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Quantum dots: from simple to complex

D.Goldhaber-Gordon et al (1998)

L.W.Molenkamp et al (1995)

C.Marcus et al (2003)



Coupled Quantum Dots

Single QD Double parallel QD Double serial QD

Triple serial QD Triangular QD



Quantum Dots with few electrons

Elastic Inelastic

Electron-like

Hole-like
co-tunneling



Quantum Dots with many electrons

Eα

1Eα+

Spin blockade or Spin anti-blockade?



From Quantum Dots to Nano-Crystals

Material: Au in 3 4Si N substrate

T.B.Tran et al (2005)

6d nm≈



Self-assembled quantum dots

Molenkamp et al (2005)Govorov (2005)



Magnetic correlations in Quantum Dots

Kondo effect in Quantum Dots

Magnetic correlations between dots

Magnetic instability in isolated dot 

From Quantum dots to Quantum Spin Chains

Magnetism in quantum dot arrays

Quantum criticality in granular media



Kondo Effect in Quantum Dots
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L.Kouwenhoven and L.Glazman (2001)

Kondo-cloud



Non-equilibrium Kondo effect
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Effects of decoherence rel eVΓ ∼ ( )2/ ln /rel KeV eV TΓ ∼

There is no strong coupling (Kondo) regime at low T in out of equilibrium

KT



From Single Quantum Dot to Double Quantum Dot

• Kondo co-tunneling through QD: N=1

Kondo Hamiltonian
H = J (S s)
S=1/2

• Kondo co-tunneling through DQD:  N=2

S

T

Generalized Kondo Hamiltonian
H= J1 (S s) + J2 (R s)

S=1 (triplet)   plus S=0 (singlet)

)(~ TSKTS T ∆∆
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Non-universal Kondo temperature

Singlet Triplet



Experiment in carbon nanotubes S
Gate
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P.Jarillo-Herrero, cond-mat/0411440
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S/T transition: Magnetic field induced Kondo effect

Kondo effect due to dynamical symmetry of DQD

D. Kobden et al (2000)M. Pustilnik, Y. Avishai & K.Kikoin (2000)

Symmetry reduction from SO(4) to SU(2)
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Messages

Kondo tunneling in QD with few electrons is more rich effect
than Kondo scattering in metals

The effects of dynamical symmetries are directly observable  in transport
experiments

The magnetic (RKKY) correlations between dots is a controllable 
parameter



Quantum Dots as artificial atoms
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Electron-electron interactions in isolated metallic grains
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Scaling:

Thouless energy 2
TE D L−⋅∼ diffusive regime

1
T FE v L−∼ ballistic regime

Eα

1Eα+

spin superconducting

1( ) | |d
c s FE r k L J−= ∆Coulomb interaction

Short-range interaction | |cE J ∆∼ ∼

GUE

Mean-level spacing 1E Eα α+∆ = − (kinetic energy)

Coulomb blockade
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= charge

Metallic Quantum Dot: Universal Hamiltonian

Zero-mode interaction

/ 1Tg E= ∆ metallic grain

Kurland, Aleiner, Altshuler (2000)
Aleiner, Brouwer, Glazman (2002)



What is a zero-mode interaction?

Electron-electron interaction int
1 ( ) ( ) ( )
2 Q

H V Q Q Qρ ρ= −∑

TDoS

Q=0 contribution
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Nazarov (1989)
Levitov, Shitov (1996)
Kamenev, Gefen (1996)

2

(0) eV
C

=

Zero-mode interaction requires 
a non-perturbative treatment at low temperatures!
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=Screened Coulomb interaction

Bare Coulomb Interaction

Polarization Operator



Zero-bias anomaly in zero-dimensional systems

2
int ( )cH E n N−=

ZBA
“Orthodox” theory of the

Coulomb Blockade

R.I.Shekhter (1974)
Ben-Jacob, Gefen (1985)
Mullen, Gefen,Ben-Jacob (1988)
Averin, Likharev (1991) perturbative /cE Te−∼

ZBA and Coulomb blockade are two limiting cases
of the same theory

non-pertu
rbative

Hubbard Interaction



Spin Exchange. Master Equation (classical) Approach
2

int
2 )( ) (cE n N J SH −−=

Peak-height distributions

The width of peak-spacing distribution

The ratio between standard deviation
and the average value of peak height

The width of peak-spacing distribution in the presence
and absence of the orbital magnetic field.

Y.Alhassid and T.Rupp (2003, 2004)

0.5J ≥ ∆



Charge and Spin Interactions
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Hamiltonian

Commutative algebra

Spin
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Mesoscopic Stoner Instability
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Tunneling Density of States
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Gaussian Stoner

Zero-mode
interaction/ effVω

Gaussian fluctuations

Non-Gaussian fluctuations

Gaussian fluctuations

Non-Gaussian fluctuations

Temperature T/V

TD
oS

Coulomb blockade
/cE Te−∼

Gaussian correctionsNon-Gaussian corrections
( , , )F J Te− ∆∼

TDoS at low T
gives an information
about spin exchange



Quantum Dot Spectroscopy
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Kiselev, Gefen (2005)

Spin blockade

Spin anti-blockade



Spin susceptibilities
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Longitudinal Susceptibility
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Static longitudinal susceptibility diverges at Stoner Instability point

( )1 1 2 z
t S iJ S Sε± ±⎡ ⎤∂ = − −⎣ ⎦

Exponentially enhanced!

S

Charging energy does not affect spin correlations

Stoner Instability



Add electron to the dot
(charge + spin)

Remove electron from the dot
(charge + spin)

Electron Green’s Function

Response Functions

Spin and Charge channels affect transport properties

Spin susceptibility

Charge is conserved,
Spin flips

Charge is conserved,
Spin flips

Only Spin channel matters

Superconducting loop

Only Charge channel matters

Spin is conserved,
Charge 2e is transferred

Spin is conserved,
Charge 2e is transferred



Magnetic instability in a system of coupled dots

2D arrays

What about spin correlations?

Quantum spin criticality?



From complex dots to quantum chains

• Haldane Gap
• Charge Density Waves
• Exciton propagation

K.Kikoin, Y.Avishai and MNK, Kuwler (2004) 



Haldane Gap in Spiral Staircase Model

Two Fermi velocities in uncoupled railings

Two energy scales (gaps) in staircase model

Two stage renormalization in continuum limit

θ π=

/ 2θ π=

Single gap regime

One stage renormalization procedure

Hidden symmetries: Z2 and Z2ƒZ2

MK et al (PRB 2005)

Role of dynamical symmetries

J┴
J||



Open questions and perspectives
From “half filling” to “quarter filling”

From “double dot” rung to “triple dot” rung

Two electrons per rung One electron per rung(4)SO (4)SU



Summary

• Complex quantum dots possess hidden symmetries 
responsible for several exotic transport properties of 
these nano-devices
• Magnetic correlations between electrons in a dot result 
in many interesting effects ( Stoner instability, Kondo effect,
Non-Fermi-Liquid behavior etc)
• Transport properties of quantum dots is an interesting 
object both for experimental and theoretical investigations


