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1 Introduction

One of the starting points in homotopy theory is the following result. Let
d > 0 be a natural number, S? the d-dimensional sphere and let 7 € Z be an
integer such that i +d > 0. Then! :

0ifi<0
mia(S%) :{ ZZiJ;‘Zz':O

Recall [1] that for d large enough the group m;;4(S?%) only depends on
1 € Z. It is called the i-th stable homotopy group of the “sphere spectrum
S9” and is denoted by 7;(S°). The above result implies the following one on
stable homotopy groups of spheres :

s - {14150

In these lectures, our aim is to give an overview of the basic definitions and
theorems in Al-homotopy theory [39, 25, 19] by addressing, among other
things, the analogue of the above theorem in the Al!-homotopy theory of
smooth schemes over a fixed base field k.

The first question to answer is : what are the algebraic analogues of the
spheres 7

Clearly we have two different types of smooth k-varieties which are rea-
sonable “algebraic spheres”. The first one is the projective line P!, that is,
the one point compactification of the affine line A!. One would like also to
consider its “smash-products” by itself P' A ... A P! as higher dimensional
spheres. The problem is that these smash-products are no longer smooth
k-varieties and have to be performed in a larger category than just the cat-
egory of smooth k-varieties. The other obvious smooth varieties which are
algebraic spheres are the complement of 0 in the affine space of dimension
n > 0, denoted by A™ — {0}. In a sense which is made precise in [25], these
two types of spheres, in fact, are related as follows : the “simplicial suspen-
sion” of A™ — {0} is homotopy equivalent to P! A --- AP

'where for m > 0 we denote by 7., (X) the m-th homotopy group of a pointed space X
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We should emphasize that our previous considerations mostly come from

" of these algebraic varieties: given any com-

our intuition of the “topology’
plex or real embedding of the base field, the topological spaces we get are

indeed homotopy equivalent to spheres.

The second question to answer is what is the expected connectivity of
these algebraic spheres ?

To illustrate this serious problem, observe that from the intuition men-
tioned above, we get rather confused: the complex point of P! is a 2 di-
mensional sphere (the Riemann sphere) and is thus simply connected. But
through a real embedding P! gives a circle, which is not simply connected!

Curiously?, the connectivity is given by the real topology as it is clear
from the following two statements which will be made precise later. One
“explanation” of that phenomenon has already been given: P! which is a
curve is the suspension of A! — {0} = G,,. Thus G,, must rather be a
0-dimensional object, like it is if one consider its real topology!

Theorem 1 Let k be a field and let n,i be integers. Then the group of
“stable A'-homotopy classes of maps over k”

[S°, (G )]
is trivial for i < 0.

We shall also discuss several recent results concerning a precise descrip-

tion of the groups
[, (Gr) "]

by introducing the Milnor-Witt K-theory of fields. In particular, these are
all non-trivial and in fact for n = 0 one has:

Theorem 2 Let k be a perfect field of characteristic # 2. Then the group
of “stable Al-homotopy classes of maps over k”

[$°,5°]

s canonically isomorphic to the Grothendieck-Witt ring of quadratic forms
over k.

2contrary to the “motivic” intuition which rather fits with the complex topology
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Everywhere in this text, k is a perfect field, Sm(k) is the category of
separated smooth schemes of finite type over k, called smooth k-varieties in
the sequel. For simplicity, if no confusion can arise, we will just denote by
V this category of smooth k-varieties.

For any scheme X and any point x € X, Ox , will denote the local ring
of X at z, m, its maximal ideal, and x(z) its residue field.

Set will denote the category of sets.
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2 Recollection on simplicial homotopy theory

2.1 Presheaves and sheaves

Definition 2.1.1 Let {fq : Uy = X }o be a finite family ofEtale morphisms
in Sm(k).

1) {fo : Uy = X}o is called a covering family in the étale topology if
and only if X is the union of the open subsets fo(Uy).

2) {fa: Uy = X}q is called a covering family in the Nisnevich topology
if and only if for any point x € X there exists an a and a point y € U,
which maps to x and has the same residue field (i.e. k(z) = k(y)).

3) {fa : Uy = X}q is called a covering family in the Zariski topology if
each of the fo is an open immersion and the Uy’s cover X.

Of course Zariski coverings are Nisnevich coverings, and Nisnevich cov-
erings are étale coverings. Nisnevich topology was introduced in [26].

Let us denote by Preshv(V) the category of presheaves of sets on V, that
is to say the category of functors

VP — Set

In the sequel, 7 will always denote one of the three symbols Zar, Nis, Et.

Definition 2.1.2 A presheaf of sets
F:(V)? — Set

is a sheaf in the T-topology if for any covering family {fo : Uy — X}qo in
the T-topology, the obvious diagram of sets:

F(X) 5 NaF(Uy) 3 Uy gF(Uy x x Up)
defines the set F(X) as the equalizer of the two maps on the right.

We shall denote by Shv(V;) the full subcategory of Preshv(V) consisting
of sheaves of sets in the 7-topology.
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Lemma 2.1.3 [17] For any X € V, the presheaf of sets:
Y — Homy(Y, X)

is a sheaf in the Etale topology (and thus also in the Nisnevich and Zariski
topology).

Observe that we thus have the following obvious full embeddings:
V C Shv(Vg) C Shv(Vnis) C Shv(Vzar) C Preshu(V)
Recall from [25] the following

Definition 2.1.4 A distinguished square in V is a cartesian square of the
form :

W — VvV
P
v % X

such that p is an étale morphism, © is an open immersion and

p (X =U)pgg) = (X =U)peq

is an isomorphism of schemes (where ;5 means we endow the closed subset
with the reduced induced structure).

We observe that for such a square, the family {U 5 X,V 5 x }isa
covering family in the Nisnevich topology. Observe also that if p is an open
immersion, the last condition exactly means that U and V cover X. This
squares will play for the Nisnevich topology the role played in the Zariski
topology by the squares of the form:

unv — v
4 3
v — UuV

for open subsets U and V in X. Here is the smallest example of genuine
distinguished square in the Nisnevich topology:

Example 2.1.5 Let L be a finite field extension of & and z € L a generator
of L over k (recall that k is perfect so that there is always one). Denote by
zo : Spec(L) — Al the closed embedding corresponding to z and let U be
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the open complement. The morphism Al ; — Al is étale and the pull back of
zo by this morphism is the finite étale L-scheme F' := Spec(L ®y, L) closely
embedded into Al;. The diagonal section vy : SpecL — F of F — SpecL
thus splits F' as F'I1SpecL. Let Q denote the open complement to the closed
subscheme F’ C Al ;. Then one checks that the square:

Q—yo - Q
! !
U — Al

is a distinguished square.

It is well-known that a presheaf of sets F' is a sheaf in the Zariski topology
if for any X € V and any pair of open subsets U and V covering X the map

F(X) = F(U) xpwnv) F(V)

is bijective. The following lemma makes precise that to some extent the
Nisnevich topology behaves very closely to the Zariski topology.

Lemma 2.1.6 [25] A presheaf of sets F' is a sheaf in the Nisnevich topology
(on Sm(k)) if and only if for any distinguished square in V the map

F(X) = F(U) Xpwxxv) F(V)
1s bijective.
The following is well known:

Lemma 2.1.7 [3] For any T, the inclusion Shv(V;) C Preshv(V) admits as
left adjoint a, : Preshv(V) — Shv(V;) called the “associated sheaf” functor.

Definition 2.1.8 A 7-point in V is a morphism of schemes
z: Spec(K) - X

such that
1) K is a separably closed field in case T = ét;

2) K is the residue field of the image (also denoted x) of the point of
SpecK in X in case T is either Nis or Zar.
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We are now in position to define the category of neighborhoods of a
T-point.

Definition 2.1.9 Let z : SpecK — X be a 7-point € V. The category
Neib? of neighborhoods of  is

1) the category of pairs (f : U — X,y : Spec(K) — U) with f an étale
morphism with U irreducible and y a T-point of U with the same field K,
which lifts x in case T is ét or Nis,

2) the category of open subsets of X which contain x in case T is Zar.
That category is left filtering (and essentially small).

Definition 2.1.10 Let z : SpecK — X be a T-point € V.

1) for any presheaf F, the fiber of F over® x is the set :
Fy := colim@ ., x y)eNeive F(U)
2) the fiber functor associated to x, is the functor
Preshv(V) — Set, F — F,

Example 2.1.11 The fiber of the affine line A! € Preshv(V) over z is*:

1) the strict henselization O%L,:c of the local ring Ox , of z in X in case
T = ét.

2) the henselization Oé‘(’x of the local ring Ox ; of z in X in case 7 = Nis.

3) the local ring Ox ; of  in X in case T = Zar.

Lemma 2.1.12 [3] 1) For any presheaf F the canonical map
F, — (a.F),

s a bijection.

301’ “gt?

“We refer the reader to [32] for the notions of henselian rings and henselization
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2) The family of these fiber functors form a conservative set of functors in
the sense that a morphism in Shv(V;) is an isomorphism (resp. a monomor-
phism, an epimorphism) if and only if each of its fibers are bijections (resp.
monomorphisms, surjections).

Lemma 2.1.13 1) For any distinguished square

W — VvV
Y
v &% X

the corresponding square in Shv(Vyis) is both cartesian and cocartesian. As
a corollary, one gets a canonical isomorphism of sheaves of sets® (in the
Nisnevich topology)

V/W = X/U

2) For any closed point x € X € V, with residue field L, the sheaf
X/X — {x} is isomorphic to the sheaf AT /(A}] — {0}) with n = dimy(X).

3) For any closed point x € X € V, with residue field L, the henselian
local ring Og, x 18 isomorphic to the local henselian ring (9(’},1&z with n =
dim(X).

The first part is rather formal (and its Zariski analogue also holds). To
prove 2) and 3) one observes that because X is smooth over k, there is an
open subset U of X containing x and an étale morphism f : U — A™. Let
then Uz, — U be the obvious étale morphism (U, denoting U x Spec(L). The
pull back of z in Uy, is a finite étale L-scheme F' which admits (obviously) a
closed point y with residue field L. Write F' = {y} I F' and Q := U — {F'}
(the open complement of the finite closed subscheme F' C Uy).

Then y : Spec(L) — @ — U is a Nisnevich neighborhood of z and thus:
Q/Q—{y} 2U/U — {z} = X/X — {z} by 1) (applied twice) and ng =
(’);1 v = (’)h . We conclude using now the étale morphism Q C U — A}
induced by fL and the image z of y in A7, which is a closed point in A"
with residue field L (thus after some translation one can assume z = 0). We
thus get in much the same way isomorphisms X/X — {z} = Q/Q — {y} =
A7 /(A7 —{0}) and OF 5 = Op o = OF .

Swhen F — G is a monomorphism of sheaves of sets, G/F means the categorical
quotient
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2.2 Simplicial (pre-)sheaves

Recollection on simplicial objects Recall that A is the simplicial cat-
egory, i.e. the category of finite ordered sets n := {0,...,n} and order
preserving maps. For any ¢ € n, we denote as usual by

d:n—1-n

(assuming here n > 1) the i-th coface map, i.e. the unique injective (increas-
ing) map which avoids the value 7 € n and

si:n—l-l—)@

the i-th codegeneracy map, i.e. the unique surjective (increasing) map which
takes twice the value i. These cofaces and codegeneracies maps satisfies al-
together the usual cosimplicial identities [16].

If C is a category, a simplicial object (resp. a cosimplicial object) in C is
a functor A? — C (resp. A — C). Let’s denote by A°C the category of
simplicial objects in C (resp. AC that of cosimplicial objects).

For instance we will denote by A°’Set the category of simplicial sets.

Example 2.2.1 For any integer n > 0, we denote by A" the n-th standard
simplex A™ € A?Set by which we mean the functor

A% — Set,m — Homa(m,n)

and observe, by the Yoneda lemma, that for any simplicial set X the obvious
map
HomAOT’Set(Ana X) — Xn

is a bijection.
Example 2.2.2 Let T'op denote the category of topological spaces. For each

integer n > 0 we denote as usual by Afj,, the standard topological n-simplex
whose value for each n is the topological space

top = 1(to,---»tn) € ]R"“/Eiti =1&t;>0foreachi en}

For each i € n, we let e; € Afj,, be the point with coordinates all 0 but

t; = 1.



370 F. Morel

We turn these topological simplices altogether into a cosimplicial topo-
logical space
Abyy : A — Top
by the sending the increasing map ¢ : n — m to the only affine (and contin-
uous) map Af,, — A}, which maps e; € Af,, to ey € AL,

Example 2.2.3 Given a topological space X, its singular simplicial set,
denoted by S(X), is the simplicial set

A% — Set,n > HomTop(Agop,X) =: Sp(X)
We observe that the functor
Top — ASet, X — S(X)
admits as left adjoint the realization functor
|| : A?Set — Top,Y — |Y|

where |Y| is the realization of Y, i.e. the topological space obtained as the
quotient of

I, Y, x Al,,

by (the equivalence relation generated by) the relations

(; rop(t)) ~ (¢"(y), 1)

for each (¢ :n — m,y € Yy, t € A?op).
Equivalently, it is the coequaliser in T'op of the obvious diagram:

m n
HTL,TTLYH X Atop — HnYn X Atop

For any integer n > 0 the boundary A" of the n-standard simplex A" €
A%Shv(V;,), is the union over all i € n of all the images® d'(A"~1) c A"
(with the convention that OA? = ()). We observe that the realization |0A™|
is indeed the boundary of the topological standard n-simplex.

Salso called the i-th face of A™
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Simplicial sheaves More generally, we will be very much interested in the
sequel in the category A°?Shv(V;) of simplicial sheaves in the 7-topology.
We recall here some basic notions and constructions that can be performed
in that category.

For any set E we still denote by FE its associated sheaf in the Zariski
topology. It is clearly the sheaf of locally constant functions to the discrete
set E and is in fact a sheaf in the étale (and Nisnevich) topology as well.
We thus get a functor Set — Shv(V;) and extend it to a functor A?Set —
A°PShv(V;). We still denote by the same letter both a simplicial set K and
its associated simplicial sheaf in A°?Shv(V;). For example, for any integer
n > 0 one has the n-standard simplex A™ € A°?Shv(V;), its boundary A",
etc... For each integer n > 0 we will set

S™ = A"/OA"
and will call it the n-sphere. Observe with our convention that
SO
is just the sum of two points.

The functor A?Set — A°?Shv(V;) always commutes with colimits (for
instance, one can check it by computing the fibers at each 7-point).

We will always denote by () the initial object of A’ Shv(V;) (this conven-
tion is compatible with the previous because the sheaf associated with the
empty set is the initial object) and by * the final object, i.e. the simplicial
sheaf (associated to) A® which is also the final object in A°?Shwv(V;) also
called the point.

We let A°?Shve(V;) denote the category of pointed simplicial sheaves in
the 7-topology. As usual, if X and ) denote pointed simplicial sheaves, their
wedge is the pointed simplicial sheaf colimit of the (obvious) diagram

* = Y

!
X

and is denoted X' V). And the (pointed) quotient simplicial sheaf

XXY/XVY
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is denoted X A Y and is called the smash-product of X and ).

Remark 2.2.4 We observe that for n > 1 the two simplicial sets
S'fl
and
SYA---AS! (n copies)

are not isomorphic.

Let X be a pointed simplicial sheaf. The cone of X is the pointed simpli-
cial sheaf XY AA!, where A! is pointed by its O-vertex d' : * = AY — Al. The
cone of X is denoted by C(X). The 0-coface d° : x — A! induces a canon-
ical monomorphism X — C(X). The quotient simplicial sheaf C(X)/X is
isomorphic to the smash product

XASt

Let f : X — Y be a pointed morphism of pointed simplicial sheaves.
The cone of f, denoted by C(f), is the colimit in the category of pointed
simplicial sheaves of the diagram :

X - )
!
Cc(X)
There is thus a canonical monomorphism ) — C(f) whose cofiber C(f)/Y
is canonically isomorphic to X A S'.
Function objects For any simplicial sheaf Y € A?Shv(V;), the functor
APShv(V;) = APShv(V;), X —» X x Y

has a right adjoint which we denote by Z — Hom(Y, Z).
If now Y is a pointed simplicial sheaf, the functor

APShue(V;) = APShve(V,), X = X AY

has a right adjoint which we denote by Z +— Hom, (), Z).
Clearly, Hom,(Y, Z) is the fiber at the base point of Z of the evaluation
morphism (at the base point of )

Hom(Y,2) — 2
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2.3 The classical homotopy category [30]

Recall that for a topological space X, my(X) denote the set of its arcwise
connected components and that for each £ € X and each integer n > 0

(X, z)

denotes the n-th homotopy group of X at x.

Definition 2.3.1 1) A continuous map f : X — Y in Top is called a
weak equivalence if and only if wo(f) is bijective and for each x € X and
each n > 0 the homomorphism mw,(f,z) : m(X,z) — m(Y, f(x)) is an
isomorphism.

We denote by W the class of all weak equivalences.

2) A morphism f in A°PSet is called a simplicial weak equivalence if and
only if the realization |f| is a weak equivalence.
We denote by Wy the class of simplicial weak equivalences.

Remark 2.3.2 Using the interval [0, 1] which is homeomorphic to A, one
defines the notion of homotopy equivalences between topological spaces as
usual. Obviously a homotopy equivalence is a weak equivalence. By the
Whitehead theorem, a continuous map between C.W.-complexes is a weak
equivalence if and only if it is a homotopy equivalence. But this is not true
in general.

As for any simplicial set X the space |X| has a canonical structure of
C.W.-complex, we see that a map between simplicial sets X — Y is a sim-
plicial weak equivalence if and only if the realization

| X| = Y]

is a homotopy equivalence.

Using the 1-simplex A! € A°?Set and its two vertices d' : x — Al and
d® : ¥+ = Al one can define in the obvious way the notion of simplicial
homotopy equivalence (in A°’Set). Obviously such a simplicial homotopy
equivalence is a simplicial weak equivalence, but, again, the converse is not
true in general.
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Definition 2.3.3 [30] We denote by H, the category Top[W ~'] formally ob-
tained from Top by inverting the weak equivalences. It is called the homotopy
category (of topological spaces).

In much the same way, we denote by Hs, the category APSet[W, 1]
formally obtained from A°PSet by inverting the simplicial weak equivalences.
It is called the homotopy category of simplicial sets.

The remark above implies that the realization functor
APSet — Top, X — |X]|

maps W to W. This implies (by the very definition of both categories) that
| — | induces a functor

Hs = H
still called the realization functor.

Theorem 2.3.4 [30],[16, page 65] For any topological space X, the natural
map (given by the adjunction)

[S(X)] = X

is a weak equivalence. For any simplicial set Y the natural map (given by
the adjunction)
Y = S(|Y))

is a simplicial weak equivalence. Thus the functor S maps weak equivalences
to simplicial weak equivalences and the induced functors

|—|:Hs > H and S: H — Hs

are equivalences of categories inverse to each other.

Quillen’s homotopical algebra [30] We will now recall the basic notions
of Quillen’s notion of model category. Indeed we will in fact use the following
notion of model category whose main difference with Quillen’s original notion
in [30] is that one requires existence all limits and colimits as well as of
functorial factorizations.

Definition 2.3.5 [30] Let C be a category andi: X —Y andp: E — B be
morphisms in C. We say that i has the left lifting property (LLP for short)
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with respect to p or, equivalently, that p has the right lifting property (RLP
for short) if for any commutative square of the form

x 4 E
i P
Yy % B

there exists a morphism h :' Y — E which keeps the diagram commutative,
i.e. such that poh =g and hoi = f.

Definition 2.3.6 Let C be a category equipped with three classes of mor-
phisms (W, C, F) respectively called the weak equivalences, the cofibrations
and the fibrations. We say that (C,W,C, F) is a model category (or that
(W, C, F) is a model category structure on C) if the following azioms hold :

e MC1 C has all small limits and colimits

e MC2 If f and g are two composable morphisms and two of f, g or
go f are weak equivalences, then so is the third

e MC3 If the morphism f is retract of g and g is a weak-equivalence,
cofibration or fibration then so is f

o MC4 Any fibration has the right lifting property with respect to trivial
cofibrations” and any trivial fibration® has the right lifting property
with respect to cofibrations

e MIC5 Any morphism f can be functorially (in f) factorized as a com-
position p o i where p is a fibration and i a trivial cofibration and as a
composition q o j where q is an trivial fibration and j a cofibration.

The associated homotopy category is the category C[W ~!] obtained by
formally inverting W in C [11]. One can check [30] using the previous axioms
that this category is well defined.

Remark 2.3.7 One should observe that in a model category structure, any
two of the three classes (W,C, F) determines the third. For instance, F
is exactly the class of morphism with the RLP with respect to all trivial
cofibrations and C that of morphisms with the LLP with respect to all

"i.e. cofibrations which are also weak equivalences
8i.e. a fibration which is also a weak equivalence
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trivial fibrations. One can also check that F N W is exactly the class of
morphisms having the RLP with respect to all cofibrations, that C N W is
exactly the class of morphisms having the LLP with respect to all fibrations,
and thus W is the class of morphisms which can be written as a composition
of a trivial cofibration followed by a trivial fibration.

Here are the two fundamental examples of model category structures.

Example 2.3.8 [30] The 4-tuple (Top, W, C, F) is a model category struc-
ture, in which W is the class of weak equivalences defined above, the class
F of fibrations is that of Serre fibrations, i.e. morphisms with the RLP with
respect to each inclusion I"~! C I™, n > 0, I denoting the unit interval in R,
the inclusion being induced by the inclusion {0} C I, and C is what it has
to be : that of morphisms with the LLP with respect to all trivial fibrations.
We observe that the inclusion X — Y of a relative C.W.-pair (Y, X) is a
cofibration.

Example 2.3.9 [30] The 4-tuple (A°?Set, W,,C, F) is a model category
structure, in which W is the class of simplicial weak equivalences defined
above, the class C of cofibrations is that of degreewise inclusions, and F' is
what it has to be : that of morphisms with the RLP with respect to all
trivial cofibrations. It can be shown [11] that F' indeed coincides with the
class of Kan fibrations.

Let C be a category and let
A*:A—C

be a cosimplicial object.
If all the colimits exist in C the previous functor induces a realization
functor
A?Set — C, K — |K]|

where | K| is the coequaliser in C of the obvious diagram:
Iy m Ky x A™ 310, K, x A"

For instance one has tautologically |A™| = A™. Beware that in general the
realization functor K — |K| doesn’t commutes to finite products.
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If C has moreover all the finite products, then for any pair (X,Y) of
objects in C one define the functional simplicial set S(X,Y’) as the simplicial
set

n— Home(X x A™)Y)

Of course the two previous constructions are related by the following natural
bijection in X,Y € C and K € A%Set :

Home(X x |K|,Y) 2 Hompaorset( K, S(X,Y))

One says that two morphisms f: X — Y and g : X — Y are simplicially
homotopic if there is a morphism

H: XxA'>Y

such that Hod® = g and Hod' = f (here d° and d' are the obvious cofaces
map * = A? — A'). We denote by

m(X,Y)

the quotient of the set of morphism Hom¢(X,Y') by the equivalence relation
generated by the above simplicial homotopy relation. This set is of course
identical to the set mo(S(X,Y)).

Definition 2.3.10 Given a model category (C,W,C,F) and
A*:A—=C

a cosimplicial object of C, we say that A® is compatible with the model
category structure if the following aziom holds

e SMT’ For any cofibration i : X — Y and any cofibration j : K — L €
A%Set the obvious morphism

X X |L xy g Y x |K| =Y x|L]
is a cofibration which is moreover trivial if either i or j is.

This axiom immediately implies the following property® that for any
cofibration 7 : X — Y and any fibration £ — B, the obvious map of
simplicial sets

S(Y,E) = S(X,E) xgx,) S(Y,B)

9See Axiom SMY7 of simplicial model categories [30]
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is a Kan fibration which is moreover trivial if either ¢ or p is.

In a model category, call cofibrant an object X such that the canonical
morphism ) — X from the initial object to X is a cofibration, and fibrant
an object Y such that the canonical morphism ¥ — % from Y to the final
object is a fibration.

Then Quillen proves the following principle of the homotopical algebra :

Theorem 2.3.11 Given a simplicial model category (C,A*, W,C,F) with
associated homotopy category H then for pair (X,Y) of a cofibrant object
X and a fibrant object Y the natural map Home(X,Y) — Homy(X,Y)

induces a bijection
m(X,Y) =2 Homyu(X,Y)

To compute the set Homy(X,Y) for general X and Y, the principle of
homotopical algebra answers: choose a trivial fibration X, — X with X,
cofibrant (such an X, is called a cofibrant resolution of X), then choose a
trivial cofibration Y — Y; with Y} fibrant (such a Y} is called a fibrant
resolution of Y') and then observe the following sequences of bijections

Homyu(X,Y) = Homy(X.,Y) = Homy(X., Yf) = v(X., Y})

The first two bijections being completely formal, the last one being a par-
ticular case of the previous theorem.

2.4 The stmplictal homotopy category of sheaves

Definition 2.4.1 [13, 1/] A morphism in A°’Shv(V;) is called a T-simpli-
cial weak equivalence (or for short if no confusion can arise a simplicial weak
equivalence) if and only if each of its fibers at T-points are weak equivalences
of simplicial sets.

We denote by WI (or simply W) the class of simplicial weak equiva-
lences.

It follows from [14] that endowed with the class W of simplicial weak
equivalences, the class C' of monomorphisms as cofibrations, the class F; of
morphisms with the RLP with respect to morphisms in C' N W; as fibrations
and the standard cosimplicial simplicial sheaf

A®: A — APSho(V;)
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that the category A°?Shv(V;) is simplicial model category.
Let us denote by H7(V;), the associated homotopy category. That cate-
gory is called the simplicial homotopy category of sheaves in the T-topology.
The associated sheaf functors induced obvious functors

Hs(Vzar) = Hi(Vnis) = Hs (Vgt)

between these categories. Each of these functors admits a right adjoint which
is induced by the forgetful functors (in the derived sense).
For any simplicial sheaf ) the functor

APShu(V,) = APShu(V,), X — X x Y

preserves simplicial weak equivalences and thus induces a functor still de-
noted
Hs(Vr) > Hs(Vr), X = XA XY

It has as right adjoint the functor
RHom(Y,—) : Z = Hom(Y, Zy)

(where Z — Z; denotes a chosen functorial fibrant resolution).

The pointed homotopy category We say that a morphism of pointed
simplicial sheaves is a pointed simplicial weak equivalence if its underlying
morphism of (unpointed) simplicial sheaves is a simplicial weak equivalence.
We let Wy denote as well the class of pointed simplicial weak equivalences (in
the category A% Shve(V;) of pointed simplicial sheaves). Endowed with the
notions of pointed simplicial weak equivalences and pointed monomorphisms
as cofibrations, the category A° Shwv,(V;) becomes a model category, whose
homotopy category is denoted by ;s «(V;).

For any simplicial sheaf X € A°?Shv(V;) we denote X, the pointed
simplicial sheaf obtained by adding a base point to X. The functor

AP’Sho(V;) = APShve(V;), X — Xy
so obtained is left adjoint to the forgetful functor

APShve(Vy) = APSho(V;)
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For any pointed simplicial sheaf ) the functor
APShve(V;) = APShve(V;),X — X ANY

preserves pointed simplicial weak equivalences and thus induces a functor
still denoted
Hs,o(vr) — HS,.(VT), X—=XAN)Y

It has as right adjoint the functor
RHom,(Y,—): Z— Hom,(Y,Zy)

(where Z + Zy denotes a chosen functorial fibrant resolution).

Example 2.4.2 When ) is the simplicial circle S* := A!'/8A! the functor
Hsoe(Vr) = Hso(Vr), X = X A S

is denoted
Y Hso(Vr) = Heo(Vr), X = B(X)

and called the (simplicial) suspension. Its right adjoint is denoted
QMg a(Vr) = Hoo(Vr), 2 = Q(2)

and called the loop space functor.

The B.G.-property in the Nisnevich topology Here we recall the
notion of simplicial presheaves on V with the B.G. property [25]. This notion
is directly inspired from the corresponding notion in the Zariski topology
introduced and studied by Brown and Gersten in [8].

Definition 2.4.3 [25] Let X € A Preshv(V) be a simplicial presheaf. One
says that X has the B.G. property if and only if for any distinguished square
as in 2.1.6 the commutative square (of simplicial sets)

X(X) - X(V)
1 1
xXU) —» xWw)

is homotopy cartesian.
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Example 2.4.4 Any simplicial sheaf in the Nisnevich topology X which
is fibrant for the corresponding simplicial model category structure has the
B.G.-property : this is Remark 3.1.15 of [25].

Remark 2.4.5 Of course this notion is just the analogue for sheaves in the
Nisnevich topology of the property introduced in [8] in the Zariski topology.
The following theorem is proven in [25, Lemma 3.1.18] and is the analogue
of the main theorem of [8].

Theorem 2.4.6 [25] Let f : X — Y be a morphism of simplicial presheaves.
Assume that X and Y have the B.G.-property and that anis(f) : anis(X) —
anis(Y) is a simplicial weak equivalence (in the Nisnevich topology). Then
for any U €V the map of simplicial sets :

xX(U) = Y(U)
s a simplicial weak equivalence.

Corollary 2.4.7 [25] Let X be a simplicial presheaf with the B.G. property.
Then for any U € V the obvious map

WO(X(U)) — Homﬂéws(k) (U, aNZ-S(X))

s a bijection. If moreover X is a pointed simplicial presheaf with the B.G.
property, then for any integer n > 0 and any U € V the obvious map

Tn(X(U)) = Homyy, ((vy,,) (Ur) A 8™, anis(X))
s a bijection.

Indeed choose a fibrant resolution ay;s(X)s of anis(X) and apply the
principle of homotopical algebra to compute Homgywis ) (U, anis(X)) as

mo(anis(X) ¢ (U))

Then conclude by theorem 2.4.6 taking into account that an;s(X); also
has the B.G. property and that X — ap;s(X); induces a simplicial weak
equivalence anis(X) = anis(X) ;-

Example 2.4.8 Our fundamental example is the following. Let X — K (X)
the presheaf of pointed simplicial sets defined in [36] such that

™ (K (X)) = K2 (X)
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is Quillen n-th higher K-group. By the above corollary, we see that for any
integer n > 0 and any X € V the obvious map

KR(X) = Homy, vy, (X4) A S™, anis(K))

is a bijection. We observe that the analogue statement holds in Zariski
topology but not in the étale topology (because algebraic K-theory has not,
in general, descent in the étale topology).
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3 Unstable A'-homotopy theory

From now on, unless otherwise stated, we will always work in the Nisnevich
topology.

3.1 The Al-homotopy category [25]
Al-local objects and Al-weak equivalences

Definition 3.1.1 /25] 1) An object Z € A°?Shv(Vy;s) is called Al-local if
and only if for any X € A?Shv(Vyis), the projection X x Al — X induces
a bijection :
Homay, () (X, 2) = Homyy, (1) (X x A, Z)
2) A morphism f: X — Y in APShv(Vyis) is called an Al-weak equiv-
alence if and only if for any Al -local Z, the map :

Hom;.is(k) (y, Z) — Hom;_ts(k)(é\f', Z)
1s bijective.

Together with V. Voevodsky, we proved in [25] that endowed with the
class Wy of Al-weak equivalences, the class C' of monomorphisms as cofi-
brations and the class Fj1 of Al-fibrations!? the category A% Shv(Vyis) be-
comes a model category. The associated homotopy category obtained from

A%Shv(Vyis) by inverting the A'-weak equivalences is denoted # (k) and
called the homotopy category of smooth k-schemes.

Remark 3.1.2 Any simplicial weak equivalence is of course an Al-weak
equivalence. Also, by definition the projection

X xAl 5 x

is an Al-weak equivalence (but not a simplicial weak equivalence).
A simplicially fibrant simplicial sheaf X is Al-fibrant if and only if it is
Al-local.

Remark 3.1.3 There are two different cosimplicial objects which are com-
patible with the model category (A’ Shv(Vnis), Wy, C, Fy1). The first one
is of course the standard cosimplicial simplicial simplex

n— A"

1035 opposed to simplicial fibrations
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The second one is the following algebraic standard cosimplicial simplicial
simplex

n — Al = Spec(k[To, ..., T,)/3T; = 1)
(observe that for any n, A™ = A", but not functorialy). In particular, given
an Al-fibrant simplicial sheaf ) and a simplicial sheaf X (which is always
cofibrant), on the set

Hom pov shy(vys) (X5 V)

the simplicial homotopy equivalence relation coincides with the Al-homotopy
relation and the quotient set is the set of morphisms

HomH(k) (X, y)

Remark 3.1.4 Let’s denote by H, x1 (Vnis) C Hs(Vnis) the full subcat-
egory consisting of Al-local simplicial sheaves. The inclusion Hep (k) C
Hs(Vnis) admits'! a left adjoint which we denote L1 (=) : Hs(Vnis) —
Hs.a1 (k), and which is called the Al-localization functor. This functor sends
by definition A'-weak equivalences to isomorphisms, and thus induces a func-
tor H (k) — Hs a1 (Vnis) which is an equivalence of categories.

In particular, if X is a simplicial sheaf and ) an Al-local simplicial sheaf
the canonical map

Homyy, vy, ) (X, V) = Homyypy (X, D)
is a bijection.

Example 3.1.5 The functor A°’Set — A°’Shv(Vy4s) obviously sends a
weak equivalence of simplicial sets to a simplicial weak equivalence and thus
also to an Al-weak equivalence. We thus get a canonical functor

HH (k)
Given a complex embedding o : k — C one gets a functor
po: H(k) > H

induced by taking the “realization of the simplicial topological space of com-
plex points”. The composition

Hs = H

"See [25]
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is of course the equivalence of categories considered above.

If 0 : kK — R is a real embedding we have two induced functors (which
are both left inverse to H; — H(k))

H(k) > H

The first one is the previous one and the second one is induced by taking the
“realization of the simplicial topological space of real points”. Beware that
these are distinct (not isomorphic functors). For instance the topological
space of complex points of the affine line minus 0 is C* = S! (in ). On
the other hand the topological space of real points of the affine line minus 0
is RX = 50

Example 3.1.6 Let P* be the colimit of the projective spaces P", P" being
included (in the obvious way) into P"*!. Then it is proven [25, 19] that the
Picard group of X is naturally isomorphic to Homa (X, P>).

Example 3.1.7 Recall from example 2.4.8 that the pointed simplicial sheaf
K := apis(K(—)) represents in #+(Vnis) Quillen’s higher K-groups K,
functor in the sense that for any smooth k-variety X one has a canonical
isomorphism

K2(X) = Homy, vy, (X1) A S™, K)

n

By Quillen’s theorem [31, 36], the groups homomorphisms
K2(X) - K2(X x Al)

are isomorphisms. This can be shown to imply (because K is a group object
in Hs(Vyis)) that the simplicial sheaf K is Al-local. Thus one has a canonical
isomorphism, for any X € V

K()(X) = HomH(k)(X,K)

In [25] it is proven that K is isomorphic in H(k) to both Z x Gr (where
Gr means the infinite algebraic grassmanian) and Z x BGl (where BGI is
the classifying simplicial sheaf of the group sheaf G/ (infinite general linear

group).

In general it is very difficult to compute Homq)(X,Y) when X and Y
are of finite type, for instance if X and Y are smooth k-varieties. Surpris-
ingly however, in the few cases where this set can be computed and X is
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affine, this set coincides with the set of naive Al-homotopy classes of mor-
phisms from X to Y. That might be always the case. The first non trivial
case of that guess is when X = Spec(k). Our conjecture now takes the form:

If X is a smooth k-variety, the natural map
X (k) — Homgyy)(Spec(k), X)

is surjective and identifies the right hand side with the quotient of the set
X (k) of k-rational points by the equivalence relation generated by:

(x ~y) < 3Ih:A' = X/h(0) =z and h(1) =y

This is true'? when X is Al-rigid in the sense that YU € Sm(k) the map
Hom gy (U, X) = Hom gy (U X Al X) is bijective. For instance for G,
for curves of genus > 0, abelian varieties, products of those, subschemes of
those, etc...

Remark 3.1.8 The surjectivity always holds by [25]: indeed for any X
€ A?Shv(Vnis), the map

Xo(k) — Homay ) (Spec(k), X)

is surjective.
In particular, the notion of having a k-rational point is invariant under
Al-weak equivalences. This means that if X and )’ are isomorphic in H then

X(k) £ 0 < Y(k) £ 0.

Pointed A'-homotopy category A morphism in A%Shv,(Vyis) is said
to be a pointed Al-weak equivalence if it is an Al-weak equivalence after for-
getting the base point. Again by [25], endowed with the notions of pointed
Al-weak equivalences and pointed monomorphisms as cofibrations, the cat-
egory A% Shuve(Vp;s) becomes a model category. The associated homotopy
category is denoted H,(k) and called the pointed homotopy category of
smooth k-schemes.

The forgetful functor A% Shve(Vnis) — A%PShv(Vnis) and its left ad-
joint APShv(Vyis) — A%Shve(Vnis), X — Xy both preserves Al-weak

" ef [25]
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equivalences and the induced functors on homotopy category are still ad-
joint to each other.

For any fixed Y € A°PShve(Vnis), the smash-product by ) preserves
Al-weak equivalences, inducing a functor

He(k) = Ho(k), X — X ANY
This functor admits a right adjoint which we denote by
Ry Hom (Y, —) : He(k) = He(k)

Example 3.1.9 The suspension functor ¥ : Hs o (Vnis) = Hse(Vnis), X —
X A S' preserves Al-weak equivalences and induces a functor still called the
suspension functor and denoted by

St Ha(k) = Ha(k)

Its right adjoint
Q:He(k) = Ho(k)

is induced by Q : H,e(Vnis) — Hs,e(Vnis) which is easily seen to preserve
Al-local objects.

Example 3.1.10 The cocartesian square, corresponding to the open cover-
ing of P! by the two standard affine line A! and A! :

G, — Al
{ {
Al - P!

defines an isomorphism in H o(Vnis)
T := A' /G, 2 P'/A

But in He(k), T is clearly weakly equivalent to X(G,,) (because Al — x is
an Al-weak equivalence) and P! — P!/A! is clearly an Al-weak equivalence
as well. Thus we get canonical H4(k)-isomorphisms

P! =T 2= S'AG,
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Example 3.1.11 With this notions introduced, the example 2.4.8 easily
implies (as in 3.1.7) that for any smooth k-variety X one has canonical
isomorphisms

K2(X) = Homa, ) ((X4) A S™, K)

Thus (cf 3.1.7) one has natural isomorphisms
KQ(X) = Homa, 4 ((X+) AS",Z x BGI) = Homy, g ((X1) A S",Z x Gr)

It was observed in [19, 39] that Quillen’s computation of the K-groups of
X x P! implies that the adjoint 8 of the Bott morphism

(Z x Gr) AP' - Z x Gr

which classifies the exterior tensor product by the virtual vector bundle of
rank zero 1 — [n] (where 7 is the canonical line bundle on P!), is an Al-weak
equivalence

7. x Gr = Ry Hom,(P',Z x Gr)
(Bott periodicity.)

3.2 Al-localization of connected simplicial sheaves

In what follows, we consider the affine line A' as pointed by 0. For any
X € A%Shv,(Vyis), let’s denote by ev; : Hom,(A', X) — X the evaluation
at 1

Lemma 3.2.1 Let X be a simplicially fibrant simplicial sheaf. The following
conditions are equivalent :

(i) & is Al-local ;
(ii) the morphism of simplicial sheaves
X — Hom(A', X)
adjoint to the projection X x Al — X is a simplicial weak equivalence ;
(iii) the morphism of simplicial sheaves
evy : Hom(Al, X) — X

“evaluation at 07 is a simplicial weak equivalence.
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Assume moreover that X is 0-connected'® and pointed. Then the above
conditions are equivalent to the following ones :

(iv) the functional object Hom,(Al, X) is weakly contractible!* ;
(v) for any smooth k-scheme U, any integer n € N, the map

Homy, ,(vy:) (U£)AS™, Hom, (A", X)) = Homsy, ,(vy.,) (U3)AS™, X)

is trivial (as a map of pointed sets).

The first three conditions are easily seen to be equivalent. But X being
simplicially fibrant pointed and 0-connected, for the evaluation at 0

Hom(A', X) - X

to a simplicial weak equivalence it is necessary and sufficient that the fiber
be weakly contractible. This proves the equivalence of the first 4 conditions
because that fibre is the pointed function object Hom, (A, X).

The implication (iv) = (v) is trivial. Let’s prove the converse. Assume
(v). By lemma 3.2.2 below, it is sufficient to show that for any smooth k-
scheme U, any integer n > 0, any H; o(Vnis)-morphism f : AL A(UL)AS™ —
X is trivial.

But for any morphism of pointed simplicial sheaves
f:YANA 5 X
let f: Y AAl — Hom, (A, X) be the adjoint of the composition
YA (AL AAL) Ty A Al Ly

where ;1 : A A A' — A! denote the product of the ringed object A'. Then
the following diagram is commutative (in A°PShve(Vnis)) :

YAAL  Hom, (Al X)
I L ev

YAAL I X

This easily allows one to finish the proof of the lemma.

13which means each of its fibers are 0-connected, or equivalently, that the coequaliser of
do and di, X1 3 X) is the point
4i e. the map to the point is a simplicial weak equivalence
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Lemma 3.2.2 A pointed simplicial sheaf X is weakly contractible if and only
if for anyn >0, any U € Sm(k), any Hs,o(VNis)-morphism f: S"A(U) —
X s trivial.

Indeed, we may assume X is simplicially fibrant. If it is weakly con-
tractible the conclusion is clear. Conversely, under the assumption of the
lemma, the pointed fibrant simplicial set X'(U) has all its homotopy groups
trivial (at the base point) and is thus contractible. This clearly implies that
X is weakly contractible.

Construction of the Al-localization of a pointed connected simpli-
cial sheaf Let ) +— ) be a functorial simplicial fibrant resolution. Let
X be a pointed simplicial sheaf. We let L(1)(X) be the cone of the obvious
morphism

evi : Hom, (A', Xp) — X}

Let LY (X) be LO(X);. We let X — LY (X) be the obvious morphism

of pointed simplicial sheaves. Define by induction on n > 0, L™ := Lgtl) °
LY. We have natural morphiss, for any ¥, L{""(¥) — L (X) and

we set L®(X) = colimneNL;")(X).
Proposition 3.2.3 Let X be a pointed connected simplicial sheaf. Then the
simplicial sheaf L>®(X) is A'-local and the morphism
X — L®(X)
is an Al -weak equivalence.
The product u of Al considered above induces a morphism

Hom, (A", X;) AA' — Hom, (A, X})
which is left inverse to the section at 1

Hom, (A, X;) - Hom, (AL, X;) A A!

Thus Hom,(A', X;) being a retract of Hom,(A!, Xf) A Al is Al-weakly
contractible (i.e. isomorphic to * in He(k)). So we conclude that each
morphism X — L) (X) is an A'-weak equivalence, and thus the composition
X — L®(X) as well.

The fact that L®(X) is A'-local follows then formally from lemma 3.2.1
and the following lemma.
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Lemma 3.2.4 Let X° - X! — ... & X™ — ... be a direct system of
pointed simplicial sheaves. Then for any integer n and any U € Sm(k) the
map

colimy, Homay (yy, ) (S"A(U), &™) = Homay, (yy, ) (8" A(Uy), colimy, X™)

is a bijection.

Connectivity and A'-localization Let X be a simplicial sheaf. The
colimit of the diagram (in Shv(Vyis)) :

X3 A

is denoted by 7y (X). It is the sheaf associated to the presheaf U — o (X (U)).
We say that X is 0-connected if and only if mo(X) is the trivial sheaf.

We first deduce the following corollary from the description we gave above
of the Al-localization of a O-connected, pointed simplicial sheaf.

Corollary 3.2.5 (see [25]) Let X be a 0-connected simplicial sheaf. Then
its Al -localization is 0-connected.

Indeed, X can be pointed (indeed the map Xy(k) — * is surjective be-
cause F' — F(k) is a fiber functor in the Nisnevich topology). But then
clearly the simplicial sheaf L*°(X’) constructed above is still 0-connected.

Assume moreover that X is a pointed simplicial sheaf. Then for any
n > 1 one denote by 7, (X, z) the sheaf of groups (abelian groups if n > 2)
associated to the presheaf U — 7, (X (U), z).

Definition 3.2.6 For any n > 1 we will say that X is n-connected if it is
0-connected and if for any i € {1,...,n} the sheaf m,(X,x) is trivial.

Example 3.2.7 Let Ab(Vy;s) be the (abelian) category of sheaves of abelian
groups on V. For any simplicial sheaf X one defines the chain complex'®
C(X) as follows. Let Z[X] be the free simplicial sheaf of abelian groups
generated by X. Then C,(X) is the normalized chain complex'® in Ab(Vy;;s)
associated with Z[X].

15«chain complex” means the differential has degree —1, “cochain complex” means the

differential has degree +1
16See [16] for the definition of the normalized chain complex
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Let M € Ab(Vn;s) be a sheaf of abelian groups and let n > 0 be an
integer. Let M|[n]| denotes the chain complex in Ab(Vy;s) concentrated in
degree n where it equals the sheaf M. The functor

X = Home, (Ap(vys,)) (Cx(X), M[n]) =: Z"(X; M)

is representable by a simplicial sheaf (of abelian groups) denoted K (M, n)
and called the Eilenberg-MacLane simplicial sheaf of type (M,n). This
simplicial sheaf has the following homotopy sheaves

Oif m#mn
7"'m(}'{uuan)a()) :{ M 1fm7é=n

and is thus (n — 1)-connected.

Remark 3.2.8 One can show [14, 25] that for any X € V, any M €
Ab(Vnis) and any n > 0 the group

HomHs(VNis) (X, K(M, n))
is canonically isomorphic to
His(X; M)

Definition 3.2.9 Let n > 0 be an integer. We say that M € Ab(Vnis) is
n-strictly Al-invariant if and only if for any smooth k-scheme X and any
integer i € {0,...,n} the obvious homomorphism

H}VZS(X’M) — H]ZVZS(X X Al;M)
s an isomorphism.

Observe that for n = 1 this definition obviously extends to sheaves of
non-commutative groups, and for n = 0 to sheaves of sets. Using the previous
remark, one easily checks the following :

Lemma 3.2.10 Let n > 0 be an integer. Then for any sheaf M (which is to
be a sheaf of groups for n =1 and of abelian groups for n > 1), the simplicial
sheaf K(M,n) is Al-local if and only if M is n-strictly A'-invariant.

It seems reasonable to us to conjecture
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Conjecture 1 A 0-connected, pointed simplicial sheaf X is A'-local if and
only if for any n > 1, the sheaf

Tn (Xa 'T)
is n-strictly Al -invariant.

This conjecture easily implies'”, using an obvious adjunction argument,
the following other conjecture (which should generalize Corollary 3.2.5) :

Conjecture 2 The Al-localization of an n-connected simplicial sheaf X is
still n-connected.

Our main result in these notes will be to prove a “stable” analogue of
that conjecture.

3.3 Thom spaces and homotopy purity
Thom spaces of closed immersions

Definition 3.3.1 Let ¢ : X — Y be a closed immersion of smooth k-
varieties whose open complement is U C Y. The Thom space Th(i) of i

is the pointed sheaf of sets
Y/U

Example 3.3.2 The usual example is that of vector bundles [25]. If £ is a
vector bundle over X € V with total space E(£), the Thom space of the zero

section
so: X = E(§)

is also called the Thom space of £.
We observe that if £ is the trivial bundle of rank n, O™, over X then
Th(O™) is canonically isomorphic to the smash-product

A" /(A" —{0}) A (X4)

and, more generally, if £ and 7 are respectively vector bundles over X € V
and Y € V the Tom space of their external Whitney sum ¢00n (over X x Y)
is the smash-product

Th(é0n) = Th(§) ATh(n)

"In fact, using the trick we will use in section 4.2 it might be the case that this two
conjectures are equivalent
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Example 3.3.3 For any closed point z € X € V, with residue field L the
Thom space of the closed immersion

z : Spec(L) —» X
is isomorphic (non canonically) to the sheaf A™/(A™ — {0}) A (Spec(L)).
This follows from Lemma 2.1.13.

The homotopy purity theorem [25] The next theorem generalizes much
further the previous example. This is one of the most important property
of our homotopy category H (k).

Theorem 3.3.4 [25] For any closed immersion
1: X =Y

with normal vector bundle v; over X there is a canonical isomorphism in the
pointed homotopy category He(k) of the form

Th(i) = Th(v;)

In standard differential topology, this lemma would follow from the exis-
tence of tubular neighborhoods. Here, instead, we have to use a deformation
to the normal bundle process [25].

An application of the homotopy purity theorem

Definition 3.3.5 Let X be a simplicial sheaf and n > 0 an integer.

We say that X is weakly n-connected if and only if for any irreducible
smooth k-scheme X with field of fractions F, the simplicial set X(F) is
n-connected.

We recall that X (F) is the fiber'® at the generic point of X.
Our application of Theorem 3.3.4 is the following:

Lemma 3.3.6 Let X be an A'-local simplicial sheaf and n > 0 an integer.
Then the following conditions are equivalent :

18Together with the representability of algebraic K-theory we saw previously, it justifies
our choice of the Nisnevich topology
19Tn the Nisnevich topology of course
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(i) X is weakly n-connected ;

(ii) X is n-connected.

The implication (74) = (7) is clear. Let’s prove the implication (i) = (i3).
We may of course assume X is pointed.

Assume first n = 0. We must prove that the sheaf mo(X) is the trivial
sheaf if we assume that X' (F') is connected for any finite type field extension
k C F. For a given smooth k-scheme U we must then show that the (pointed)
set mo(X)(U) is trivial. It is sufficient to show that for any morphism U —
mo(AX) there is a covering V' — U such that the composition V- — U — mp(X)
is trivial?0.

As the morphism of simplicial sheaves X — 7y(X) is an epimorphism,
there is a covering V,, — U, with the V,, irreducible smooth k-schemes, such
that each composite V,, — U — mp(X) lifts to a morphism V,, — X.

It is thus sufficient to prove that for any irreducible smooth k-scheme V'
and any morphism ¢ : V — X the composition V — X'mo(X) is trivial.

By assumption, colimyy cymo(X (W)) is the trivial set, where W runs over
the ordered set of non-empty open subsets in V. This implies that there is
a dense open subset W C V such that the composition W — V — X is
simplicially homotopic to the trivial morphism. We may of course assume
X to be simplicially fibrant. Using the right lifting property of the pro-
jection X — * with respect to simplicially trivial cofibrations, we see that
our previous morphism ¢ : V — X is simplicially homotopic to a morphism
¢' : V. — X whose restriction to W is trivial. Of course the composite
V = X — mo(X) using ¢’ is thus the same as the one using ¢.

It thus remains to show that the morphism V/W — X induced by ¢'
induces the trivial morphism V/W — m(X). This clearly follows from :

Lemma 3.3.7 For any irreducible smooth k-scheme V and any dense open
subset W C V, the Al -localization of V/U is 0-connected.

Let F' be the closed complement of W with the reduced induced struc-
ture. Because k is perfect, there is an increasing sequence of reduced closed
subschemes :

0=F_, CFkFC...Fg=F

20Remember X is pointed so that to be trivial means to be the base point
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such that each k-scheme Fy; — Fs_; is smooth and dim(F;) = 4. Then in the
increasing sequence of pointed sheaves :

* = (V—Fd)/W—) (V—Fd_l)/W — ...(V—Ffl)/W: V/W

the homotopy cofibers?! at each step are of the form V — F;_1/V — Fj, but
F;— F;_1 is a smooth closed subscheme of V' — F;_; of strictly positive codi-
mension.

To achieve the proof of Lemma 3.3.7, it thus suffices to check the following
two lemmas :

Lemma 3.3.8 Let X — Y be a closed immersion between two smooth k-
schemes. Assume that the codimension of X in Y is everywhere strictly
positive. Then Ly (Y/(Y — X)) is 0-connected.

That cofiber Y/(Y — X) is Al-homotopy equivalent to the Thom space
of the normal bundle of the immersion X — Y by Theorem 3.3.4. Using the
next lemma, we can easily reduce to the case where the normal bundle is
trivial. In which case the Thom space is (Al /Al —{0})A (X ). But (Al /Al —
{0}) is isomorphic to the suspension of A! — {0} whose A!-localization is 0-
connected by corollary 3.2.5.

Lemma 3.3.9 Let f : X — Y be a morphism of simplicial presheaves.
Then the Al-localization of the cone of f is canonically isomorphic to the
Al -localization of the cone of Ly (f) : Lt (X) = L (Y).

We proceed now to the general case n > 1. From the previous case, we
know that my(X) is trivial, so that X’ can be assumed pointed and A!-fibrant.
But now, Q™(X) is Al-fibrant (thus A!-local) and satisfies the hypothesis for
n = 0. This case thus implies Q7(X) is 0-connected, and thus we get the
result.l]

2li.e. the quotients sheaves
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4 Stable Al'-homotopy theory of S'-spectra

4.1 Recollection on S'-spectra

Recall that S denote the simplicial circle, that is to say the pointed simpli-
cial sheaf A'/OA!. Here, we set S := (S')"" for any integer n > 0.

Definition 4.1.1 An S'-spectrum E over k is a collection {E,, 0y }nen con-
sisting, for each integer n > 0, of a pointed simplicial sheaf E, and a mor-
phism op @ En N S' — Eni1 of pointed simplicial sheaves. Morphisms of
Sl-spectra are collections of morphisms of pointed simplicial sheaves which
satisfy the obvious conditions. We thus obtain the category Spsl(k) of S'-
spectra over k.

Example 4.1.2 1) For any pointed simplicial sheaf X, it suspension spec-
trum 3X*°(X) has n-th term X A S™ and identities as structure morphisms.
This construction gives a functor

$® : A%Shve(Viis) — Spsl(k)

2) Let E be an S'-spectrum in the classical sense of Bousfield-Friedlander [7].
Then using the functor which to a set associates its constant sheaf on
VY = Sm(k) on gets a functor

Sp — Sp°' (k)

Definition 4.1.3 1) Let E be an S*-spectrum. Letn € Z be an integer. We
define the n-th stable homotopy sheaf of E to be the sheaf of abelian groups

T (E) = colimy>>oTnir(Er) € Ab(Viis)

where the transition morphisms Tpyr(Ey) — Tpiry1(Ery1) are induced by
the structure morphisms oy,.

2) A morphism of S*-spectra f : E — F is called a stable simplicial weak
equivalence if it induces an isomorphism

T (E) = mn (F)

for all integer n € Z.
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3) A morphism of S'-spectra f : E — F is called a stable cofibration if
and only if the morphisms
E() — F()

and for each n >0
EpiiUg ast Fo ASY = Foi
are cofibrations (i.e. monomorphisms of pointed simplicial sheaves).

Using the results of [25] and standard techniques cf [7, 15], one can
show that the category of S'-spectra endowed with the notions of stable
simplicial weak equivalences as weak equivalences and of stable cofibrations
as cofibrations is a model category, which we will refer to as the stable
model category structure. We denote by S”H;gl(k) the associated homotopy
category. The set of morphism in that category between F and F' will be
denoted

[E,F)5

The stable fibrations are not easy to describe (see [7]) but one has

Lemma 4.1.4 An S'-spectrum E is stably fibrant if and only if for each
n > 0 E, is a fibrant pointed simplicial sheaf and the adjoint to o, :

On: By — —Homo(slaEn-}—l) = Q(En-f-l)
is a weak equivalence (of pointed simplicial sheaves).

Example 4.1.5 The functor Sp — SpS' (k) considered above sends a (clas-
sical) stable weak equivalence to a stable simplicial weak equivalence so that
we get an induced functor SH — SHS' (k).

The functor

— APShv,(Vyis) = Sp° (k)
' X — T°(X)

clearly sends simplicial weak equivalences to stable simplicial weak equiva-
lences and thus induces a functor :

oo | Ha(k) > SHS (k)
E'{ X %°(X)
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That functor admits as right adjoint the functor

o | SHS (k) — Ha(k)
& { E — Q®(E)

which to a simplicially fibrant S'-spectrum E associates its infinite loop
space
Q°(E) := colim,>oHom,(S", E,)

Recall from that the suspension functor Hse(Vnis) = Hs,e(Vnis), X —
X A S! has a right adjoint which we denoted by

Ql : ,Hs,.(VNis) — Hs,o(vNis)ay = Q(y)

Definition 4.1.6 A S'-spectrum E is said to be an Q-spectrum if and only
if for any n > 0 the adjoint E, — Q' (E, 1) to the structural morphism o,
is a simplicial weak equivalence.

Thus, in particular such a stable fibrant spectrum F is an -spectrum,
and any S'-spectrum admits a stable trivial cofibration E — Ey to such a
stably fibrant spectrum.

Corollary 4.1.7 Let E be a fibrant S*-spectrum. For any smooth k-scheme
U the canonical map HomSHssl(k)(Zoo(U+),E) — Homyy, ) (U, Ey) is bijec-
tive.

Indeed, one applies the principle of Quillen homotopical algebra, observ-
ing that the infinite suspension spectra ¥°°(U, ) is stably cofibrant.

Corollary 4.1.8 Let E be an S'-spectrum. Then the sheaf mo(E) is the
associated sheaf to the presheaf

U— Hom )(EOO(U+),E)

SHS (k

One easily proves that corollary from the previous one by assuming that
E is a stably fibrant S'-spectrum.

Let E be an Sl-spectrum and X be a pointed simplicial sheaf. One
defines the smash-product X A E as the S'-spectrum whose n-th term is
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X A E,, and with structure morphisms X A o(E),,. This functor induces a
functor

AP Shv, (Vyis) x Sp5' (k) = Sp°' (k),(X,E) = X NE
which preserves weak equivalences and thus induces a functor
Hao(Vivis) x SH' (k) — SH (k)
We can also define the smash-product on the right
SpS’ (k) x AP Shve(Vis) = Sp° (k), (B, X) = EAX

with terms E,, A X, but of course this functor is canonically isomorphic to
the previous one. We observe also that the smash product by some fixed
X € APShve(Vnis)

SpS (k) — Sp°' (k),E — EAX
admits a right adjoint
Sp%' (k) = Sp® (), F > Hom(X,F)
Given a functorial stable fibrant resolution E — E; the functor
SHE' (k) — SHS' (k), F — RHom(X,F) := Hom(X, Fy)
is easily seen to be a right adjoint to

SHS' (k) = SHS (k),E— EAX

The triangulated structure on S?—lfl (k) The category SHSSI(k) admits
arbitrary sums : the sum of a family of S'-spectra is the S'-spectrum whose
n-th term is the wedge of the n-terms in that family.

Lemma 4.1.9 The smash-product by S*
SHS' (k) = SHS' (k),E— S'AE

is an equivalence of categories.
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Indeed, choose a functorial stable fibrant resolution
E— E f

Then the functor E — Q(Ey), where Q(Ef),, := Q((Ef),) is easily seen to

be an inverse to E +—+ S' A E using the two stable weak equivalences®?

E - Q((S'AE)y)

and
St A Q(E f) — F f

As S! is a cogroup object in H o, its codiagonal ¢ : ST — SV St induces
for any spectrum FE, a morphism E — EV E (induced by ¢AIdg : S'AE —
S A EV S A E using the above lemma), which induces a natural structure
of cogroup object on E. Being natural in F, this structure has to be abelian.
Thus the category SHY 1(k) is additive.

In fact, it extends to a natural triangulated structure on SH? ' (k) where
the shift functor E — E[1]is E — S'AE and where an exact triangle in that
structure is one which is isomorphic to some shift of the following triangle :

E - F — Cone(f) » S'ANE
where f : E — F is any morphism of S!-spectra and Cone(f),, := Cone(f,)-

Remark 4.1.10 The triangulated category S’Hfl(k) is generated by spec-
tra of the form ¥X°°(U,) with U € V in the sense that F € 87—[551 (k) is trivial
if and only if any morphism (in SH? "(k)) from any shift of those spectra to
E is trivial.

Example 4.1.11 For each distinguished square as in 2.1.4 the following
triangle

SO(W) — £ (U4) v E®(V4) = 5°(X4) — S°(W)[1]

where the first morphism is the difference of the two obvious morphisms and
where the second one is the sum of the two obvious morphisms.

Example 4.1.12 From Theorem 3.3.4 it follows that for any closed immer-
sion 2 : X — Y in V with normal bundle »; and open complement U C Y
there is an exact triangle

SPO(U) — S(Y2) = S°(Th(ny) — S°(U4)[1]

22Check it on each fibers
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Remark 4.1.13 Following [28, 14] the category S"Hfl(k) admits in fact a
structure of symmetric monoidal category whose monoidal structure

(=) A (=) : SHS' (k) x SHS' (k) — SHS (k)

(E,F)— EAF

is induced by the smash product in the sense that the composition of the
functor A : SHS (k) x SH5' (k) — SH5' (k) by the functor £%° x Id :
Hs,e(ViNis) X S’HSS1 (k) — S?—[fl(k) is the functor already considered above.

That symmetric monoidal structure is compatible in the obvious sense
with triangulated structure. Moreover it complete in the sense that for any
Sl-spectrum F, the smash-product by F, SHfl(k) — SHfl (k), E—~ EANF
has a right adjoint denoted by :

Hom(F,—) : SHS' (k) = SH5' (k), G — Hom(F,G)

and for a pointed simplicial sheaf X one has of course a canonical isomor-
phism
Hom(X*°(X),G) = Hom(X,G)

The t-structure on S”Hfl(k)

Definition 4.1.14 A S'-spectrum E is said to be non negative if and only
if for any integer n < 0 one has

m(E) =0

We denote S’Hfl(k)zo C S"Hssl(k) the full subcategory whose objects are
non-negative. We say that E is non positive if for any integer n > 0 one
has

m(E) =0

We denote S’Hfl(k)so C S’Hfl(k) the full subcategory whose objects are non
positive.

Lemma 4.1.15 An S'-spectrum F is non positive if and only if for any
n >0 and U € Sm(k) the group

[£°(U,)[n], FIS"

vanishes.
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This easily follows from Corollary 4.1.8.

Example 4.1.16 Spectra of the form X®°(Uy)[n] = S" AEZ®(U;), n > 0
and U € Sm(k) are obviously non negative. This comes from the obvious
fact that the simplicial pointed sheaf (Uy) A S™ is (n — 1)-connected.

Theorem 4.1.17 The triple
(SHS' (k), SHE' (k)»0,SHS (k) <0)
is a t-structure® [6] on SHS' (k).

We will not recall the definition of a t-structure but we just remind
the reader that the inclusion S’H;gl(VNis)>0 C S"Hfl(k) has a left adjoint
E — E>q that the inclusion S’H;,ql(k)go_c SHS' (k) has a right adjoint
denoted by E' — E<, that

VE € SHS' (k)50,VF € SHS (k) <o, [E[1], F]S" =0
and that for any spectrum F there is a unique exact triangle
EZO - FE — ES(_l) — EZO[I]

Once one has such a t-structure, one easily gets for each integer n € Z a
> n truncation E>, — E (with E>, = (E[-n])>0[n]), a < n truncation
E — E<, so that there is an exact triangle

B>y = E — Eq(n_1) = E>p[l]

The tower {E<p}nez is usually refereed to as the “Postnikov” tower for F.
This t-structure is “non-degenerate” in the sense that for any U € V and

for any E € SHS' (k), the morphism :
(U, Bxnld — [8°U4), B

S

is an isomorphism for » < 0 and the group :

[£°(U), BsnlS

*Here we are using an homological indexation of t-structures: thus our S#HS ' (k)>o
1
should be understood as SHS (k)<° in [6], etc...
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vanishes?* for n > dim(U). As a consequence the morphism :

[E°U4), Bl — [S°(U), E<yls

S

is an isomorphism for n > dim(U).

The functor SH3 1(lc) — Ab(Vnis), E — mo(E) clearly induces an equiv-

t25

alence of categories from the heart*® of that t-structure with the category

Ab(Vpis) of sheaves of abelian groups. The inverse functor is the functor
H : Ab(Vyis) — SHS' (k)

which sends M to the following S'-spectrum HM : its n-th term is the
simplicial sheaf (of abelian groups) K (M,n) which has only one non-trivial
homotopy sheaf isomorphic to M in degree n, and whose structure mor-
phisms are the obvious morphisms.

4.2 Al-localization of S'-spectra and the connectivity theo-
rem

In the sequel, when we consider A as a pointed scheme, we will always
consider 0 as the base point and for any spectrum E, we denote by ev; (E)
the evaluation at one :

Hom(A',E) - E

Proposition 4.2.1 Let E be an S'-spectrum. The following conditions are
equivalent :

(i) for any X € Spsl(k), the projection
X AZ®(A' L) = X AB®(Spec(k)+) = X
induces a bijection :

[X,E]S" = [X AS®(Al,), B]S

S

*this follows from the fact that the Nisnevich cohomological dimension is bounded by
the Krull dimension [36, 25]

2The heart of a t-structure is the full subcategory consisting of objects both non-
negative and non-positive. By [6] it is always an abelian category
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(ii) for any X € Spsl(k), the group
(X A5 (AY), B
vanishes ;

(iii) the S'-spectrum
Hom(A!, E)

is trivial ;

(iv) for any smooth k-scheme U, any integer n € Z, the group homomor-
phism induced by evi(E) :

[2°°(U4)[n], Hom (A, E)]S" — [£%°(U4)[n], E]S"

S
1s trivial.

Assume moreover that E is an Q-spectrum. Then the previous condi-
tions are also equivalent to the following one :

(v) each of the pointed simplicial sheaves E,, is Al -local.
The proof is of course the same as the proof of lemma 3.2.1.

Definition 4.2.2 1) An S'-spectrum E is called A'-local if it satisfies the
equivalent conditions of the proposition.

2) A morphism f: X —»Y in Spsl(k) is called a stable Al-weak equiv-
alence if and only if for any A'-local E, the map :

Y. B~ X, B
1s bijective.

It is possible to show that the notion of stable Al-weak equivalences,
and of stable cofibrations define a model category structure on Sp° (k). We
denote by

SHS' (k)

the associated homotopy category and call it the stable A'-homotopy cat-
egory of Sl-spectra. As any stable weak equivalence is a stable Al-weak
equivalence, the category SHS' (k) is a localization of SHS' (k) and thus get
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26

most of its structures Given two S'-spectra E and F, we will simply

denote by .
(B, F]®

the abelian group of morphisms between E and F in SHS' (k).

Remark 4.2.3 The triangulated category SH° ' (k) is generated by spectra
of the form ¥°°(Uy) with U € Sm(k). This follows from the fact that
these spectra generate?” the triangulated category SHZ ' (k) and by the fact
that the right adjoint to the obvious functor SH5' (k) — SHS (k) is a full
embedding.

Let F — F; be a functorial (simplicial) fibrant model for ). Let E be
an S'-spectrum. We let L) (E) be the cone of the obvious morphism

evy : Hom(A', E;) — E;

Let Lscl)(E) be LY (E);. We let E — L}l) (E) be the obvious morphism

of pointed simplicial sheaves. Define by induction on n > 0, L™ := Ls,l) o
Lscnfl). We have natural morphisms, for any F, Lgcnfl)(E') — Lgc") (E) and
we set L®(E) = colimqenL " (E).

Lemma 4.2.4 Let E be an S'-spectrum. Then the S'-spectrum L*°(E) is
Al-local and the morphism
E — L®(E)

is a stable A -weak equivalence.

The proof is the same as the one of 3.2.3.

Let’s denote by S?—lf’kl (k) C S?—[fl(k) the full subcategory consisting of
Al-local S'-spectra. We observe it is stable under the operation of taking
cones and as such is a sub-triangulated category.

The inclusion S’Hi 1&1 (k) C SHS " (k) thus admits as left adjoint the func-
tor L(—) : SHE' (k) — SHZ, (k), which is called the Al-localization func-
tor. It sends stable Al-weak equivalences to isomorphisms, and thus induces
a functor SH5' (k) — S’Hf’ Lxl (k) which is an equivalence of categories.

26Triangulated, symmetric monoidal etc..
*"see 4.1.10
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Definition 4.2.5 Let E be an S'-spectrum and n € 7 an integer. We say
that E is weakly n-connected if and only if for any i <n

mi(E)(F) =0
for any field of rational functions F of any irreducible smooth k-scheme®®.

For instance, any n-connected S'-spectrum is weakly n-connected.

Remark 4.2.6 If F is an Q-spectrum, its is weakly n-connected if and only
if for each m > 0 the simplicial sheaf F,, is weakly n + m-connected.

Lemma 4.2.7 Let E be an A'-local S*-spectrum and n € Z an integer.
Then the following conditions are equivalent :

(i) E is weakly n-connected ;

(1) E is n-connected.

This easily follows from 3.3.6 and 4.2.1 (v).

Corollary 4.2.8 Let f : E — F be a morphism of Al-local S'-spectra. As-
sume that f induces an isomorphism on the sections over any field extension
of finite type of k. Then f is a stable weak equivalence.

Just apply Lemma 4.2.7 to the cone of f (which is Al-local and weakly
n-connected for any integer n).

The following, now, is the main result of this section :

Theorem 4.2.9 Letn € Z and let E be an n-connected S*-spectrum. Then
its Al -localization Ly (E) is weakly n-connected.

Combining Theorem 4.2.9 and Lemma 4.2.7 we immediately get :

Theorem 4.2.10 Let n € Z an integer and let E be an n-connected S*-
spectrum. Then its Al -localization L1 (E) is still n-connected.

Remark 4.2.11 This theorem is the stable version of our conjecture 2.

28or equivalently the fiber E(F) at such an F is an n-connected spectrum
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Sketched proof of theorem 4.2.9 By Lemma 4.2.7 and an appropriate
“base change argument”?® we are reduced to proving the following

Lemma 4.2.12 Let k be a field. Let n € Z and let E be a (—1)-connected
Sl-spectrum over k. Then for any integer n < 0 the group

Hom (8™, Ly (E))

SHS' (k)
1s trivial.

To prove this lemma let us denote by o the S!'-spectrum which is the
fiber of the obvious morphism (corresponding to 1 € Al) S° — 2*°(Al)) so
that we have an exact triangle

o — 8% = N®(Al) = of[1]
Clearly, for any S'-spectrum E one has a triangle of the form :
Hom(A',E) - E — Hom(o, E)
so that the function spectrum Hom(o, E) is isomorphic to Lscl)(E) in the
category S’H;gl (k). Iterating this remark, we see that, for any integer n > 0,

the function spectrum Hom(o/\", E) is isomorphic in SHS" (k) to Lgcn) (E). So
that the Al-localization of E is isomorphic to the telescope of the diagram :

E — Hom(o,E) — ... — Hom(c"\",E) — ...
As the spectra S™ are finitely presented’, any morphism
S" — LAI (E)

factors through some Hom(c"\", E) — L (E).

Now the Lemma 4.2.12 and thus the Theorem 4.2.9 is a consequence

of3! :

Lemma 4.2.13 Let k be a field. Let m < 0 be an integer and let E be a
—1-connected S'-spectrum over k. Then for any integer n > 0 the group

[S™, Hom(c"", E))S' 2 [0"", E[-m]]5"

S S

18 trivial.

*In the following statement, the fact that the base field is perfect is NOT necessary
3%r “compact”
31the following Lemma is a reformulation of an idea of Voevodsky [39]
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This lemma can be reformulated by saying that for any n > 0 the S'-
spectrum o™ has cohomological dimension 0 in the sense that for any 0-
connected S'-spectrum E the group

0", E]S"

S

is trivial. In fact we prove by induction on n > 0 that for any ¢ € N the
spectrum (X% (A!)[—1])" A o\ is of cohomological dimension 0, that is, for
any 0-connected S'-spectrum E the group

(2 (A1) [-1])" A o™, B3

is trivial. This is true for n = 0 because A’ is a smooth variety of Krull
dimension ¢ and that the Nisnevich dimension is less or equal to the Krull
dimension [26, 36, 25]. Assume the inductive hypothesis for n — 1, with
n > 0. Let ¢ € N. Using the triangle which defines o we get a triangle

(EOO(AI)[_l])/\i(—H) A O./\(nfl) N (ZOO(AI)[_l])/\i A g\"

N (Eoo(Al)[_l])/\i A o_/\(n—l)

which easily implies the result.

4.3 The homotopy t¢-structure on SH5' (k)

Definition 4.3.1 1) An S'-spectrum F is said to be A'-non positive if and
only if for any integer n > 0, any smooth k-scheme U the group

[2°(U,)[n], F]5'

is trivial. We denote by S?—lég(k) C SHS' (k) the full subcategory whose
objects are A -non positive.

2) We say that an S'-spectrum E is Al-non negative if for any F €
S’Hgg(k) one has
[E,F[-1]] =0
We denote S’Hgg(k) C S?—[Sl(k) the full subcategory whose objects are Al-
non negative.

Example 4.3.2 Spectra of the form X*°(U,)[n], withn > 0and U € Sm(k)
are obviously A!-non negative.
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Lemma 4.3.3 1) An S'-spectrum F is Al-non positive if and only its Al -
localization Ly (F') is non positive.

2) An S'-spectrum E is Al -non negative if and only its A -localization
L (E) is non positive.

The first part follows from the fact that, for any integer n, any smooth
k-scheme U one has an isomorphism

[2°(U4)[n], FI¥ = [S%(U)[n], Ly (F))S

S

The second part is an immediate consequence of the first.

Theorem 4.3.4 1) Let E is an Al -local S'-spectrum, then its non negative

part
EZO

is still an Al-local S'-spectrum. As a consequence, the triangle’? of S'-
spectra
EZO - FE — ES_l

consists of Al -local S'-spectra.
2) The pair (S?—[‘;B(k),S’HgB(k)) is a t-structure [6] on SHS' (k).
This t-structure on SHS (k) is called the homotopy t-structure33.

To prove 1) apply the Al-localization functor to E>(. By theorem 4.2.10,
the S'-spectrum L (E>g) is still —1-connected. By functoriality, Lz (E>o)
maps into L (E) = E because E is Al-local. By the universal property of
the non-negative part E>q, we thus get a canonical factorization

LAI (EZO) — EZO - F

whose composition by the morphism E>q — L1 (E>q) is clearly the canon-
ical one. Thus, Ex is a direct summand in L (E>¢) and is also Al-local.
The second part follows easily from the first.[]

82in SHS (k)
331t is compatible to the homotopy t-structure defined by Voevodsky on DM®// (k) [38],
see also the discussion in section 5.3
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It follows from the corresponding fact in SH? ' (k) that this is non-degene-
rate in the sense that for any U € V and for any F € S”Hfl(k), the mor-
phism :

1

[E°(U4), Esn]® — [S%(U4), E]°

is an isomorphism for n < 0 and the group :
1
[EOO(U-F)a EZ”]SS
vanishes for n > dim(U). As a consequence the morphism :

[E°U4), Bl — [E°(U4), E<yls

S

is an isomorphism for n > dim(U).

The heart of the homotopy t-structure The heart3* of that ¢-structure
is denoted 74" (k). Using theorem 4.3.4, we see that the obvious functor

™ (k) = SHE o (k) N SHS (k)

is an ezact full embedding.

As we already know that S’Hi 1>0(k) ﬂS?—lf’ 1<0(k) is canonically equivalent
to Ab(Vnis) by the functor which maps E to the associated sheaf to the
presheaf

U [5°U), E)S

it remains for us to identify A (k) as a subcategory of Ab(Vyis).
We first extend definition 3.2.9:

Definition 4.3.5 We say that a sheaf of abelian groups M € Ab(Vnis) is
strictly Al-invariant if and only if for any smooth k-scheme U, the homo-
morphism

H]@is(U; M) - H]T\LMS(U X AI;M)

is an isomorphism.
We denote by Abgp (Vnis) the full subcategory of Ab(Vnis) consisting of
strictly Al -invariant sheaves.

This a quite natural because of the following

3recall it is just SHSo(k) N SHEo(k)
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Lemma 4.3.6 Given a sheaf of abelian groups M € Ab(Vnis), the S'-
spectrum HM is Al-local if and only if M is strictly Al -invariant.

This Lemma immediately follows from remark 3.2.8.

Lemma 4.3.7 1) For any S'-spectrum E the associated (Nisnevich) sheaf
to the presheaf

U [S2(U4), B = [S®(UL), Ly (B)]S

is a strictly Al -invariant sheaf which we denote 7'('(“)&1 (E).

2) The functor
mg s SH (K) C Abgss (Vwis), B > iy (E)
induces an equivalence of categories
7 (k) 2 Abga (Vvis)

Indeed, if E is > 1, or if E < (—1) the associated sheaf is trivial. Using
our homotopy t-structure, we thus reduce to the case £ = HM which follows
from Lemma 4.3.6.

Remark 4.3.8 As a consequence the category Abya1 (Viis) is abelian and
the inclusion Abgp1 (Viis) C Ab(Vnis) admits as left adjoint the functor
denoted M — Mﬁl which maps M to 7r(‘§§1 (HM). Tt also gets a sym-
metric monoidal structure by the formula (for M and N in the category
Abgiar (Vnvis))

Me" N:=(MeN)4

Remark 4.3.9 Given any S!-spectrum E, its Postnikov tower in SHS' (k)
gives for any X € Sm(k) a spectral sequence of the form

HY (X;75,(B)) = [5%(X4), Elp + q]]%

The Quillen-Gersten spectral sequence [31, 8] can be seen to be a particular
example of such a spectral sequence, applied to the S' spectrum K with
n-th term

Gr A G, \"
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and with structure morphisms induced by the Bott map 3.1.7 and 3.1.11.
This spectrum represents algebraic K-theory in the sense that for any X €
Sm(k) and any integer n € Z one has a canonical isomorphism

KQ(X) = [£%(X4)[n], K]

Al
q
appearing in Quillen-Gersten spectral sequence.

and one can indeed show that the sheaves 7" (K) are the usual ones K,

Homotopy groups of Hom(Gy,, E)

Definition 4.3.10 Let F' : Sm(k)? — Set, be a presheaf of pointed sets.
Denote by F_1 : Sm(k)? — Set, the presheaf of sets which maps U €

Sm(k) to the kernel (in the category of pointed sets) of the evaluation at 1 :
F(U x Gp,) = F(U).

We observe that if F' is a sheaf of pointed sets so is F__1 and in fact F_
is the internal pointed function sheaf : Hom,(Gp,, F).
Let E be an S'-spectrum. The obvious natural transformation (in U €

Sm(k)) :
[B%°(U4) AS®(Grm), EJS A Homgpywy,) (U, Gm) = mo(E)(U)
induces a morphism of sheaves of pointed sets
7o (Hom(Gy, E) A Gy, — mo(E)
and thus a morphism of sheaves of abelian groups
mo(Hom(Gy,, B) = mo(E) 1

More generally, for any integer n € Z the above construction yields a canon-
ical morphism
Tn(Hom(Gp,, E) — mp(E) 1

Lemma 4.3.11 Let FE € SpSl(k) be an Al -local S*-spectrum. Then for any
n € 7, the canonical morphism

Wn(M(GmaE)) — Wn(E)—l

is an isomorphism.
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Remark 4.3.12 As a consequence, we observe that if E € w(k) is an Al-
local S'-spectrum which is in the heart of the homotopy t-structure on
SH5' (k), then the function spectrum Hom(Gy,, E) is still in the heart. More
precisely, if E = HM then Hom(Gy,, HM) = H(M_,).

It is clear that to prove the lemma, it is sufficient to establish the formula
in the previous remark, that is to say that for any M € Abg i (Vnis) the
obvious morphism of S!-spectra :

Hom(Gy,, HM) — H(M_,)

is an isomorphism. To do this it is sufficient by corollary 4.2.8 to check it on
fields, and by a base change argument to check that this morphism induces
an isomorphism for each n € Z :

(5°, Hom(Gom, HM)[nl]§" — [8°, H(M_1)[n]]{’
which can be reformulated, using adjunction, as :
1) [£%°(Gpm, HM)[n])S" =0 for n # 0.

2) [5G, HM)J — [S°, H(M_)]".

The second point is obvious by definition. To prove the first one?> one
simply observes that ©°(G,,) = % (P!)[~1], that for any smooth variety
X the group [2*°(X}), HM[n])]*f1 is canonically isomorphic to H}, (X, M)
and that P! has cohomological dimension < 1.

351 learned this simple argument from Mike Hopkins
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5 Stable Al-homotopy theory of P!-spectra

5.1 P!-spectra

Definition 5.1.1 A P!'-spectrum E over k is a collection {E,, oy }nen con-
sisting, for each integer n > 0, of a pointed simplicial sheaf E, and a mor-
phism o, : E, NPY = E,.1. Morphisms of P-spectra are collections of
morphisms of pointed simplicial sheaves with the obvious conditions. We
thus obtain the category SpF (k) of P'-spectra (over k).

Example 5.1.2 1) The basic example is the suspension spectrum %25 (X)
of a pointed simplicial sheaf X'. Its n-th term is X A P and the structure
morphisms are just the canonical isomorphisms.

2) We may define a P!'-spectrum K with n-th term Z x Gr and with o,
equal to the Bott map (see 3.1.11)

(Z x Gr) AP = Z x Gr

This P!-spectrum is called the algebraic K-theory spectrum.

3) T-spectra. Recall from [25, 39] that 7' := Al /Al — {0} is the Thom
space of the trivial line bundle on Spec(k). The cocartesian square (of
sheaves of sets)

G, — Al
{ {
Al - P!

defines a canonical isomorphism P! /A! 2 T which is by the way an Al-weak
equivalence.

A T-spectrum E over k is a collection {Ey,, oy, }nen consisting, for each
integer n > 0, of a pointed simplicial sheaf F,, and a morphism o, : E,AT —
E,y1. Using the previous morphism P! — T one see that any T-spectrum
defines a P!-spectrum.

4) The Thom spectrum MGl has n-th term the Thom space T'h(~y,) of the
canonical rank n vector bundle on the infinite grassmanian Gr,, = UT Gro
of n-dimensional plans in the infinite affine space.

The morphism

Grp, x Gry, = Grpem
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“classifying” the external sum prjvy,0pr3y,;, induces with the isomorphism
of Thom spaces given in 3.3.2 a morphism

Th(vn) A Th(ym) = Th(Yntm)

These morphisms and the obvious map T' = Th(O) — Th(y:) corresponding
to the Thom space of the trivial line bundle over the point 0 € P> allows one
to define a T-spectrum (and thus a P!-spectrum) with n-th term Th(vyy),
denoted by MGl and called the Thom spectrum or the P!-spectrum of alge-
braic cobordism.

5) The motivic cohomology spectrum [39, 40] H has n-th term K, :=
L[A™]/L[A™ — {0}] where the quotient is computed in the category Ab(Vyis)
and where, for X € Sm(k) the motivic Eilenberg-MacLane “space” L[X] is
the sheaf of abelian groups U + ¢(U, X) where ¢(U, X) denotes the group
of finite correspondences from U to X (see [38, 21]).

Remark 5.1.3 We will usually just use the term “spectrum” to mean P!-
spectrum. Also, we will simply denote Sp(k) the category of P!-spectrum if
there is no possible confusion.

Let E be a Pl-spectrum, U € Sm(k) and (n,m) € (Z)%. We set
Fa(B)m(U) = colimys 5o Homa, go(S™™ A (U4) A (B ™, E,)

This pointed set has a canonical structure of abelian group because P! is
isomorphic to S A G, in He(k).

Definition 5.1.4 1) A morphism f : E — F of P'-spectra is called an
Al -stable weak equivalence if and only if for any U € Sm(k) and any pair
(n,m) € (Z)? the homomorphism :

T (E)n(U) = o (F)m (U)

is an isomorphism.

2) A morphism f : E — F of P-spectra is called a cofibration if and
only if the morphism of pointed simplicial sheaves Eg — Fy is a cofibration
and if for any n > 0, the morphism pointed simplicial sheaves

Enia V(En/\IP’l) (Fn A ]P)l) — Fpi1

s a cofibration.
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One can show that the category of Pl-spectra endowed with the notions
of stable Al-weak equivalences and of morphisms which are at each level
monomorphisms as cofibrations is a model category. We denote by S’HPl(k)
the associated homotopy category, and call it the stable homotopy category
of Pl-spectra. The morphisms in that category are denoted as usual by
[E, F]F".

In fact, if no confusion can arise, we will usually denote the previous cat-
egory simply by SH(k), will call it the stable homotopy category of smooth
k-schemes and will simply denote the morphisms by

(£, F

This category is naturally a triangulated category®® and the suspension
spectrum functor induces a functor

3 Ha(k) — SH(K)

In fact there is an obvious extension of that functor to a smash-product
functor

SH(k) X He(k) = SH(K),(E,X) » EANX
The unit for that functor is the sphere spectrum
S0 = 223(8%)

Remark 5.1.5 As in the case of S'-spectra [15, 28] show that the previous
functor extends to a symmetric monoidal structure induced by the smash-
product, which is compatible with the triangulated structure.

Of course, almost by construction, the smash product by P!
SH(k) — SH(k),E — EAP!

is an equivalence of categories, so that P! is invertible.
The isomorphism?®”(in H,(k)) P! = S' A G,,, shows that in SH(k), the
spectra S10 := %%°(8§1) and SH! := %(G,,) are both invertible as well.
Moreover for any pair (n,i) € Z2 we set
Sn,i — (Sl,O)/\n A (Sl,l)/\(i—n)

Observe that S$2! is isomorphic to Z°°(P*).

36like for the case of S!-spectra, this follows from the fact that P! is a suspension in
Ha (k)
3T¢f3.1.10



418 F. Morel

Definition 5.1.6 For any spectrum F, and for any integers n,i € Z set
E(i)[n] :== EAS™
For any X € A?Shve(Vnis), set
E™(X) = [£°(X), B(i)[n]
For any X € A?Shv(Vnis), set
() = [5°(2,), BG)[n]) = B (%)

The functor A?Shv(Vyis) = Ab**, X — E**(X), where Ab** denotes the
category of bigraded abelian groups, is called the cohomology theory on the
category of simplicial smooth k-schemes associated to E.

Example 5.1.7 1) The cohomology theory associated with the Algebraic
K-theory spectrum

X = K" (X)
is (2, 1)-periodic because, by construction, the Bott morphism induces an

isomorphism
KAP' 2K
But by Bott periodicity 3.1.11, this gives isomorphisms for any X € Sm(k)
any (n,i) € Z2 .
K" (X) = K3

2i—n

(X)
2) The cohomology groups
B (X)

associated with the motivic cohomology spectrum are the Suslin-Voevodsky
motivic cohomology groups H"(X;Z(i)) [38, 39, 35] of X € Sm(k) with
integral coefficients.

Example 5.1.8 One can easily show that for any P!'-spectrum E and any
integers (n,m) € Z? the presheaf 7, (E),, defined above is in fact isomorphic
to the presheaf

U [BX(UL) A S AGR, o™ E) = [SX(U,)[n], E A AGpN™
= [Zp1(U4)[n], E(m)[m]]

This fact explains, a posteriori, the definition we gave of stable Al-weak
equivalence and shows that the spectra $33(Uy) A G,,\™, m € Z (in fact
m < 0 suffices) are generators of the triangulated category SH (k).
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Remark 5.1.9 Let Sm/(k) C Shv(V) denote the full subcategory consisting
of sheaves which are (categorical) sums of smooth k-varieties®®. From [25]
we know that there is a functorial weak equivalence

X (X = X)

with X' € A%Sm/(k). This implies formally that the categories Hs(Vnis)
and H (k) are localizations of A%?Sm/(k).
It is then possible to write down a list of axioms on functors

(AP Sm (k)™ — Ab™*

which characterizes those of the form E**(—) for E € SH(k) as in classical
topology.

Remark 5.1.10 As is clear from the definition previously given, for any
pointed simplicial sheaf S, one can define the category SpS(k) of S-spectra
over k, the corresponding presheaves for (n,m) € Z2

U 75 (BE)p(U) = colimyssoHoma, 1) (S™ AN (Uy) A (S)™™, Ey)

and thus the corresponding notion of stable Al-weak equivalences of S-
spectra and thus the stable A'-homotopy category SHS(k). Using [15] one
sees that when S is “reasonable”, i.e.:

1)S is of finite presentation (or “compact” in [15]);
2) S is isomorphic in H(k) to a suspension;

3) the cyclic permutation on the three variables

Y:SASASZESASAS

is the identity morphism in H,(k);
then SH®(k) gets in a natural way a structure of triangulated, symmetric
monoidal category in which the suspension S-spectrum of S is invertible.
Moreover, it is clear that a morphism?3® S’
monoidal functor

— S induces a triangulated

SHS (k) — SHS(k)

388m’ (k) is thus also equivalent to the category of k-schemes which are disjoint unions
of finite type smooth k-schemes
3%in M (k)
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which is an equivalence of categories if S’ — S is an Al-weak equivalence.

Finally, given two reasonable such objects S and S the smash-product by
S’ defines a canonical triangulated and symmetric monoidal functor
oS SHS(k) — SHS (k)

We have in mind the following examples:

1) The canonical isomorphisms P! & 7T := Al /A! — {0} = S AG,, gives
equivalences . X
SHE (k) = SHT (k) = SH5 "Cm (k)
2) The canonical functor thus induced by the smash-product by G,
o®m + SHY (k) — SH5 "G (k) = SHT (k) =~ SH™' (k)
Remark 5.1.11 We observe that the previous functor c®» admits a right
adjoint
wCm : SHS NG (k) = SHT (k) =2 SHF' (k) — SHS' (k)
As a consequence, using 5.1.8, for any P!-spectrum E and any integers
(n,m) € Z? the presheaf 7, (E),, is isomorphic to the presheaf
1
U= [E3 (U4)In], w® (B(m)[m])]®

Definition 5.1.12 Let E be a P'-spectrum and (n, m) € Z? be integers. We
denote by
T (E)m € Ab(VNis)

the sheaf (of abelian groups) associated to the presheaf Tp(E) .

With the notations of Section 4.3, taking into account 5.1.11, this means
that
T (B)m = (W™ (B(m)[m]))

Remark 5.1.13 By the previous Remark 5.1.11 and by Lemma 4.3.7 we
see that the sheaves 7, (FE),, are each strictly A'-invariant.

Proposition 5.1.14 Let E be a P'-spectrum. Then E is trivial in SH(k)
if and only if the sheaves mn(E)m are trivial for each (n,m) € Z2.

Indeed, the vanishing for a fixed m of all 7,,(E),,, means the vanishing of
all 7, (w®m (E(m)[m])) and from what we know on S'-spectra this implies
that the S'-spectrum w®» (E(m)[m]) is trivial. Consequently, this implies
that the presheaves 7, (E),, also vanish.
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5.2 The homotopy t-structure

Definition 5.2.1 We denote SH(k)>o C SH(k) the full subcategory con-
sisting of P'-spectra E with

Tn(E)m =0

for each m € Z and each n < 0.
We denote SH(k)<o C SH(k) the full subcategory consisting of P!-
spectra F with
Tn(F)m =0

for each m € Z and each n > 0.
Example 5.2.2 For U € Sm(k), spectra of the form

R @)[m] = SR (U4) A ST AGL™
are non-negative® if m —i > 0.

Using our previous results on the homotopy t-structure for S'-spectra,
the computation of Lemma 4.3.11 and the pair of adjoint functors (¢®m , w®m )
one easily proves

Theorem 5.2.3 The triple (SH(k), SH(k)>0, SH(k)<o) is a t-structure [6]
on SH(k).

This t-structure is called the homotopy t-structure on SH(k).

It is non-degenerate in the sense that for any E € SH(k) and any U €
Sm(k), the morphism :

(251 (U4), E>n] — [E53(U4), E]
is an isomorphism for n < 0 and the morphism :
(21 (U4), E] = [E51(U+), E<nl

is an isomorphism for n > dim(U).

40in SH(k)>o
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A description of the heart The heart of the homotopy t-structure is
denoted 72" (k). We will use the construction described in Definition 4.3.10.

Definition 5.2.4 A homotopy module over k is a pair (M., u.) consisting
of a Z-graded strictly homotopy invariant sheaf M, together with, for each
n € Z, an isomorphism of abelian sheaves :

My = (Mpy1) -1,
Let’s start with the following lemma:
Lemma 5.2.5 For any P'-spectrum F the canonical morphism
w®m (F) = Hom(Gp,,w®" (F A Gp,))
is an isomorphism.

Indeed for any S'-spectra F' one obtains by adjunction and invertibility
of the smash-product by G, the following sequence of isomorphisms :

[FAGp,w(GAGR)® 2 0% (FAGp),GAGp] 22 6% (F) AGp,, G A G

~ [¢5m (F), @) = [F, w(G)]S"

Let E be a spectrum. We have seen in the previous section that there
are natural isomorphisms of sheaves

T (B)m 22 1 (0™ (E(m)[m]))
By the preceding lemma, the canonical morphisms
W& (B(m)[m]) — Hom(Gyp,w™ (B(m + 1)[m +1]))
are isomorphisms. By Lemma 4.3.11 one gets canonical isomorphisms
(B = (W (B(m)[m])) = m(Hom(Gyn, ™ (B(m + 1)[m + 1])))

2 (1 (W (B(m + D)+ 1)1 2 (M (E) 1) -1

Thus for a fixed integer n € Z, the collection of 7, (E),,, m € Z, forms a
homotopy module, which is denoted

TrTL(E)*
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and called the n-homotopy module of E.

Conversely, let M, be a homotopy module. We construct a S* A G,,-
spectrum denoted HM, as follows. Its m-th term is the simplicial sheaf
K (M, n)A? Shve(Shv(Vpis)). The structure morphism is the obvious com-
position

K(Mu,n)ANS'AG,, = K(My,n+1)AGy, = K(Mpy1,n+1)

In the following we identify SHF' (k) and SH5'"Gm (k), and thus will consider
HM, as a Pl-spectrum as well.
Using all our previous results, now, it is not difficult to prove the:

Theorem 5.2.6 The functor from the category of homotopy modules to the
stable homotopy category of P'-spectra

M, — HM,

18 fully faithful and induces an equivalence between the category of homotopy
modules and the heart of the homotopy t-structure. Its inverse is induced by
the functor

E— 7T0(E)*

We observe that as a consequence of the symmetric monoidal structure on
SH(k) we get a symmetric monoidal structure on the category of homotopy
modules*! by setting

M, ® N, == mo((HM,) A (HN,))

Of course the unit in that symmetric monoidal structure is 7(S%), and we
observe also that my(Gyy, )« is automatically an invertible object (with inverse
70(Gr 1) ).

5.3 Examples

Rost’s cycles modules [33]. Let M, be a Rost’s cycle module on & [33].
We denote by M, the presheaf on Sm(k) : X — A%(X, M,,). Tt is a strictly
homotopy invariant sheaf in the Nisnevich topology. There is also an iso-
morphism (M,,)_1 = M,,_; which follows from the results in [33]. Thus such
a cycle module define a homotopy module M, and a P'-spectrum H M,.

' which we will identify with the heart of the homotopy t-structure
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Example 5.3.1 The fundamental example of Rost’s cycle module is given
by unramified Milnor K-theory
KM

Recall from [18] that the Milnor K-theory of a field F' is the graded algebra
K(F)
obtained as the quotient of the tensor algebra (over Z)
Tensz(F™)

on the Z-module F* (multiplicative group of F') by the two sided ideal
generated by the Steinberg relations

u® (1 —u)

for each v € F* — {1}.

The sheaf*? KM has value on an irreducible X € Sm(k) the group of
unramified elements in KM (k(X)) (where k(X) means the function field of
X)

KM(X) = Ker( KM(E(X) 5% 0, oo KM (5(2) )

i.e. the kernel of the sum of all the residue morphisms [18]
8y : Ky (k(X) = KLy (k(2))

indexed by the set X1 of points of codimension one in X.

Motivic cohomology spectrum A reformulation of one of the basic def-
initions and computations in [35] is the:

Theorem 5.3.2 For any n <0 one has
Tn(H)x =0
and the canonical morphism
mo(H), — K2

18 an isomorphism.

*?indeed strictly A'-invariant sheaf
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Indeed the value of the sheaf m, (H),, on Spec(k) is the group
[§", H(m)[m]] = H™"(Spec(k); Z(m))

In particular it vanishes for n < 0 and any m by [35] which proves the first
part. The second part is a reformulation of the fact that the isomorphism
HY(X;Z(1)) = O(X)* induces (by cup-products) an isomorphism

KM (k) = H"(Spec(k); Z(n))
In the same spirit one can prove the following basic statement
Theorem 5.3.3 The canonical morphism
mo(MGYL), — KM
is an isomorphism.

The proof of that result will be given in [24], see also the discussion in
the next section below. We observe as a consequence the

Corollary 5.3.4 The canonical map
k* = Homy, k) (Spec(k)+,Gm) — [S°, MGI A G,,] = MGIY! (Spec(k))
induces by cup-product, for any integer n > 0, an isomorphism
KM (k) =2 MGI™™ (Spec(k)) = [S°, MGl(n)[n]] = [S°, MGl A (G1,)""]
We observe that by the connectivity Theorem 4.2.10, the groups
MGI™" (Spec(k))

vanish for n < 0 so in fact the corollary holds for any n € Z.
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6 m(S°) and Milnor-Witt K-theory of fields

In this section, we will simply denote by G,, the P!-spectrum ¥21(Gy) and
P! the P!-spectrum %23(P').

So far we haven’t said anything on the question we addressed in the
introduction to understand the groups

[S™, G "] = T (S°)n (Spec(k))
An obvious corollary of Theorem 4.2.10 is the fact that
[S™,G,,\"] = 0 for any m < 0
Our last part will now address the problem of computing
(S, G "]

for all n € Z.

6.1 The element ¢
Let € € [SY, S°] be the morphism induced by the pointed morphism
G = G, u — u™?
Lemma 6.1.1 1) The pointed morphism
foPt =P z,y) o [y, 2]
corresponds in [S°, S°] to —e.
2) The permutation morphism
Gm A G 2 Gy AGyy € [Giy A G, Gy A Gy ] = [S°, 87T

corresponds to €.

The first point is an easy consequence of that fact that f restricts to
the morphism G,, = G,z — z~ ', and that it permutes the two canonical



An Introduction to A' -homotopy Theory 427

affine line in PL.

To prove the second point, taking into account that P! = S' A G,, it is
sufficient to prove that the permutation

P'AP =P AP!

corresponds to —e. Consider the canonical Al'-weak equivalences P! —
Al /Al — {0} and the isomorphism of pointed sheaves 3.3.2

Al/AY — {0} A AL/AY — {0} = A% /A? — {0}

The permutation is given by the action of the matrix

01\ _(-10 0 -1

(Yo)=(31)(7 %)
and because the last one has determinant +1 our permutation is equal in
[SY, 59] to the morphism defined by the first matrix (any matrix of SLa(k) is
a product of elementary matrices and thus is Al-homotopic to the identity in
Ho(k)). Thus the permutation of P! AP! corresponds in fact to the morphism
P! — P!, [z,y] = [~z,y]. But the same trick (using the action of Gls(k) on
P!) shows that the latter is A'-homotopic to P* — P!, [z, y] ~ [y, z], which
by 1) is —e.0]

We observe that the groups [S°, G,,""], n € Z, form a graded associative
algebra. The product is just induced by the smash-product?3.

Corollary 6.1.2 The Z-graded algebra
[SO, Gm /\*]

is e-graded commutative in the sense that if o has degree n and B has degree
m then

a.f=€e""p.a

This of course follows immediately from 2) of Lemma 6.1.1.

431t can be shown to be also induced by the composition in SH (k)
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6.2 The Hopf map
The Hopf map** is the canonical morphism of k-schemes
Hopf : A% = {0} = P, (,y) — [5,4]
We observe it is pointed if we point A2 — {0} by (1,1) and P! by [1,1].

Lemma 6.2.1 The cone of the Hopf map is canonically isomorphic in the
pointed Al -homotopy category to the 2-dimensional projective space P?.

Indeed let E()\) = A2 —{0} x¢,, A! denote the total space of the canonical
line bundle on P!. Then the Hopf map factors as the open immersion A% —
{0} — E()) followed by the projection E(A\) — P! which is an Al-weak
equivalence. Thus the cone of the Hopf map is isomorphic in #H,.(k) to the
quotient E())/A% —{0}. But E()) is isomorphic to the open complement of
the closed [1,0,0] € P2. Moreover the complement of the projective line at
oo, P! € P? is A% and the intersection of the two open subset E()\) and A?
in P? is A2 — {0}. Thus we get a (cartesian and) cocartesian square

A - {0} — A2
1 1
E(N) o P

which gives the required isomorphism
cone(Hopf) = E(\)/A? — {0} =P?/A> = P?> O

The (co)cartesian square, corresponding to the open covering of A? — {0}
by G, x Al and Al x G,, :

Gm X Gy, — Gy, x Al

1 3
Al x G, — AZ-{0}

defines an isomorphism in H, (k)
A2 — {0} = (Gp)"? A S?

Recall also from 3.1.10 that P! = S! A G, in He(k). Thus the Hopf map
can be considered as a morphism

Hopf : (Gp)™ NSt = Gy A St

44 or Hopf fibration
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We still denote by Hopf € [G,,,, S°] the morphism in S (k) induced by the
Hopf map after applying the suspension spectrum and after simplification
by G, A S', which is invertible.

Recall also the following well-known trick in algebraic topology:

Lemma 6.2.2 Let X and Y be pointed simplicial sheaves. Then there is a
canonical SH(k)-isomorphism*>

2(X) VERO) VER(X AY) = SR(X x )

The proof as usual consists, because any pointed suspension being a co-
group object in H, o(Vnis), in splitting the cofiber sequence
XVY X XxY->XANY

after applying the suspension spectrum functor %73 by describing a left in-
verse X33 (X xY) — B33 (X)VERI (V) to the natural inclusion. For this we ob-
serve using the additive structure that it suffices to take the “sum” of the two
obvious morphisms induced by the two projections ¥23(X x V) — E23(X)
and 23 (X x V) — E3(V).0
We apply the previous splitting with X =) = G,,, so that
p1(CGm X Gm) =2 G VGn V (G AGn)
As a consequence, the product morphism of the multiplicative group
u: G X Gy — Gy,
induces a morphism

and we denote by
1n:Gn NGy = Gy,

the morphism induced on the factor G, A Gy, .
Thus 1 € [Gy AGr, G ] = [Gin, S°] and the Hopf map can be interpreted

as elements in
(G, 5°]

45In fact this isomorphism hold inH. (k) after one suspension
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Lemma 6.2.3 In [G,,, S°] one has the equations
Hopf =n.e=n

The first equality follows rather formally from the fact that in P' one
has for (z,y) € G, %

[z,y] = [Lzy™']

and the second follows from 2) of Lemma 6.1.1 and the commutativity of
the product on the multiplicative group.

7 and orientable homotopy modules Let’s still denote by
n: '/TO(Gm)* — '/TO(SO)*

the induced morphism by 1 on my()..
We have the following fundamental

Lemma 6.2.4 In the abelian category m.(k) of homotopy modules, there is
an ezact sequence

70(Gm )« > m0(8%) = KM — 0
This result easily implies Theorem 5.3.3 because the map
2% (P?)(—1)[~2] = cone(n) — MGI

is obtained by adding “0-connected cells” and thus induces an isomorphism
on 7o ().

Definition 6.2.5 A homotopy module M, will be say to be orientable if the
morphism of homotopy modules

Idy, @1 : M, @ mo(Gp, )« — M,

is zero.
In other words, using Lemma 6.2.4, the category of orientable homotopy
modules is exactly the category of modules over the monoid KM ¢ m, (k).

The fact that mo(MGl), = K M also means that these orientable homo-
topy modules have a canonical structure of M Gl-module.
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Conjecture 3 The functor above functor M, — HM, induces an equiva-
lence between the category of Rost’s cycle modules and the category of ori-
ented homotopy modules.

Remark 6.2.6 Define a motivic homotopy module over k to be a pair

(M., 1)

consisting of a Z-graded homotopy invariant sheaf with transfers [38] M,
together with, for each n € Z, an isomorphism of abelian sheaves :

Mn = (Mn—l—l)—la

By the results of Voevodsky in [37], any homotopy invariant sheaf with trans-
fers is strictly homotopy invariant and thus any motivic homotopy module
M, defines a homotopy module. We also conjecture that this functor should
induce an equivalence between the category of motivic homotopy modules
with the full subcategory of orientable homotopy modules. We observe that
F. Déglise has given in [10] an equivalence between the category of motivic
homotopy modules and that of Rost’s cycle modules.

6.3 Milnor-Witt K-theory and &,¢z[S°, G,,""]

This section is based on a collaboration with Mike Hopkins.

We start by pointing out some obvious elements in the graded group
[SO, Gm /\*]

First to any u € k™ is associated a pointed morphism Spec(k)y — G, (in
Ho(k) say) which induces by taking the suspension spectra a morphism

[u] : S° = G,
thus defining the element [u] € [S, Gy, ].
We also have defined in the previous section the Hopf element
1 € (G, 8% = [5° G ']

Definition 6.3.1 Let F be a field. We denote by TMW (F) the free graded
associative algebra with a generator [u] of degree +1 for each u € F* and
with one generator 1 of degree —1.

We denote by KMW (F) the quotient of TMW (F) by the relations of the
following type :
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1 For each pair (a,b) € (F*)? :
[ab] = [a] + [b] + n-[a].[0]

2 (Steinberg relation) For each a € F* — {1} :

[a.[1 —a] =0
3 For each u € F*
[u].n = n.[u]
4 . [-1]+2n=0

KMW(F) is called the Milnor-Witt K-theory of F.

Remark 6.3.2 Clearly, the associative graded algebra KMW (F)/n is the
Milnor K-theory KM (F) of F.

One of our main reason to introduce the Milnor-Witt K-theory of a field
F is the following Theorem®*

Theorem 6.3.3 The canonical graded ring homomorphism
Tyw(k) — eBnEZ[SOa(G’m/m]
[u] = [u] € [S°, Gp]

n—n€S°, Gy

satisfies the 4 relations of Definition 6.3.1 and thus induces a graded ring
homomorphism

Kyw(k) - @neZ[SOaGmAn]
For any u € F*, set:

<u>=qnlu+1¢cKMV(F)

*6Obtained in collaboration with Mike Hopkins
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Lemma 6.3.4 For any u € k%, the morphism < u >: S — S§° defined
by the previous formula corresponds to the pointed morphism (of pointed
smooth k-schemes)

fu: P! = Pz, y] — [uz,y]

Indeed, this morphism is clearly the unreduced suspension the morphism
Gy, — Gy, £ — u.z which can be written as the composition of the product
Id x u : Gy, x Spec (k) = Gy, X Gy, and of the product of Gy, , which implies
the result.

Remark 6.3.5 One can now “compute” € € [S?, 5] as follows. By Lemma
6.1.1 and its proof we know that —e is the morphism f_; : P! — P!, [z, 5] —
[—z,y]. This one now is < —1 > by the previous Lemma. Thus

e=—<-1>
We observe then that relation 4 can be also rewritten as
ne=mn
which is known to be true by 6.2.3.

Sketched proof of Theorem 6.3.3. The first relation simply follows from
the definition of 7 as a factor of the suspension of the product of G,,. The
relation 2 follows from the following fundamental result:

Theorem 6.3.6 [29] The canonical composed pointed morphism
(ual_u)
Gn — {1} "= " Gn x Gy = Gy AGy,
becomes trivial after applying the suspension spectrum.

The relation 3 follows from an easy computation and relation 4 was es-
tablished in the previous Remark.[]

The following lemma is not difficult:

Lemma 6.3.7 1) <V(u,v) € (F¥)?, wv >=<u>.<v >€ KMV (F).
2)Vu € F*, <u?>=1.
3)Vue F* —{1}, <u>+<1l—-u>=1+<u(l —u) >.
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Recall that the Grothendieck-Witt ring of F' is the Grothendieck group
GW (F) of the monoid of isomorphism classes of quadratic forms over F.
For any u € F*, we denote by < u >€ GW|(F') the (class of the) quadratic
form of rank one u.X?2. Tt is known'? [34] that the relation from the previous
lemma between the < u >’s gives a presentation of the ring GW (F). Thus
as a corollary we get a canonical ring homomorphism

®:GW(F) - KMW(F), < u >—=<u>
In fact it is not difficult to prove:
Lemma 6.3.8 This ring homomorphism
®:GW(F) = KM (F),<u>—<u>
is an isomorphism.
In degree 0, the Theorem above thus defines a ring homomorphism*8
GW (k) — [8°,89]

This was first obtained in collaboration with J. Lannes using a Lefchetz for-
mula for the morphism f, : P* — P!, [z,y] — [uz,y] (observe that the fixed
points of f, are precisely 0 and co). Since then, there has been several dif-
ferent constructions of this homomorphism by Jean Lannes, Markus Rost,
and finally the one above by Hopkins and the author.

Now, let h := 1+ < —1 >€ GW(F) = KM¥W(F) denote the hyperbolic
plane. Then relation 4 is also equivalent to

n.h =0

Recall [34] that the Witt ring of F is the quotient of GW (F') by h. As a
consequence, we see that the multiplication by 7

GW (F) = K" (F) — KM (F)
kills the hyperbolic plane h € GW (F') and induces homomorphisms
W(F) - KMY(F) - KMV(F) - ... - KMV(F) — ...
One easily checks:

Lemma 6.3.9 In the previous diagram, the homomorphisms are all isomor-
phisms.

“There we assume char(F) # 2
“Bat least if char(k) # 2
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6.4 The basic theorem

Theorem 6.4.1 For any (perfect) field k of char # 2 the canonical homo-
morphism
Kyw(k) - ®neZ[SOa (Gm)n]SH(k)

is an isomorphism.

Remark 6.4.2 In degree 0 the previous statement says that the homomor-
phism
GW (k) = [8°,8°]

is an isomorphism. The fact that such a theorem would hold was rather
clear from our work in [20, 23], where, for any field k of characteristic 0
we showed, using the both the proof of the Milnor conjecture on Galois
mod. 2 cohomology as well as the computation by Voevodsky of the motivic
Steenrod algebra, that the Adams spectral sequence for the sphere spectrum
based on mod 2 motivic cohomology converges to the graded ring associated
to the filtration of the Grothendieck-Witt ring of quadratic forms over k by

powers of the ideal of even dimensional forms*.

Remark 6.4.3 In negative degrees , the Theorem gives isomorphisms
W (k) = [Gn"", 5% = [$°, G "]
for any n > 0.

Remark 6.4.4 We observe that statement 6.4.1 implies Lemma 6.2.4 by
Remark 6.3.2.

The proof uses recent results by Hornbostel [12], Panin [27] and Arason
and Elman [2].

Hornbostel proved in [12] that there is a P'-spectrum KO (resp. KW)
which represents hermitian algebraic K-theory (resp. Balmer’s Witt groups
[4]).

By the results in Section 5.2, this implies that the associated sheaf to
U — W (U) (the Witt group of U) is a strictly Al-invariant homotopy sheaf

“°In fact we showed there using these ideas that Voevodsky’s results imply that the
spectral sequence degenerate in the critical area. This allowed us to give a new proof of
the Milnor conjecture on the graded ring of the Witt ring of k
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that we denote by W (unramified Witt groups). In fact this was also proven
directly recently by Panin [27].

Now recall the following standard definitions for a Field F. Let I(F)
denote the kernel of the mod rank homomorphism

GW(k) — Z

For any u € F* we denote << u >>:= 1— < u >€ I(F). Obviously the
symbols << u >> generate I(F) as an abelian group. Through the map
GW(F) — W(F) the symbol << u >> is mapped to the (class of) the
Pfister form 14+ < —u >. Clearly the diagram of commutative rings :

GW(F) —» Z
1 \
W(F) — Z]2
is cartesian. Thus the quotient map GW (F) — W (F') identifies I(k) with
the kernel of the mod 2 rank homomorphism W (k) — Z/2.
For any integer n € Z we set I"(F) := (I(F))" for n > 0 and I"(F) :=
W (F) for n <0.

Let’s denote by J'(k) the fiber product of the diagram :
FX
!
I(F) — I(F)/I(F)®

It is in a canonical way a module over GW (F). For any u € F* we denote
by {u} € J'(F) the element corresponding to the opposite of the Pfister
form <1>+ < —u>€ I(k) and u € F*.

Recall from [5] that we set for n >0 :

JUF) = I(F)" X (pynj1(m)ntn) K, (F)
and that we set J"(F) = W(F) for n < 0. The J*(F), n € Z, form
altogether a Z-graded associative ring that we denote J*(F).
Theorem 6.4.5 The correspondence u + {u} € J'(F) and n — 1 €
W(F) = J~Y(F) induces a graded ring homomorphism
K (k) = J* (k)

which is an isomorphism®°.

50for char(F) # 2
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The proof of this theorem uses some results by Arason and Elman [2],
which relies on the Milnor conjecture. On the way we can reformulate Arason
and Elman result as follows:

Definition 6.4.6 Let us define the Witt K-theory of the field F' as the quo-
tient
KJ(F):= KW (F)/h

*
Theorem 6.4.7 The canonical graded ring homomorphism
KY(F) — I*(F)
is an isomorphism.
All these results allows us to define a homotopy module
KM
with value KMW (F) on fields and with a canonical map

mo(S°). — KMV

Theorem 6.3.3 gives a section of that morphism on each field. We prove then
that these sections define altogether a section of monoids

KM — mo(S°).
which has to be an isomorphism because 7((S%), is the unit object. O

Acknowledgments. Tt is a pleasure to thank very much Mike Hopkins and
Vladimir Voevodsky for several discussions on and around the subject of
these notes.
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