admits resolution of singularities. For X,Y € Schy
we have
(1) (homotopy) The projection p : X x A — X induces an isomorphism
p AV, X) — Arp1i(Y, X x AL,

(2) (suspension) The maps ig: X — X x P! p: X x P! — X induce an
isomorphism

AV X) ® Ar1i (Y, X) 505 Ay (Y. X x P
(3)(cosuspension) There is a canonical isomorphism
Ani(Y xPLX) 2 Ai(Y, X) @ Apg,i(Y, X)

(4) (localization) Let i : Z — U be a codimension n closed embedding in
Sm/k. Then there is a long exact sequence

oo Arni(Z,X) = Ai(U, X) 25 4,0\ Z, X)
— Ar—l—n,i—l(Za X) — ...

Proof. These all follow from the corresponding properties of CH*(—, )
and the duality corollary:

(1) from homotopy

(2) and (3) from the projective bundle formula

(4) from the localization sequence.

2 Morphisms and cycles

We describe how morphisms in DMgg(k‘) can be realized as algebraic cycles.
We assume throughout that & admits resolution of singularities.
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2.1 Bivariant cycle cohomology reappears

The cdh-acyclicity theorem relates the bivariant cycle cohomology (and
hence higher Chow groups) with the morphisms in DMgCg(k‘).

Theorem For X,Y € Schy r > 0, i € Z, there is a canonical isomorphism
Hom py et gy (Mgm (Y) (r)[2r + i], Mgy, (X)) = A (Y, X).

Proof. First use cdh hypercovers to reduce to Y € Sm/k.
For r = 0, the embedding theorem and localization theorem, together
with the cdh-Nis-Zar theorem gives an isomorphism

Hom py et () (C (V) [i], CE(X)) 22 H™* (Vis, Ca (25™ (X)) i)
= H ™ (Yean, Cu (25™ (X))ean) = Ao(Y, X).
To go to r > 0, use the case r = 0 for Y x (P1)":
Hom pyett 4 (C (Y % (P1)")[i], CE(X)) 22 Agi(Y x (P1)", X).

By the cosuspension isomorphism A, ;(Y,X) is a summand of Ag;(Y x
(PH)", X); by the definition of Z(1), Mgy (Y)(r)[2r] is a summand of Mg, (Y x
(P1)"). One checks the two summands match up.

2.2 Effective Chow motives

Corollary Sending a smooth projective variety X of dimensionn to Mg (X)
extends to a full embedding i : CHM®T (k)P — DMggl(k:), CHM® (k) =
effective Chow motives,
i(B(X)(=7)) = Mg (X)(r)
Proof. For X and Y smooth and projective
HomDMgg(k)(Mgm(Y)v Mg (X)) = Aoo(Y, X)
= Adimy,o(Spec k‘, Y x X)
= CHdimy(Y X X)
>~ CHI™ X (X x V)
= HOII]CHMCH(k) (X, Y)
One checks that sending a € CHY™ X (X x Y) to the corresponding map
[a] : Mg (Y) = Mg (X)
satisfies [(boa)] = [ta] o [*D].
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2.3 The Chow ring reappears

Corollary ForY € Schy, equi-dimensional overk, i >0, j € Z, CH (Y, j) =
Hom p pett (1) (Mgm (Y), Z(i)[2 — j]). That is

CH'(Y,5) = H*™/ (Y, ().
Take i > 0. Then Mg, (A") = Z(4)[2i] and
HI(Y, Z(i)) = Hom p pyeit (1 (Mgm (V) [j], Mg (A"))
= Ao (Y, AY)
= Adgimy,;(Speck,Y x Ai)
= CHaimy (Y x A", j)
= CHY(Y x A%, j)
= CH'(Y, j)
Remark Combining the Chern character isomorphism
ch: K;(Y)® = CHY(Y, j)g

(for Y € Sm/k) with our isomorphism CH'(Y,j) = H*~I(Y,Z(i)) identifies
rational motivic cohomology with weight-graded K-theory:

HY3(Y,Q(0)) = K (V).

Thus motivic cohomology gives an integral version of weight-graded K-
theory, in accordance with conjectures of Beilinson on mixed motives.

Corollary (cancellation) For A, B € DMgCg(k‘) the map
— ®1id : Hom(A, B) — Hom(A(1), B(1))
s an isomorphism. Thus
DM (k) — D Mg (k)
s a full embedding.
Corollary ForY € Schy, n,i € Z, set
H"™(Y, Z(i)) := Hompg,, (k) (Mgm (Y), Z(i)[n]).

Then H™(Y,Z(i)) =0 for i <0 and for n > 2i.
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Corollary The full embedding C HM®T (k)P — DMggl(k;) extends to a full
embedding
My : CHM(K)® — D Mg (k).

Proof of the cancellation theorem. The Gysin distinguished triangle for
for Mg shows that DM (k) is generated by Mgm(X), X smooth and
projective. So, we may assume A = Mg, (Y)[i], B = Mgy (X), X and YV
smooth and projective, ¢ € Z.

Then Mg (X) = Mg, (X) and Mg (X)(1)[2] = Mg, (X x A'). Thus:

Hom (Mg (Y) (1) [i], Mg (X)(1)) 2 Api(Y, X x A')
= Api(Y, X)
= Hom(Mgm (Y)[i], Mgm (X))

For the second corollary, supposes ¢ < 0. Cancellation implies

H*7I (Y, Z(i)) = Homp e ) (Mg (Y) (=) [j — 2i], Z)
=A_;;(Y,Speck)
= Adimvy—i,j(Speck,Y)
= H9(CL (25, _.(Y))(Speck)).
Since dimY —i > dimY’, 25 (V) =0.
If i > 0 but n > 2i, then H™(Y,Z(i)) = CH!(Y,2i — n) = 0.

3 Duality

We describe the duality involution
* 1 DMgm(k) — D Mgy (k)°P,

assuming k£ admits resolution of singularities.

3.1 A reduction

Proposition Let D be a tensor triangulated category, S8 a subset of the
objects of D. Suppose

1. Fach M € 8 has a dual M*.

2. D is equal to the smallest full triangulated subcategory of D containing
8 and closed under isomorphisms in D.

Then each object in D has a dual, i.e. D is a rigid tensor triangulated
category.
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Idea of proof: For M € 8, we have the unit and trace
o : 1 —-MQM, epy - MQM* — 1
satisfying
(e ®@idps) o (idpy ® 6) = idps, (idp+ @ €) o (§ ® idpy+) = idpg=
Show that, if you have such 6, e for My, Ms in a distinguished triangle
My % My — My — My[1]
you can construct d3, €3 with M; fitting in a distinguished triangle
M3 — Mg 5 My — M3

3.2 Duality for X projective

Proposition For X € SmProj/k, r € Z, Mg (X)(r) € DMgm(k) has a
dual (Mg (X)(r))*.

We use the full embedding
CHM (k)® — DMgy, (k)

sending h(X)(—7) to Mgm(X)(r), together with the fact that h(X)(—r) has
a dual in CHM (k).

Proposition Suppose k admits resolution of singularities. Then D Mgy, (k)
is the smallest full triangulated subcategory of D Mgm (k) containing the Mgm (Y )(r)
for'Y € SmProj/k, r € Z and closed under isomorphisms in D Mg (k).

Proof. Take X € Sm/k. By resolution of singularities, there is a smooth
projective X containing X as a dense open subscheme, such that D := X — X
is a strict normal crossing divisor:

with each D; smooth codimension one on X and each intersection: I =

{i1,-. ., i}
Dy 2:Di1ﬂ...ﬂDir

is smooth of codimension 7.
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Then X and each D;, N...N D;, is in SmProj/k. So Mgy = Mg, for
all these.
The Gysin triangle for W C Y both smooth, n = codimy W,

My (Y \ W) — My (V) — M (W)(m)[20] — My (¥ \ W],
and induction on dim X and descending induction on r shows that
Mg (X \ Uj11=,Dr)
is in the category generated by the My (Y)(r), Y € SmProj/k, r € Z.

Theorem Suppose k admits resolution of singularities. Then D Mgy, (k) is
a rigid tensor triangulated category.

Remark In fact, one can show that (after embedding in DM (k))

Mo (X)* = Mgy (X)(—dx)[-2dx]

Lecture VII
Pure motives, 11

This was supposed to have been the second lecture in the series. However,
time constraints made this impossible. So, I am just adding it at the end. It
probably would have been nice to discuss how the theory of mixed motives
fits in to all the conjectures discussed in this lecture, but unfortunately, I
didn’t have time to do this, maybe next time!

Outline:
e Standard conjectures

e Decompositions of the diagonal

Filtrations on the Chow ring

Nilpotence conjecture

Finite dimensionality
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1 The standard conjectures

We would like to think of our functor
h: SmProj/k® — Myom (k)

as the “universal Weil cohomology”. What is lacking;:

e We have the “total cohomology” h(X), we would like the individual
cohomologies h"(X).

e Other “higher level” properties of cohomology are missing, e.g., Lef-
schetz theorems.

® ~pom could depend on the choice of Weil cohomology.

o Mypom(k) is not a category of vector spaces, but it is at least pseudo-
abelian. It would be nice if it were an abelian category.

1.1 Kiinneth projectors

Fix a Weil cohomology H* and an X € SmProj/k. By the Kiinneth for-
mula, we have

H*(X x X) = H*(X) ® H*(X)

H*X(X % X)(dx) = @;2H™(X) @ H* " (X)(dx)

By Poincaré duality, H?¥~"(X)(dx) = H"(X)V, so
H¥X(X x X)(dx) = &> H"(X) @ H"(X)Y
— @2 Homy (H"(X), H"(X)).

H*(X x X)(dx) = 22 H"(X) ® H™(X)"
= @2 Homy (H™(X), H"(X)).
This identifies H?4X(X x X)(dx) with the vector space of graded K-
linear maps f: H*(X) — H*(X) and writes

2dx
idpe(x) = ZWSL(,M 7l € HY(X) @ H™"(X)V.
n=0
The term
TSLQH :H*(X) - H*(X)
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is the projection on H"(X), called the Kiinneth projector
Since idy, (x) is represented by the diagonal Ax € 29X (X x X), we
have

Yx,u(Ay) = idg-(x) = Z TN H

We can ask: are there correspondences 7% € 29X (X x X )o with

hom
VX, H(TX) = 7% H-
Remarks 1. The 77}7 y are idempotent endomorphisms = (X, 7', ) defines

a summand h™(X) of h(X) in M (k)g.

hom
2. If 7% exists, it is unique.

3. % exists iff hrom (X) = h(X) ®H(X) in M (k)g with H*(h"(X)) C
H*(X) equal to H"(X).

If all the 7y exist:

hhom(X) - 2dX bhom(X)

X has a Kunneth decomposition.

Examples 1. The decomposition
h(B") = ©_oh™ (P")
in CHM®® (k) maps to a Kiinneth decomposition of hyom (P™).
2. For a curve C, the decomposition (depending on a choice of 0 € C(k))
h(C) =h°(X) &5 (C) @ h*(0);  H°(C) 2 1,H°(C) = 1(-1),

in CHM®® (k) maps to a Kiinneth decomposition of by (C).
3. For each X € SmProj/k, a choice of a k-point gives factors

hY(X) := (X,0x X) =1
H2x (X) := (X, X x 0) = 1(—dx).

of h(X). Using the Picard and Albanese varieties of X, one can also define
factors h'(X) and h2~1(X), so

h(X) =h"(X) @ h'(X) @ h(X)' ® h*>*1(X) ® b (X)

which maps to a partial Kiinneth decomposition in M (k)g. For dy = 2,

hom
this gives a full Kiinneth decomposition (Murre).
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1.2 The Kiinneth conjecture

Conjecture (C(X)) The Kiinneth projectors n' ; are algebraic for all n:

Binom (X) = &2 bfom (X)
with H*(7,,,(X)) = H"(X) € H*(X).
Consequence Let a € 2% (X x X)g be a correspondence.
1. The characteristic polynomial of H™(a) on H"(X) has Q-coefficients.
2. If H"(a) : H*(X) — H™(X) 1is an automorphism, then H"(a)™! =
H*(b) for some correspondence b € 2% (X x X)q.

Proof. (1) The Lefschetz trace formula gives
Tr(am)|Hn(X) =(-1)" deg(tam -y ) € Q.
But

oo

1
det(1 — tagn(x)) = exp(— Y —Tr(afnx)t").

m=1

(2) By Cayley-Hamilton and (1), there is a @Q,,(t) € Q[t] with
H"(a)™! = Qu(H"(a)

= H"(Qn(a)

= H*(Qn(a)T)

~— —

1.3 Status:

C(X) is known for “geometrically cellular” varieties (P", Grassmannians,
flag varieties, quadrics, etc.), curves, surfaces and abelian varieties: For an
abelian variety A, one has

Bhiom(4) = A" (Dhom (A))-

C(X) is true for all X if the base-field £ is a finite field F, and H* =
Hgt (_7 Qﬂ):

Use the Weil conjectures to show that the characteristic polynomial P, (t)
of Frx on H"(X,Qy) has Q-coefficients and that P,(¢) and P,,(t) are rela-
tively prime for n # m. Cayley-Hamilton and the Chinese remainder theo-
rem yield polynomials @, (t) with Q-coefficients and

Qun(F'rX) | Hm(x) = Onmidgm(x)-
Then 7% = Qn("Trry ).
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1.4 The sign conjecture C*(X)

This is a weak version of C'(X), saying that w} q= Zi}i 0 W%}f 7 is algebraic.

. - o dx 2n—1 - :
Equivalently, Tx g = Yok X s algebraic.

CT(X) for all X/k says that we can impose a Z/2-grading on Myom (k)o:
Bhom (X) = Biion (X) @ by, (X)
so that H* : Myom(k)g — GrVecg defines
H* : Myom(k)g — sVeck

respecting the Z/2 grading, where sVeck the tensor category of finite di-
mensional Z/2-graded K vector spaces.

Consequence Suppose Ct(X) for all X € SmProj/k. Then
Mhom(k)(@ - Mnum(k)(@

18 conservative and essentially surjective.

This follows from:

Lemma C*(X) = the kernel of ZiX (X x X)g — 23X (X x X)g is a
nil-ideal, hence ker C R.

Proof. For f € ker, deg(f™- 71;'() = deg(f™ - my) = 0. By Lefschetz

Tr(y(f")a+x)) = Tr(y(f™")a-(x)) =0

Thus (f)|+(x) has characteristic polynomial tN, N =dim H*(X). O
Remark. André and Kahn use the fact that the kernel of My (k)g —

Mpum (k)g is a ® nilpotent ideal to define a canonical ® functor Myum(k)g —

Mhyom (k)g. This allows one to define the “homological realization” for Myum (k)g.

1.5 The Lefschetz theorem

Take a smooth projective X over k with an embedding X ¢ PV. Let i :
Y — X be a smooth hyperplane section.
For a Weil cohomology H*, this gives the operator

L:H*X)— H%(X)(-1)
L(z) == ix(i%(z)) = y([Y]) Uz

L lifts to the correspondence ¥ x X C X x X.
The strong Leschetz theorem is
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Theorem For H* a “classical” Weil cohomology and © < dx
LY HY(X) — H*X7H(X)(dx — 1)

s an isomorphism.

1.6 The conjecture of Lefschetz type
We have the involution of &, H*(X)(r):

Ldx—i for 0 <i<dy

* on HY(X)(r) :== ;
L,X ( )( ) {(Ll—dx)—l for dX < ’L S 2dX

Conjecture (B(X)) The Lefschetz involution *p, x is algebraic: there is a
correspondence oy, x € Z*(X x X)g with v(a) = *1.x

1.7 Status

B(X) is known for curves, and for abelian varieties (Kleiman-Grothendieck).
For abelian varieties Lieberman showed that the operator A (related to the
inverse of L) is given by Pontryagin product (translation) with a rational
multiple of Y(d=1),

1.8 Homological and numerical equivalence

Conjecture (D(X)) Z;,..(X)o = Zjum(X)o

Proposition For X € SmProj/k, D(X?) = Endpg, . (k) (0(X)) ds semi-
simple.

D(X2) = Enthom(k)Q(h(X)) = EndMnum(k)Q(b(X))> which is semi-
simple by Jannsen’s theorem.
Similarly, Jannsen’s theorem shows:

Proposition If D(X) is true for all X € SmProj/k, then H* : Myom(k)r —
GrVecg is conservative and exact.

In fact: D(X?) = B(X) = C(X).
Thus, if we know that hom = num (with Q-coefficients) we have our
universal cohomology of smooth projective varieties

h=@;b' : SmProj(k)® — NM(k)g
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with values in the semi-simple abelian category NM (k)g.

Also, for H* = Betti cohomology, B(X) = D(X), so it would suffice
to prove the conjecture of Lefschetz type.

D(X) is known in codimension 0, dx and for codimension 1 (Matsusaka’s
thm). In characteristic 0, also for codimension 2,dx — 1 and for abelian
varieties (Lieberman).

2 Decompositions of the diagonal

We look at analogs of the Kiinneth projectors for CHM (k)q.
First look at two basic properties of the Chow groups.

2.1 Localization

Theorem Leti: W — X be a closed immersion, j : U — X the comple-
ment. Then

-

CH, (W) % CH,(X) 5 CH,(U) — 0
18 exact.

Proof.
0— 2, (W) = 2,(X) L 2,(U) — 0
is exact: Look at the basis given by subvarieties. At Z,(U) take the closure

to lift to Z,(X). At Z,.(X) j71(Z) = 0 means Z C W.
Do the same for W x P! ¢ X x P! and use the snake lemma. O

2.2 Continuity

Proposition Let t : Spec(L) — T be a geometric generic point and take
X € Schy, equi-dimensional. If n € CH"(X x T)g — 0 € CH"(X})q, then
there is a Zariski open subset of T containing the image of t such that n +—
0e€ CH (X xU).

=0 = nig = 0 for some K/k(T) finite, Galois.
But CHT()(K)gral = CHT(Xk(X))Q = Nk(X) = 0 e CHT(Xk(X))Q.
But CHT(Xk(X)) = lim@#UcT CHT(X X U)

Remark This result is false for other ~, e.g. ~yom, ~alg-
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2.3 The first component

Proposition (Bloch) X € SmProj/k. Suppose CHo(Xf)o = Q (by de-
gree) for all finitely generated field extensions L D k. Then

Ax ~rat X X 0+ p

with p € 29(X x X) supported in D x X for some divisor D C X and
0 € CHy(X)q any degree 1 cycle.

Proof. Let i : 1 — X be a geometric generic point. Then ¢*(X x 0) and
i*(Ax) are in CHo(X},;)) and both have degree 1. Thus

(i xid)*(X x 0) = (i x id)*(Ax) in CHo(Xp())o
By continuity, there is a dense open subscheme j : U — X with

(7 xid)"(X x 0) = (j xid)*(A¥%) in CHo(U x X)q
By localization there is a 7 € Z4, (D x X) for D = X \ U with

Ax—X X 0= (iD* Xid)*(T) =:p.

2.4 Mumford’s theorem

Take k = k. Each X in SmProj/k has an associated Albanese variety
Alb(X). A choice of 0 € X (k) gives a morphism ax : X — Alb(X) sending
0 to 0, which is universal for pointed morphisms to abelian varieties.
Extending by linearity and noting Alb(X x P') = Alb(X) gives a canon-
ical map
ax CHO(X)degO — A]b(X)

Theorem (Mumford) X: smooth projective surface over C. If HO(X,0?) #
0, then the Albanese map ax : CHo(X)gego — Alb(X) has “infinite dimen-
stonal” kernel.

Here is Bloch’s motivic proof (we simplify: assume Alb(X) = 0, and
show only that CHy(X)q is not Q).

CHyp(X)g = Q implies CHy(X7)gp = Q for all finitely generated fields
L/C, because C has infinite transcendence degree over Q.

Apply Bloch’s decomposition theorem: Ax ~yt X X 0+ p. Since

HY(X, 0% = H'(X x P, 0?)



Sixz Lectures on Motives 215

Ax, = (X X 0)s + ps on 2-forms.
If w e HY(X,Q?) is a two form, then

w=A(w) = (X x0)s(w)+ ps(w) =0":

(X % 0)4(w) is 0 on X \ {0}. p«(w) factors through the restriction wyp. D is
a curve, so wp = 0.

2.5 Jannsen’s surjectivity theorem

Theorem (Jannsen) Take X € SmProj/C. Suppose the cycle-class map
V1 CHY(X)g — HY (X(C), Q)

is injective for all r. Then v* : CH*(X) — H*(X,Q) is surjective, in
particular H°¥(X,Q) = 0.

Corollary If v* : CH*(X)gp — H*(X(C),Q) is injective, then the Hodge
spaces HP4(X) vanish for p # q.

Compare with Mumford’s theorem: if X is a surface and CHy(X)g = Q,
then H?9(X) = H*?(X) = 0.
Note. The proof shows that the injectivity assumption yields a full decom-
position of the diagonal

dx n;
Ax =Y a¥ x by in CH¥(X x X)g
i=0 j=1
with a¥ € ZY(X)q, bij € Zi(X)g. Applying Ax, to a cohomology class
ne H'(X,Q) gives

n=Ax.(n) => Tr(nUy(a”)) x (b;)
]
This is 0 if 7 is odd, and is in the Q-span of the y(b;;) for r = 2dx — 2i.
Conversely, a decomposition of Ay as above yields

dx

h(X)g = 1(—i)g in CHM(C)g
=0

which implies CH;(X)g is the Q-span of the b;; and that v* is an isomor-
phism.
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Proof. Show by induction that

roong
Ax =Y a" xbij+p" in CH¥(X x X)g
i=0 j=1
with @ € 2'(X)q, bij € Z;(X)g and p" supported on Z" x X, Z" C X a
closed subset of codimension r + 1.
The case 7 = 0 is Bloch’s decomposition theorem, since H2%x (X, Q) = Q.
To go from r to r + 1: p" has dimension dx. Think of p" — Z" as a

familiy of codimension dx —r — 1 cycles on X, parametrized by Z" (at least
over some dense open subschemeof Z"):

z—p'(2) € CHd_’"_l(X)Q L H¥=7-2(X Q)
For each component Z; of Z, fix one point z;. Then

P - ZZi X p"(2i)

goes to zero in H??=2"=2(X,Q) at each geometric generic point of Z”. Thus
the cycle goes to zero in CHd_T’_l(X k(nj)) for each generic point 7; € Z".
By continuity, there is a dense open U C Z" with

(0" = Zix p'(z:))NU x X =0 in CH™(U x X)g

(2

By localization

P = ZZi x p'(z) + p"T € CH*(Z" x X)g
i

with p"*! supported in Z"! x X, 72"+ = X \ U.
Combining with the identity for r gives

r+1 n;
Ax = a" xbij+p" in CH¥(X x X)g
i=0 j=1

2.6 Esnault’s theorem

Theorem (Esnault) Let X be a smooth Fano variety over a finite field F,,.
Then X has an F,-rational point.
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Recall: X is a Fano variety if —Kx is ample.
Proof. Kollar shows that X Fano = X} is rationally connected (each
two points are connected by a chain of rational curves).
Thus CHy(XL)p = Q for all L D F,. Now use Bloch’s decomposition
(transposed):
A X = 0 x X + P

0 € X(F,), p supported on X x D.
Thus HZ (X, Q) — HZ(X \ D,Qy) is the zero map for all n > 1.
Purity of étale cohomology = EV of Frx on H%(X,Qy) are divisible
by ¢ for n > 1.
Lefschetz fixed point formula =

2dx
#X(F,) = Z(—l)nTT(FTX\Hg(X,Q)) =1 modg

n=0

2.7 Bloch’s conjecture

Conjecture Let X be a smooth projective surface over C with H°(X,Q?) =
0. Then the Albanese map

ax : CHO(X) — Alb(X)
s an isomorphism.

This is known for surfaces not of general type (K x ample) by Bloch-Kas-
Lieberman, and for many examples of surfaces of general type.

Roitman has shown that ax is an isomorphism on the torsion subgroups
for arbitrary smooth projective X over C.

2.8 A motivic viewpoint

Since X is a surface, we have Murre’s decomposition of hat(X)g:
H(X)g = Db’ (X)o =1 @b @ p? @bl (—1) & 1(-2).
Murre defined a filtration of CH?(X)q:
F':= CH*(X)g C F! = CH*(X)gaego 2 F? i=kerax D F* =0
and showed

F? = CH*(h*(X)), grir = CH?(h°(X)), g1l = CH*(h* (X))
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CH?(h*(X)) =0 for i = 0, 1.

Suppose p, = 0. Choose representatives z; € CHl(X) for a basis of
Zhm(X)g = HA(X,Q)(1).

Since CHY(X) = Homegar (1(—1), 5(X)), we can use the z; to lift b2, (X) =
1(—1)” to a direct factor of h?(X)g:

h2(X)g = L(~1) @ ¢
with £2,,(X) = 0.
CH?(1(—1)) := Homepar(ry(1(—2),1(—1)) = CH'(Speck) = 0.
So Bloch’s conjecture is:

CH?(&(X)) = 0.

3 Filtrations on the Chow ring

We have seen that a lifting of the Kiinneth decomposition in 2%, (X?)g to
a sum of products in CH*(X?)g imposes strong restrictions on X. However,
one can still ask for a lifting of the Kiinneth projectors 7% (assuming C(X))
to a mutually orthogonal decomposition of Ay in CH*(X?)q.

This leads to an interesting filtration on CH*(X)g, generalizing the sit-

uation for dimension 2.

3.1 Murre’s conjecture

Conjecture (Murre) For all X € SmProj/k:
1. The Kiinneth projectors ' are algebraic.
2. There are lifts % of 7% to CHX(X?)q such that
i. the I are mutually orthogonal idempotents with I = 1.
ii. 1% acts by 0 on CH"(X)q for n > 2r
1. the filtration
F'CH"(X)g = Np>2r—p ker I

is independent of the choice of lifting
. FICH*(X)g = ker(CH*(X)g — 27,,(X)q)-

In terms of a motivic decomposition, this is the same as:
1. Bpom(X) has a Kiinneth decomposition in Myem (k)g:

Bhom (X) = @idz}g)hgum(X)
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2. This decomposition lifts to a decomposition in CHM (k)q:

h(X) = B22h"(X)
such that

ii. CH"(h™(X)) =0 for n > 2r
iii. the filtration

FYCH"(X Z CH" (b

n<2r—v

is independent of the lifting.
iv. CHY (b (X)) = 2o (X)o-

3.2 The Bloch-Beilinson conjecture

Conjecture For all X € SmProj/k:
1. the Kiinneth projectors ©% are algebraic.
2. For each r > 0 there is a filtration F*CH"(X)q, v > 0 such that

i. FO=CH", F! =ker(CH" — 2] )

ii. FV . FH C FVTH

11. FY is stable under correspondences

w. Ty acts by id on GrpCH" for n = 2r — v, 0 otherwise
v. FYCH"(X)g =0 for v >> 0.

Murre’s conjecture implies the BB conjecture by taking the filtration
given in the statement of Murre’s conjecture. In fact

Theorem (Jannsen) The two conjectures are equivalent, and give the same
filtrations.

Also: Assuming the Lefschetz-type conjectures B(X) for all X, the con-
dition (v) in BB is equivalent to F"*'1CH"(X) =0 i.e.

CH"(h" (X)) =0 for n <.
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3.3 Saito’s filtration

S. Saito has defined a functorial filtration on the Chow groups, without re-

quiring any conjectures. This is done inductively: FOCH" = CH", F1CH" :=

ker(CH" — 27 . )o and

FYMCH(X)g == Y _ Im(p. : FYCH~*(Y)g — CH"(X)q)
Y.p,s

with the sum over all Y € SmProj/k, s € Z and p € Z¥+5(Y x X) such
that the map
™V ope HY(Y) — H"¥(X)

is 0.

There is also a version with the Y restricted to lie in a subcategory V
closed under products and disjoint union.

The only problem with Saito’s filtration is the property that F¥CH"(X)
should be 0 for v >> 0. The other properties for the filtration in the BB
conjecture (2) are satisfied.

3.4 Consequences of the BBM conjecture

We assume the BBM conjectures are true for the X € V, some subset of
SmProj/k closed under products and disjoint union. Let M. (V) denote the
full tensor pseudo-abelian subcategory of M. (k) generated by the h(X)(r)
for X eV, r € Z.

Lemma The kernel of CHM (V)g — NM(V)q is a nilpotent @ ideal.

The nilpotence comes from

1. ker(Homepmar (h(X)(r), h(Y)(s)) — Hompar (H(X), 5(Y)))
= FICH™ (X x Y)
2. FV . Fr C Fvt#
3. FYCH"(X?) = 0 for v >> 0.
The ® property is valid without using the filtration.

Proposition CHM(V)g — NM(V)q is conservative and essentially sur-
jective.

Indeed: ker C R
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Proposition Let X be a surface over C with p, = 0. The BBM conjectures
for X™ (all n) imply Bloch’s conjecture for X .

Proof. Recall the decomposition h(X) = ©,h"(X) and h?(X) = 1(—1)
2(X), p = dimg H?(X,Q). We need to show that CH?(£?(X)) = 0.
But b2 = hZ.m = 1(—1)?, so t3,,, = 0. By the proposition t* = 0.

num

3.5 Status

The BBM conjectures are valid for X of dimension < 2. For an abelian
variety A, one can decompose CH"(A)qg by the common eigenspaces for the
multiplication maps [m] : A — A This gives

CH"(X)g = @izocHZi) (A)

with [m] acting by xm® on CH{;(A) for all m.

Beauville conjectures that CH{;)(A) = 0 for ¢ > 2r, which would give a
BBM filtration by

FYCH" (A)q = @7, CHJ, (A).

4 Nilpotence

We have seen how one can compare the categories of motives for ~>= if the
kernel of 2% (X?) — 2%(X?) is nilpotent. Voevodsky has formalized this via
the adequate equivalence relation ~gpi.

Definition A correspondence f € CH*(X x Y)p is smash nilpotent if f x
... X fe CH (X™ x Y™) is zero for some n.

Lemma The collection of smash nilpotent elements in CH*(X x Y)p for
X,Y € SmProj/k forms a tensor nil-ideal in Cor*(k)p.

Proof. For smash nilpotent f, and correspondences g, ..., gm, the com-
position ggo fogyo...0 fogy, is formed from gg X f X ... X f X g, by pulling
back by diagonals and projecting. After permuting the factors, we see that
go X f X ... x f X gm=0"form>>0. d

Remark There is a 1-1 correspondence between tensor ideals in Cory,¢(k)p
and adequate equivalence relations. Thus smash nilpotence defines an ade-
quate equivalence relation ~gpj.
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Corollary The functor CHM (k)rp — Mg (k)F is conservative and a bi-
jection on isomorphism classes.

The kernel Jgny of CHM (k)p — Mgni(k)r is a nil-ideal, hence con-
tained in R.

Lemma ~@nil™ ~hom

If aisin H*(X) thena x ... x a € H*(X") is just a®" € (H*(X))®", by
the Kiinneth formula.
Conjecture (Voevodsky) ~gniil=~num-

This conjecture thus implies the standard conjecture ~pom=~num-
As some evidence, Voevodsky proves

Proposition If f ~a, 0, then f ~gni 0 (with Q-coefs).

By naturality, one reduces to showing a*" = 0 for a € CHy(C')dego0,
n >> 0, C a curve.

Pick a point 0 € C(k), giving the decomposition h(C) = 1 @ h(C). Since
a has degree 0, this gives a map a : 1(—1) — 6(0)

n

We view a*™ as a map a*" : 1(—n) — h(C)®", i.e. an element of

CH" (5(C)*")g. ~ N
a*™ is symmetric, so is in CH”(f)(C’)@’")%” C CH"(h(C)®*™)q
But

CH"(h(C))g" = CHy(Sym"C)g/CHy(Sym™ ' C)q.

For n > 29 — 1 Sym"C — Jac(C) and Sym™ 'C — Jac(C) are projective
space bundles, so the inclusion Sym”~'C' — Sym™C' induces an iso on CHj.

4.1 Nilpotence and other conjectures

For X a surface, the nilpotence conjecture for X2 implies Bloch’s conjecture

for X: The nilpotence conjecture implies that t%@nil(X ) = 0, but then t?(X) =
0.

The BBM conjectures imply the nilpotence conjecture (O’Sullivan).

5 Finite dimensionality

Kimura and O’Sullivan have introduced a new notion for pure motives, that
of finite dimensionality.
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5.1 Multi-linear algebra in tensor categories

For vector spaces over a field F', one has the operations
Vi A", Vi~ Sym"V

as well as the other Schur functors.
Define elements of Q[S,,]| by

1
A=) sen(g) g

' gESh

1
sym” := I Z g
gESn

A" and sym”™ are idempotents in Q[S,,].
Let S, act on V®F" by permuting the tensor factors. This makes V&®r"
a Q[S,] module (assume F' has characteristic 0) and

A"V = XM(VER), Sym"V = sym™ (V™).

These operation extend to the abstract setting.

Let (C,®,7) be a pseudo-abelian tensor category (over Q). For each
object V of €, S,, acts on V®" with simple transpositions acting by the
symmetry isomorphisms 7.

Since € is pseudo-abelian, we can define

A"V = Tm(\" : V& — VO
Sym"V := Im(sym” : V" — V")

Remarks 1. Let C = GrVecp, and let f : GrVecxg — Vecg be the functor
“forget the grading”. If V' has purely odd degree, then

fSym™V) = A" f(V), f(A"V) = Sym™ f(V)
If V' has purely even degree, then
f(Sym™V) = Sym™ f(V), f(A"V) = A" f(V).

2. Take C = Veck. Then V € C is finite dimensional < A"V = 0 for
some 7.

3. Take € = GrVec®. Then V € € is finite dimensional < V = VgV ™
with A"V = 0 and Sym"V ~ = 0 for some n.
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Definition Let € be a pseudo-abelian tensor category over a field F' of
characteristic 0. Call M € C finite dimensional if M = M™ @& M~ with

A"MT =0=Sym™M~
for some integers n, m > 0.

Proposition (Kimura, O’Sullivan) If M, N are finite dimensional, then
so are NG M and N ® M.

The proof uses the extension of the operations A™, Sym"™ to all Schur
functors.

Theorem (Kimura,O’Sullivan) Let C' be a smooth projective curve over
k. Then h(C) € CHM (k)q is finite dimensional.

In fact
h(C)T = BO(C) @ h2(C), H(C)~ = h1(C) and

X (6°(C) @ h*(C)) = 0 = Sym* ™ 'p'(C).

The proof that Sym29* ! (C') = 0 is similar to the proof that the nilpo-
tence conjecture holds for algebraic equivalence: One uses the structure of
Sym™NC — Jac(C) as a projective space bundle.

Corollary Let M be in the pseudo-abelian tensor subcategory of CHM (k)g
generated by the h(C), as C runs over smooth projective curves over k. Then
M is finite dimensional.

For example h(A) is finite dimensional if A is an abelian variety. h(S) is
finite dimensional if S is a Kummer surface. h(Cy x ... x C;) is also finite
dimensional.

It is not known if a general quartic surface S C P? has finite dimensional
motive.

5.2 Consequences

Theorem Suppose M is a finite dimensional Chow motive. Then every
[ € Homeopnryy (M, M) with H*(f) = 0 is nilpotent. In particular, if
H*(M) =0 then M = 0.
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Corollary Suppose h(X) is finite dimensional for a surface X. Then Bloch’s
conjecture holds for X.

Indeed, h(X) finite dimensional implies h?(X) = 1(—1)?@t>(X) is evenly

finite dimensional, so t?(X) is finite dimensional. But £ __(X) = 0.

Conjecture (Kimura, O’Sullivan) FEach object of CHM (k)q is finite di-
mensional.

Remark The nilpotence conjecture implies the finite dimensionality con-
jecture.

In fact, let Ignil € Ihom C Inum be the various ideals in CHM (k)g.

Then Jgny € R (f smash nilpotent = f nilpotent). So the nilpotence
conjecture implies R = Jum.

Thus ¢ : CHM (k)g — NM(k)g = Mnom(k)g is conservative and essen-
tially surjective.

Since ~pom=~num, the Kiinneth projectors are algebraic: we can thus
lift the decomposition hrom(X) = by (X) @by (X) to CHM (k).

Since ¢ is conservative, h(X) = hT X (X) @ b~ (X) is finite dimensional:

AP (X)) = 0 = Sym” )1 (5 (X)).

Acknowledgments

The author gratefully acknowledges the support of the Humboldt Foundation
and the ICTP, as well as the support of the NSF via the grant DMS-0457195.



226

M. Levine

Main references

1]

André, Yves Une introduction aux motifs. Panoramas et Syntheses
17. Société Mathématique de France, Paris, 2004.

[2] Voevodsky, Vladimir; Suslin, Andrei; Friedlander, Eric M. Cycles,

[3]

[4]

transfers, and motivic homology theories. Annals of Mathematics

Studies, 143. Princeton University Press, Princeton, NJ, 2000.

Mazza, C.; Voevodsky, V.; Weibel, C. Lecture notes on motivic
cohomology, Clay Monographs in Math. 2. Amer. Math. Soc. 2006

The Handbook of K-theory, vol. I, part II. E. Friedlander, D.
Grayson, eds. Springer Verlag 2005.

Secondary references

[1]

Andr, Yves; Kahn, Bruno; O’Sullivan, Peter Nilpotence, radicaux et
structures monoidales. Rend. Sem. Mat. Univ. Padova 108 (2002), 107
291.

Artin, Michael. Grothendieck Topologies, Seminar Notes. Harvard
Univ. Dept. of Math., Spring 1962.

Bloch, Spencer. Lectures on mixed motives. Algebraic geometry—Santa
Cruz 1995, 329-359, Proc. Sympos. Pure Math., 62, Part 1, Amer.
Math. Soc., Providence, RI, 1997.

Bloch, Spencer. Algebraic cycles and higher K-theory. Adv. in Math.
61 (1986), no. 3, 267-304.

S. Bloch, I. Kriz, Mixed Tate motives. Ann. of Math. (2) 140 (1994),
no. 3, 557-605.

Bloch, S. The moving lemma for higher Chow groups. J. Algebraic
Geom. 3 (1994), no. 3, 537-568.

Deligne, Pierre. A quoi servent les motifs? Motives (Seattle, WA, 1991),
143-161, Proc. Sympos. Pure Math., 55, Part 1, Amer. Math. Soc.,
Providence, RI, 1994.



8]

[10]

[11]

[12]

[13]

Sixz Lectures on Motives 227

Levine, M. Tate motives and the vanishing conjectures for algebraic
K-theory. in Algebraic K-theory and algebraic topology (Lake
Louise, AB, 1991), 167-188, NATO Adv. Sci. Inst. Ser. C Math. Phys.
Sci., 407, Kluwer Acad. Publ., Dordrecht, 1993.

Lichtenbaum, Stephen. Motivic complexes. Motives (Seattle, WA,
1991), 303-313, Proc. Sympos. Pure Math., 55, Part 1, Amer. Math.
Soc., Providence, RI, 1994.

A. Neeman, Triangulated categories Annals of Math. Studies 148.
Princeton University Press, 2001.

Nekovér, Jan. Beilinson’s conjectures. Motives (Seattle, WA, 1991),
537-570, Proc. Sympos. Pure Math., 55, Part 1, Amer. Math. Soc.,
Providence, RI, 1994.

Beilinson’s conjectures on special values of L-functions. Edited
by M. Rapoport, N. Schappacher and P. Schneider. Perspectives in
Mathematics, 4. Academic Press, Inc., Boston, MA, 1988.

Motives. Summer Research Conference on Motives, U. Jannsen, S.
Kleiman, J.-P. Serre, ed., Proc. of Symp. in Pure Math. 55 part 1,
AMS, Providence, R.I., 1994.






