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Noise signatures of a charged Sachdev-Ye-Kitaev dot in mesoscopic transport
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We investigate quantum noise in a mesoscopic quantum dot serving as a realization of the charged Sachdev-
Ye-Kitaev (SYK) model weakly coupled to a fermionic lead via a tunnel contact. We find noise signatures under
voltage and temperature biases that can serve as clear markers of the SYK physics in experiments with related
setups. We develop a linear response theory that treats all types of noise on the same footing and generalizes a
concept of transport coefficients for charge and heat currents, as well as relations between them, to equilibrium
noise power. Within this theory, we find characteristic scaling of the noise coefficients with temperature in all
regimes that can be relevant for experimental realizations of the SYK dots, find a set of universal constants,
with their values being unique to the SYK physics, that connect these coefficients, and characterize noise
manifestations of the Coulomb blockade. Beyond SYK systems, these results may serve as a general framework
for identification of non-Fermi-liquid signatures in mesoscopic transport and provide additional observables for

experiments on thermoelectric phenomena.
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I. INTRODUCTION

The Sachdev-Ye-Kitaev (SYK) model [1-5] is a well-
known toy model for non-Fermi liquids that realizes the
paradigm of quantum matter without quasiparticles [6]. It
has gained extensive attention across various communities
due to a unique combination of its features. This strongly
interacting model is exactly solvable (in the limit of large
number of particles N), and it possesses holographic duality
with (1 + 1)-dimensional Ad S, Jackiw-Teitelboim gravity [7]
(which holds even for 1/Ncorrections to the saddle point).
Since random many-body interactions constitute the nature
of the SYK model, it is widely used for studies of chaos
and emergent ergodicity in quantum systems [8—11]. As a
strongly interacting system without quasiparticles, this model
and its various generalizations are also utilized for getting
insights into the physics behind strange metals [6]. This theo-
retical appeal has sparkled experimental efforts in realizing
controllable systems governed by the SYK physics, as it
would provide tools for measurement and observations of
entities otherwise not available in experimental studies, e.g.,
Bekenstein-Hawking entropy of black holes [3].

There are various proposals for experimental realization
of the SYK model on a diverse range of platforms, e.g.,
Refs. [12-16]. An idea of realizing the SYK physics in a
mesoscopic quantum dot and detecting its signatures through
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transport observables (initially put forward in Ref. [14]) was
worked out theoretically in [17-24], and a recent experiment
[25] demonstrated realistic graphene quantum dot (QD) pa-
rameters for fabrication and transport measurements in this
setup. While average charge and heat currents through an
SYK QD in a tunneling setup are well understood by now,
fluctuations of these currents, i.e., qguantum noise, have not
been addressed yet. It is well known that noise provides mean-
ingful information about a quantum system and can be used in
mesoscopic transport experiments for useful insights [26-29].
We perform a thorough investigation of noise features of the
SYK dot coupled to a metallic lead through a tunnel contact.
This investigated setup represents a typical tunneling spec-
troscopy probe, so our results can be immediately applied
for noninvasive tunneling probes of the SYK dot. Within a
linear response theory for charge and heat currents, there are
three types of noise, all carrying some information about the
system: equilibrium thermal noise [30], shot noise due to
voltage bias [31-33], and delta-T noise due to temperature
bias [34—41]. These types of noise can supply additional in-
formation about a system, that is not captured on the level of
average currents.

We provide a unified description of noise, applicable be-
yond the SYK setup to an arbitrary system weakly tunnel
coupled to a lead, giving detailed derivations for general
results of Ref. [42]. We discuss generalizations of the
Wiedemann-Franz law to noise (zero-frequency noise power),
and find universal relations between different types of noise
and transport coefficients. Then we apply these results to a
charged SYK dot and report the noise signatures that can
be used as additional means to detect fingerprints of the
SYK physics in the experimental setup. For instance, we
show that information obtained from shot noise measurements
can substitute results of thermoelectric measurements, adding
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versatility to experimental protocols. We note that despite
there are a number of both experimental [43,44] and theo-
retical [44,45] works on shot noise in strange metals, to the
best of our knowledge the noise inside quantum dots without
quasiparticle description, that is addressed in this work, has
not been analyzed so far. The general framework of [42] could
amend this, uniting both regimes as far as a system is probed
through a tunnel junction.

This article has the following structure. In Sec. II, we
introduce the setup that we consider and discuss how the
microscopic model is related to ongoing experimental efforts
in realization of the SYK model in a graphene QD. We fur-
ther specify realistic energy scales for such experiments and
corresponding regimes of the SYK QD. We provide a deriva-
tion of charge and heat currents and zero noise power for
the corresponding currents in Sec. III. Although we consider
equilibrium transport under constant voltage or temperature
bias, the formalism of this section can be expanded to out-
of-equilibrium regimes. In Sec. IV, we remind the linear
response theory of thermoelectric transport and generalize
the notion of Onsager transport coefficients [46] to the zero
noise power. We explain the nature of nontrivial Lorenz ratios
that are known for the SYK model in Sec. V and calculate
there the specific values of the universal relations between
various transport and noise coefficients that characterize the
SYK dot in different regimes (conformal regime with elastic
tunneling, conformal regime under Coulomb blockade with
inelastic tunneling, Schwarzian regime). We further analyze
these universal ratios through numerical calculations in Sec.
VI to provide their validity range, and give the scaling of
all types of noise as functions of temperature. Section VII
provides the discussion of our results and their implications
for ongoing experiments with the SYK dots and for problems
beyond this setup.

II. MODEL

We consider a charged SYK quantum dot (SYK QD) cou-
pled to a metallic lead via a tunnel contact, in a setup similar
to [17,19-21,24]. In this setup, originally proposed in [14],
a small graphene flake with highly irregular boundaries is
placed into a strong magnetic field. The electrons occupying
the lowest Landau level (due to a large spin splitting one may
focus on the partially filled lowest Landau level for a sin-
gle spin projection) become degenerate and realize the SYK
interactions, while contributions from single-body terms are
suppressed. This graphene flake can be weakly connected to
metallic leads by tunnel contacts to probe its transport proper-
ties. The schematic representation of the model is illustrated
in Fig. 1. Here we illustrate the SYK dot coupled to a sin-
gle contact, which describes a tunneling spectroscopy probe
of the system under consideration. We focus on this picture
since such a probe does not destroy fragile SYK physics, as
elaborated below. This setup is equivalent to two identical
leads coupled to the dot via tunnel contacts. One can switch
between two pictures (two contacts vs one “effective” contact)
by the means of the Glazman-Raikh rotation [47]. The full
Hamiltonian of the system reads as

H = Hsyk + EX#® 4 Hy + Hyn. )

FIG. 1. Considered setup: a quantum dot of size / has N fermions
with the SYK interactions J;;,; between them. This dot is at finite
temperature 7', and it possesses finite charging energy E. and spec-
tral asymmetry £. This system is coupled to a metallic lead with
voltage bias AV and temperature difference AT through a tunnel
contact with tunneling amplitudes A,,,,.

Hgyk is the Hamiltonian of the charged SYK dot with
i=1,...,N electronic orbitals represented by N complex
spinless fermions c;,

1
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where J;j; are random Gaussian interaction constants (be-
longing to the Gaussian Unitary Ensemble, GUE) with zero
mean value (J;j;) = 0 and nonzero variance (|J;jx[*) = J?,
these couplings are antisymmetric, J;j,u = J,f,;i ;= —Jji =
—Jijik. mp is the chemical potential of fermions in the dot.
The lead is described by the Hamiltonian

Hy = (64— m)ajay, 3)
q

where a, are fermionic operators of the lead, with momentum
g, dispersion &, and chemical potential ;. Here we consider
a lead with a single ballistic channel, rather than a closely
related multichannel setup [18,22].

A=YN, clc; is the charge of the dot, Eéo) is the charg-
ing energy. This charging energy can be estimated in the
following way [21]: in a realistic quantum dot, its charg-

ing energy Eéo) = % (where Cp is the dot’s capacitance)

scales linearly with the dot’s size I, so Eéo) ~ 171, For the
SYK QD, this charging energy is effectively renormalized
as Ec = Eéo) + IC, where K ~ J/(NInN) for N > 1 [19].
This renormalization of the charging energy also means that
effects of the Coulomb blockade are always relevant in the
Schwarzian regime of the SYK QD (i.e., below the KC energy
scale) [21]. The spectral asymmetry parameter £ determines
the asymmetry between the particle and hole excitations of the
non-Fermi liquid, and is related (via the auxiliary angle 9) to
the total charge of the SYK dot [3,4,48] as

sin 260 27E _ sin (

4 sin (

+6)
6

3
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The tunneling term Hy,, reads as

Hun = ZZ

m=1 q

akcm +Hec., 5)

Amq are random tunneling constants, we assume that they are
Gaussian (GUE) with zero mean (A,,4) = 0 and nonzero vari-
ance (|Ayqyl*) = A%. This assumption of random independent
tunneling amplitudes for different flavors of fermions stems
from random spatial structure of ¢; fermionic wave functions
inside the dot, which allows realizing the SYK physics in such
a setup in the first place [14]. We consider the weak tunneling
regime, such that A is smaller than all relevant energy scales
of the SYK dot. This smallness allows us to assume that
couplings to the lead do not shift the saddle-point solution for
the SYK large-N action. Furthermore, despite quadratic terms
from the tunneling Hamiltonian (5) tend to destroy the con-
formal non-Fermi-liquid regime of the SYK dot at sufficiently
low temperatures and bring the system into the Fermi-liquid
state [49], in the Schwarzian regime (where one accounts for
renormalizations of the conformal solution by the soft mode
fluctuations [7,50,51]), the non-Fermi liquid is stable against
quadratic perturbations down to arbitrary low temperatures as
long as A < J/N [19,52-55]. Due to the same reason, small
single-body perturbations EijCj‘Cj inside the dot (that are un-
avoidable in realistic experiments) should not destabilize and
destroy the SYK non-Fermi-liquid behavior if their energies
are below this threshold, so they can be neglected [19].
Before proceeding further, let us estimate realistic values
of the parameters for possible realizations of the SYK physics
in a disordered graphene quantum dot. In the original proposal
[14] and a related later work [23], the parameters of this setup
are estimated as /[ ~ 100 nm, J ~ 300-580 K (25-50 meV).
Achievable numbers of fermions participating in Eq. (2)
are expected to be around N ~ 2045 (at magnetic fields
B ~ 10-40 T; while the upper bound of this range requires
too strong magnetic field for realistic devices, the lower range
is easily achievable). In a recent experiment with a disordered
graphene quantum dot [25], the number of states that might
participate in the SYK interactions (2) in such a system
was estimated as N =~ 33 (achieved at the magnetic field
B =10T), the graphene island is / ~ 100 nm in diameter,
and the measurements are performed in the temperature range
of T ~ 1.4-32 K. It gives us an estimate for the Schwarzian
energy scale Es., ~ 3-5 K, and suggests that this scale is rele-
vant for experiments. In order to observe the low-temperature
SYK physics, the tunneling amplitudes must be A < 10 K,
the renormalized charging energy is bounded from below as
Ec = 3 K (but it also can be much larger). According to
exact diagonalization results of [50,52], the SYK two-point
correlators for N = 24-32 acquire noticeable finite-size cor-
rections, but their structure generally reproduces the analytical
predictions for both conformal and Schwarzian regimes.

III. FULL COUNTING STATISTICS
FOR THE CHARGED SYK DOT

The charge and heat currents emerging in the transport
setup in Fig. 1 of the SYK dot tunnelcoupled to a lead were
extensively studied in various regimes, so the manifestations

of the conformal and Schwarzian regimes, their combinations
with effects of the Coulomb blockade and the role of elastic
and inelastic tunneling in the transport coefficients for the
currents are well understood by now [19-21]. On the contrary,
noise of these currents, which can be equally important trans-
port signatures for experiments, have not been addressed yet,
with an exception of the work [17], where the shot noise for
the conformal regime (N — 00) was studied in the limit of
zero temperature and without effects of the Coulomb block-
ade. We fill this gap by adding analysis of all kinds of noise in
the corresponding transport regimes. For that, we apply a for-
malism of the full counting statistics (FCS) [56—60], allowing
us to treat the charge current and noise on the same footing.
This FCS approach to an SYK dot coupled to a lead was
applied in, e.g., [17,22]. Furthermore, we want to incorporate
counting of transferred heat into the same description, to get
simultaneous access to statistics of transferred charge, heat,
and their arbitrary mixtures. In particular, we are interested
in the noise of charge transfer S, of heat transfer S;, and
their mixture S,,. The generalization of the FCS approach to
the heat transfer is known in literature [61-64], as well as
its applications to a general case for simultaneous charge and
heat transfers [65-69].

We consider an adiabatic steady state regime for transport,
so changes of total charge and energy of the dot are equal
to changes of the same quantities of the lead (Q) and (Hy)
[70]. Introducing the total number of electrons in the lead
asnp =)y q a;aq, we have charge and heat currents (we put

h=kg=1)
=ieZ( Mg

Iy =—ilH, Hl=i) (g, — m)(\/_q Hc)

lg

I. = —ilen;, H]

ac[ Hc) (6)

(N

Now we introduce two independent counting fields x and &
that detect passage of charge e and heat (energy shifted by
chemical potential [70,71]) &, — ;. through the tunnel junc-
tion. The counting fields are built by H(x, &) = H + %ch +
1€Ip [17,72].

Following [22,72], we derive the tunneling action within
the Keldysh formalism [73]. The generating functional
Z[x, &] provides us with any moment C,,, of charge and
energy transfer. These moments are given by

Com = et L nZzZ , 8
= (e INZI €] . (8)
Zlx, &] = (Tee ™ Je dH 009y, ©9)

where T¢ denotes time ordering along a Keldysh contour. T is
the measurement time, and we assume T — oo.
The time-dependent counting fields are given by

x@)=x0(T -0, &1)=8§0(T —1). (10)

Further, we define them on the Keldysh contour as y,(¢) =
sx (1), (1) = s&(t) (note that both counting fields are defined
on the same contour). Using a gauge transformation, one can
put the counting fields into the tunneling term, so the full
Hamiltonian H(x, &) is given by Eq. (1) with the tunneling
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term altered as

N
)\.[ .e LEq—I] o
Hun(x,6) =) Y =¥ 5 ale + He. (1)
=1 ¢ V2N

Here we explicitly kept the notation for charge e to highlight
the nature of both counting fields, as well as their difference.
For instance, unlike the charge transfer, the energy transfer is
not quantized. It means that the partition function Z[, £] and
its cumulants have different analytical properties with respect
to the x and £ fields [61]. We derive the effective tunneling
action for the system in Appendix A.

We consider this action up to the second order in A, which
reads as

d A ~
Serlx, €] = 22 / ST e 0O (12)

Here, the matrix O(¢) is the Fourier transformed Green’s
function of free fermions of the lead in the 2 x 2 Keldysh
representation. The matrix G contains Keldysh Green’s func-
tions of the SYK dot, as detailed in Appendix A. {...);,
brackets stand for averaging over the reparametrization soft
mode & (Schwarzian action) and the U(1) field ¢ (Coulomb
action). The off-diagonal elements of this matrix also contain
dependence on the counting fields x and &. This immediately
provides us with all moments of x and & distributions in
accordance with Eq. (8):

Com =22 f del(G1) (8, 0,0))n Os (2)

+ (=1)"MG (6,0, 000 Qs —(e)]€" (8 — 1)
(13)

Among these moments, we consider charge current /. = C; o,
heat current [, = Cp ;, charge noise S, = C, 9, mixed (cross-
correlated) noise S,, = C 1, and heat noise S, = Cp . From
now on, we pute = 1.

IV. TRANSPORT COEFFICIENTS AND NOISE RELATIONS

Now, we explicitly write expressions for transport co-
efficients and all types of noise and bring them into the
form presented in [42]. The detailed derivations are given in
Appendix B. In the following we concentrate on the linear
response regime since voltage and temperature biases are as-
sumed to be small, to keep the regime of equilibrium current
well justified.

Transport coefficients for charge and heat currents, /. and
I, under applied voltage and temperature biases, AV and AT,
in the linear response regime are

L. G Gr\[(av
()=(6 G)Gr) oo

G is electric conductance, Gr is thermoelectric coefficient,
Gy is heat conductance, K = Gy — TGZT /G is thermal con-
ductance [46,74]. For the considered setup, they have been
analyzed previously in [21] for all possible transport cases
(elastic and inelastic transport with Coulomb blockade in
conformal and Schwarzian regimes), but we explicitly provide
them here for consistency since they will be connected with
various types of noise.

The density of states (DoS) of the dot can be expressed
through the dot’s transmission coefficient (imaginary part of
the T-matrix, which we further refer simply as the 7T-matrix
for brevity) in the Matsubara representation 7 (t) (t is the
Matsubara time) [75]. This allows writing the transport coef-
ficients in terms of the 7-matrix of the dot in a general case as

1 *° 1 1

G=—— dt————T | — +it ), 15

2up /,oo cosh(nTt)T<2T T ) =

Gr = — it [ u sinh(w Tt) T(L —I—it) (16)

! 2vF J_oo cosh®(xTt) \2T ’
7T [® 1 1
Gy =— dt ———T | — +it | — T=°G.
g vF J_o cosh®(nTt) <2T ! )
(17)

There are three different kinds of noise: charge noise,
which stems from charge transport; heat noise, due to heat
transport; and mixed noise, that emerges due to correlations
between charge and heat currents [76—78]. Furthermore, each
type of noise has three distinct regimes associated with it.
The equilibrium thermal noise (i.e., Johnson-Nyquist noise)
Sf/‘lm ,n(T) is present at finite temperature even in absence of
voltage and temperature bias. The shot noise Sf/l\fn /n 18 the ex-
cess noise, comparing to the equilibrium case, due to applied
voltage bias. Delta-T noise SQ‘/; s 1s the excess noise due to
applied temperature bias.

Note that there are different possible definitions of noise.
We define it through the second moment of the full counting
distribution (8). Within this choice, the Fano factor for the
charge transport, that is defined as a ratio between the charge
shot noise and average charge current, is F>N = SN/ — 1
in the zero-temperature limit. This is a universal property of
a tunnel contact, regardless of details of systems connected
by such a contact (see Appendix B), since all coherences are
lost in such a tunneling process. Alternatively, noise can be
defined as the symmetrized current-current correlator [27],
which is an equivalent definition for the case of the zero
power noise [79]. These symmetrized and nonsymmetrized
[80,81] definitions differ only by the prefactor 2. This factor
of 2 difference, that holds for all formulas involving all kinds
of noise, should be kept in mind when comparing results in
literature, depending on which definition is used.

The Johnson-Nyquist noise is directly proportional to the
transport coefficients of Egs. (15)-(17),

S™N(T) = 2TG, (18)
S™N(T) = 2T*Gr, (19)
SIN(T) = 2T Gy,. (20)
We denote the shot noise SSLS,}\IIH = ag‘A/'{',/” |aT=0 and delta-T
noise 55?/51//1 = BSCA/’”T/”l av—o. Overall, all types of noise at

temperature 7 in presence of voltage bias AV and thermal
gradient AT in the linear response regime can be represented
as

S SN 55N sSAT 1
Su | =|SIN §SSN §SAT || AV |. (21)
Sh SN SSIN sSpT ) \AT
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Out of these nine elements describing different types of noise
in Eq. (21), only four are independent. In addition to three
types of the JN noise, fully defined by the transport coeffi-
cients of Eq. (14), none of the components of the mixed noise
are independent,

8SSN = T 8SAT — §IN §S5N = T8SAT — 28N (22)

so the shot noise and the delta-T noise of the charge and heat
currents, supplemented by the transport coefficients, provide
us with full information about transport in the system.

Transport coefficients (14) can be compactly expressed
through the transport integrals £, [74,82], defined as

1 o0 n
L, = —/ depp(e) ————
ATvr | o Pl )cosh2 (%)

where pp(e) is DoS of the dot. We introduce noise integrals
N, that provide concise expressions for noise:

/ dspD(s)M, n=20,1,2,3.
oo cosh (%)

,n=0,1,2 (23)

N, =
4TUF

(24)
With them, Egs. (14) and (21) can be written as

1. Lo %51 AV
W)=(o a)a) o
I Ly L) \AT

Se 2T Ly No AW
Sw|=|2TL: N —2TLy N ||AV]. (6)
Sh 2T£2 N2 - 4T[,1 %_/\[3 AT

In the explicit forms derived in Appendix B, the indepen-
dent components of the noise are written through the 7-matrix
as

iT [ t 1
88N = —— t—— T | = +it ), 27
¢ VF J_oo cosh(nTt)T<2T i ) @7
T (>  tsinh(wTt 1
5SAT — ”_/ gy S T )T<— + it) +26,
VF J_oo cosh”(mTt) 2T
(28)
2imT3 [ t 1
P — / dt3—T<— + it>
vp —s cosh’ (zTt) \2T
— 7*T* 885N, (29)
$SAT = 6T Gy + n3T3/°° ;1 sinh (nT1)[5— sinh? (x T1)]
VF J-o
1
W xTHT | —= +it ). 30
x cosh” (7 )T(2T+l> 30)

Any higher-order moments and their components due to
charge and temperature bias also can be obtained straight-
forwardly from Eq. (13) by applying the prescription of
Appendix B. Note that we have not specified the T-matrix
of the dot so far, so these results hold in general for a
Fermi-liquid lead weakly tunnel coupled to a quantum dot,
irrespective of a considered model. The universal transport
properties that arise due to this generality are explored in [42].

Another observation, that follows from the derived expres-
sions, is that all the kernels integrated with the 7-matrix are
either even or odd functions of the variable ¢. Therefore, if one

decomposes the T-matrix T(% + it) into even and odd com-
ponents with respect to ¢, only one type of them contributes to
the respective transport coefficients and noise.

Now, we can apply the general theory developed above to
the specific case of the SYK dot. Note that our setup, detailed
in Sec. II, naturally requires the weak coupling regime of the
tunnel contact to the dot, as otherwise the SYK physics is
destroyed by such a probe. In the elastic tunneling case, the
T-matrix of the dot in the weak tunneling regime is deter-
mined by the two-point correlation function of the dot. For the
SYK dot considered in Sec. 111, 7,,(t) = A*(G"¥) (7, 0, 0))5
in the Matsubara representation [21]. The two-point Green’s
function factorizes with respect to the propagators account-
ing for charging effects and soft-mode fluctuations 7,;(t) =
A2G(7)D(1). Here, D(7) is the two-point Coulomb correlator
[19,83]

. . _Ec
03(—iEct —iEm,e” T )e—Eclr\

D(r) = -
O3(—ifm,e 7))

3D

In this expression, 95 (e, ) is the Jacobi 8-function 65(z, g) =
> q”2 e, In the high-temperature regime, where the

charging energy is negligible, D(7) gt 1. In the opposite
>Ec
limit of the dominant charging energy at low temperature

T « Ec, we have the leading contribution D(t) = e Eeltl,
<Ec

with exponentially small corrections that depend on spec-
tral asymmetry £. In this low-temperature regime, inelastic
tunneling processes become dominant for diagonal transport
coefficients, as was first shown in [19]. Although the lead-
ing inelastic contribution is ~A*, and is negligible at high
temperatures due to parametric smallness of the tunneling
A, it inevitably wins against exponentially suppressed elas-
tic terms, that ~)\2e_%, at sufficiently low temperatures.
Moreover, due to the effective enhancement of the charging
energy in the Schwarzian regime [19], the inelastic tunneling
processes are always important below the Schwarzian energy
scale, as Egcy < Ec. The inelastic T-matrix is given by four-
point correlators Ti,(t) = X4ﬁFSYK(r)FC(I) [Fc(T) is
the inelastic four-point Coulomb correlator, Fsyx(t) is the
four-point SYK correlator].

To proceed further, we need two- and four-point correlation
functions of the SYK dot. In the conformal regime [3], we
have the two-point correlator

i T\
G°(t) = —Cpsgn(t) sin (Z - Sgn(f)a) <m) ’
(32)

Co = [(8/m) cos(26)]~!/4, and angle 6 is defined in Eq. (4).
The four-point correlator (in 1/N-leading order) [19] is

Fsyk (1) = G°(7)G(—1). (33)
Crossing into the Schwarzian regime, we have
B Ty)  meh
@4m)'* T PRB - )
'33/27””1/28—2—3,

PRITPRB It

2

G5 (1) = —sgn(t)

(34)

F&R (1) = (35)
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with g = 1/T, m = NN [5G0 uq elaborated in [50,84].

These expressions can be immediately used to evaluate the
T-matrix in all relevant regimes and calculate the transport and
noise coefficients.

V. LORENZ RATIOS FOR THE SYK DOT

The conductance and thermal conductance are related
through the Wiedemann-Franz (WF) law [71] and its gener-

alization beyond Fermi liquids [85,86], TK—G =LyR.. Ly = ”72
is the Lorenz number, R, is the Lorenz ratio that is used to
account for deviations from the WF law in non-Fermi liquids.
It sets a relation between thermal and charge conductance in
a general case. This empiric law is approximate; it becomes
exact when thermoelectric effects, contributing to the thermal
conductance and violating this relation, are negligible [71].
The universality of the WF law in this exact regime can be
written as 72z, = LoRL. Expressing the transport coefficients
through the Johnson-Nyquist noisem Eqs. (18)—(20), we
obtain

SN
Tz—Sg,N = LyR;. (36)

The Lorenz ratio for the SYK model differs from the one
given by the Fermi-liquid theory (which is Ry g, = 1). As
found in [21,48], it takes values

LE KT L,
Risyk = 13, Esn < T < Ec, (37
1.55, T <K Esep.

Therefore, even at equilibrium without any applied bias, the
ratio of two types of the Johnson-Nyquist noise can identify a
signature of the SYK physics within the quantum dot.

Now, we clarify the origin of the nontrivial Lorenz ratios
of the SYK dot coupled to the free-fermionic lead in different
regimes, Ry syk, given by Eq. (37). A general theory for
universal ratios between the transport and noise coefficients
is presented in [42].

In addition to having nontrivial Lorenz ratios within the
conformal regime, the SYK dot can depart from the “magic”
Lorenz ratios, a pattern of simple fractions relating heat and
charge conductance that typically persists in quantum dot
setups even beyond Fermi liquids (e.g., in Kondo and quan-
tum Hall problems [86—89]). For the SYK dot, this pattern
is followed within the conformal regime and is broken in
the Schwarzian regime, as is evident from Eq. (37). It is
not surprising since this pattern arises for systems with con-
formal symmetry. In these cases, the two-point correlator as
a function of the imaginary time 7 scales as a power law
in the zero-temperature regime G(t) ~ t~%, and the finite-
temperature behavior can be easily obtained by applying a
conformal map, that results into the ~ sin™*(xr 7T t)-like be-
havior [2,3,5]. The universality of the transport coefficient
ratios emerges whenever the 7-matrix can be approximated
as a function of a single parameter. At sufficiently high

TABLE 1. Extended Lorenz numbers L; (i=0,...,4) and
Lorenz ratios for the SYK dot saturated in various regimes: con-
formal elastic (con, el); conformal inelastic (con, in); Schwarzian
elastic (Sch, el); Schwarzian inelastic (Sch, in). Numbers in gray
color denote unphysical regimes for the setup.

Ly N N3 TN Ny

T2Lg TLy T3Lg L TL,
LGi=0....4 = 1 2 L LA
Ri.syk (con, el) % z 10 1.16 0.64
R; syk (con, in) 2 3 2 0.85 1.40
Risyk (Sch, el) 1.06 1.03 1.13 1.01 0.99
R;.syk (Sch, in) 1.55 1.35 1.98 0.84 1.42

temperatures (T > E¢) and £ = 0, we have

L, (2[5 dxcosh™ ™ x 7% 3o
e =T | T 1) ==
T>Loy [ dxcosh™'~ x

3240’
(38)

where x = 7Tt and o = % [see Eq. (32)], and all other multi-
pliers and constants cancel each other in the nominator and
denominator. This immediately gives us Tf_ﬁo = ”?7 = %Lo.
Deep within the Coulomb blockade regime, the T-matrix re-
stores the single parametric scaling (elastic tunnelings are
exponentially suppressed, so one can consider only inelastic
tunneling processes). After cancellation of all prefactors, the
ratio is again given by Eq. (38), but with ¢ = 2, resulting in
szo = ”77 = %Lo. This pattern reminds the “magic” Lorenz
ratios emerging in Kondo problems. The reason for that is the
fact that in all these cases the effective T-matrix is propor-
tional to 7 ~ cosh™ x (¢ > 1). For instance, the Lorenz ratio
R, = % was reported [86,88] for two coupled N- and
M-channel Kondo simulators with N = 2, M — oo (interest-
ingly, even charge conductance and heat conductance have
the same scaling ~T and ~T? correspondingly, as for the
SYK dot in the inelastic conformal regime). Nevertheless,
the physics behind these numbers is different. For Kondo
problems, the power o in 7 ~ cosh™ x is determined by DoS
of the dot, which is governed by a number of channels in
the system connected to the contact, and is ultimately tied

to the Anderson orthogonality catastrophe [90-92]. In con-
trast, for the SYK dot 7 ~ cosh™2 x is set by the conformal
saddle point of the model and is further renormalized by
inelastic processes. This similarity ends in the Schwarzian
regime, where 7 ~ (”Tz +x2)‘%, departing from cosh-like
scaling and leading to R; ~ 1.55 (taking only elastic pro-
cesses into account, this value would be R; >~ 1.06 [see
Eq. (35)], with the T-matrix contribution stemming from
Eq. (34). Following the same approach, we calculate the ra-
tios between charge delta-7T noise and charge conductance

8SAT .

= = TLL‘O = LiRAT, heat delta-T noise, and charge con-
88" N AT :

ductance e = T;—ZO = L,Ry" . Here, we introduced L;, L,

as the extended Lorenz numbers, setting the corresponding
ratios for Fermi liquids. The coefficients RAT, R5T ac-
count for deviations from the Fermi-liquid values, similar
to the Lorenz ratio R;. These values are given in Table L.
For the antisymmetric coefficients [42], one can obtain the
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similar relations in the limit of the vanishing charging energy
Ec/T — 0 and spectral asymmetry & — 0. Although the
antisymmetric coefficients do vanish in this regime, their
asymptotic ratios remain finite universal values. The even
components of the 7T-matrix do not contribute to them. The
leading odd component of the 7T-matrix that contributes to
such ratios is Togq ~ W’;m [in the Schwarzian regime, it
takes form Toqq ~ i)c(”T2 + xz)’%], the validity of this approx-
imation will be checked in the next section. It provides the

ratios 'Sé"STN = TNo L3R} and }SZSEGI\; = M%Tﬁ‘ = L4R}; —
4. The numerical values of all these extensions of the Lorenz
numbers and Lorenz ratios are given in Table I. Simple frac-
tions listed there are exact expressions, while decimals are
rounded after two digits. In this table, we list all five ratios
in all possible regimes (conformal elastic, conformal inelas-
tic, Schwarzian elastic, Schwarzian inelastic), but it is worth
pointing out that only some of these regimes make physi-
cal sense. Indeed, as discussed in Sec. II, the purely elastic
Schwarzian regime is not realized due to effective renor-
malization of the charging energy. Furthermore, the ratios
between the antisymmetric coefficients require vanishingly
small charging energy. On the other hand, the purely inelastic
tunneling regime can be realized only if the charging energy
is sufficiently large to suppress elastic processes, so this as-
sumption is not justified anymore. To distinguish between
realistic and unphysical regimes (calculated through a for-
mal definition), we denote the latter by the gray color in the
Table I. Nevertheless, we note in passing that thought the elas-
tic Schwarzian tunneling regime is not realized in the charged
fermion setup, there are proposals for Majorana realization of
the SYK model (e.g., [13]). The WF law can be generalized
to Majorana systems (see [93]), so the relations obtained for
the elastic Schwarzian regime might become relevant for such
types of setups.

VI. NOISE SIGNATURES OF THE SYK DOT

In this section, we focus on noise signatures for the SYK
dot in various regimes and numerically check validity of the
universal ratios of Sec. V.

The transport coefficients for the given setup in all possible
regimes were considered in [21]. We start by summarizing
these findings below. The charge conductance scales as a
function of temperature [19] as

T-2, Ec<T <,

G(T)~ T, Esa < T K E, (39)
T3, T < Esa.
The thermopower (i.e., Seebeck coefficient) S = % is de-

fined by the ratio between the thermoelectric coefficient and
conductance, and is proportional to the spectral asymmetry
~& (at small asymmetry). For the SYK dot, it scales with
temperature as

e+ EOMT 2, Ec < T <,

ET3e %, Esy < T < Ec, (40)
ET 3%, T < Esap.

S(T) ~

The heat conductance Gy behaves as

T:, Ec < T < J,

T2, Esn < T < Ec, 1)
T2, T < Eseh.

Gu(T) ~

Now, let us move forward and analyze four independent
noise coefficients in all regimes. Using the two- and four-point
correlators  (31)—(35), one can immediately obtain explicit
expressions for all types of noise and determine their scalings.
Akin to transport coefficients, one half of the noise coeffi-
cients depend only on even powers of spectral asymmetry &£,
which we refer as symmetric coefficients (Lo, L2, N1, N3), and
the other half depend only on odd powers of spectral asymme-
try £, which we refer as antisymmetric coefficients (L1, Ny,
N32). We plot all symmetric coefficients (conductance, charge
delta-T noise and heat delta-T noise; a similar plot for the
heat conductance is given in Ref. [21]) for direct tunnelings
within the conformal regime in Fig. 2, and all antisymmetric
coefficients (thermoelectric coefficient, charge shot noise, and
heat shot noise) in Fig. 3. Note that up to numerical prefactors
all the coefficients (within symmetric and antisymmetric
groups) have the same behavior at high temperatures (modulo
additional 7 for the heat noise in comparison to the charge
noise), where effects of the Coulomb blockade can be
neglected, while their relations are nonuniversal at T < Ec.
This proportionality of the coefficients within the symmetric
and antisymmetric groups, obtained here numerically, is a
manifestation of the universal relations reported in [42] and
discussed in details in Sec. V. The numerical prefactors,
that asymptotically collapse the lines into each other (up
to small nonuniversal corrections stemming from finite &
and E¢/T), are taken from the analytical predictions for the

. . 55T
conformal elastic regime. Indeed, =& = LiRAT >~ 0.67,
7238557 LiRET . . .
SSAT = LT 0.14, in accordance with the asymptotic
n 2Ry

shifts of Fig. 2. The shifts of the lines in Fig. 3 are
o = (LR = 2.59, % = (L4RY, — 4~ ~ —0.41.

In Fig. 4, we demonstrate that, as long as the charg-
ing energy is negligible, the ratio of the charge shot noise
and the thermoelectric coefficient is temperature indepen-
dent both in conformal and Schwarzian regimes. For the
illustrative purposes, we make the charging energy negligi-
ble comparing to the Schwarzian energy scale, so in both
regimes only elastic processes matter. There is a small dif-
ference between saturation values for these ratios within the
conformal and Schwarzian regimes. It has the following ori-
gin: the crossover between the Schwarzian and conformal
behavior introduces an additional energy scale to the Green’s
functions, so the universal single parameter scaling of the
Green’s functions is, strictly speaking, broken close to Escp.
Moving away from this energy scale in either direction, one
gets deep into either conformal or Schwarzian regime and
these nonuniversality corrections are negligible. Addition-
ally, the crossover between two regimes is relatively smooth
comparing to the one stemming from the Coulomb blockade
(the former effects into a change of the power-law scaling,
while the latter effects into a power-to-exponential transi-
tion), so the effects of this universality-breaking scale are
small. The explicit form of the two-point Green’s function
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FIG. 2. Charge delta-T noise S2T(T, £) vs heat delta-T noise
SpT(T, €) vs charge conductance G(T, £) in the conformal regime
as functions of temperature. 7; is the Schwarzian energy scale,
To ~J/(NlogN) =J/100, Ec/Ty = 10, N = 30. Solid blue line:
SAT(T, € = 0.0); solid red line: S27 (T, £ = 0.1); dashed green line:
SAT(T, € = 0.0); dashed orange line: SAT (T, £ = 0.1); dotted black
line: G(€ = 0.0); dotted magenta line: G(€ = 0.1). Charge conduc-
tance lines are multiplied by a factor 0.67, heat delta-T noise lines
are multiplied by a factor 0.14 (see explanation in the text). All
entities with £ = 0.1 are additionally multiplied by a factor 0.5 for
better visual separation. All lines are in units of S§7 = A%¢?/vr,
ST = 22T Jvp, GY = A2 vp, Ty = J/100.

around this crossover is given in [50]. The saturation value
in the £ - 0, E¢/T — 0 limits in the conformal limit is
% = L3R{. =~ 0.39, obtained from the general theory. This
prediction closely matches the numerical values at finite £
given in the caption of Fig. 4. For the Schwarzian regime,
this analytical value is ~0.338. The saturation values for all
ratios are additionally affected by the spectral asymmetry &.
For small £ the corrections are ~£2, as shown in Fig. 5
(since only even powers of £ contribute to symmetric coef-

ficients and only odd powers to antisymmetric ones). At £ —

SN Vo~ T258N _ LRE
0, we have ron = L3R, >~ 0.39, SN = LR 0.16,
T2 8527 LiRAT T2G 1
SS/A(T = LzR%T ~ 014, SSAT = W ~ 0.21.
)

Deep into the Coulomb blockade regime, nonelastic pro-
cesses become dominant for the symmetric transport and
noise coefficients. The Green’s functions have again a single
parametric scaling with temperature, restoring universality of
the ratios between the symmetric coefficients. We demon-
strate it in Fig. 6 for the ratio between the charge AT noise
and the charge conductance for the conformal regime (N —
oo, though the same considerations hold for the Schwarzian
regime as well). At T « E¢, the ratio is temperature inde-
pendent and stems entirely from the inelastic contribution, its

AT
value is SST = ‘3—‘, as expected from Table I. At T > E¢, the
ratio is dominated by elastic processes and saturates to the

8SAT

conformal elastic value = % The situation is different
for the antisymmetric coefficients: the elastic processes al-
ways remain important for them, so there are no universal

020 ——¥——————F———7———
——S'(8=0.1) ——87"(€=02) .

015F - S (€=0.1) sN(€=0.2) ]
°°.... ececcee GSI.C)(8=0. 1) ....... G-(I-C)(8=02) ]

------- ———

o
o
(&)
T
1

SZV/SSY, SV/SEY, GE/GY
o
3

0 5 10 15 20 25 30
T/T,

FIG. 3. Charge shot noise SSN(T, £) vs heat shot noise SSN(T, £)
vs thermoelectric coefficient Gr(T, ) in the conformal regime
as functions of temperature. 7y is the Schwarzian energy scale,
To ~J/(NlogN) =J/100, Ec/Ty = 10, N = 30. Solid blue line:
SSN(T, € = 0.1); solid red line: SN(T, € = 0.2); dashed green line:
SN(T, € = 0.1); dashed orange line: S;N(7, £ = 0.2); dotted black
line: Gr(€ = 0.1); dotted magenta line: G7(£ = 0.2). Charge shot
noise lines are multiplied by a factor 2.59, heat shot noise lines
are multiplied by a factor —0.41 (see explanation in the text); all
entities with £ = 0.2 are additionally multiplied by a factor 0.5 for
better visual separation. All lines are in units of S = A%¢*/vp,
SN = a%eT? /g, GY = A%e/vp, Ty = J/100.

values anywhere below T < E¢ for the ratios between the
thermoelectric coefficient, charge shot noise, and heat shot
noise. This is illustrated in Fig. 7, where the finite-€ ratio be-
tween the charge shot noise and the thermoelectric coefficient
in the conformal regime saturates solely in the b;—( < 1regime,
S~ 038,

Overall, the noise coefficients have the following scalings.
For the charge shot noise we have

ET 2, Ec < T < J,

ET~ e, Es < T < Ec, (42)
ET'e™ %, T < Esan.

8SSN ~

Comparing to the thermoelectric coefficient, the charge shot
noise exhibits the same scaling at high temperatures, as de-
tailed above, while in the low-temperature limit their ratio
scales approximately linear with temperature, as is illustrated
in Fig. 7.

The heat shot noise behaves as

ET?, Ec < T < J,
E,

ET 'e 7, Esqy < T < Eg, (43)
o

ET e 7, T < Esn;

SSPN ~

the charge delta-7 noise is

T2, Ec < T < J,
3
Ti, T < ESch;

8SAT ~
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FIG. 4. Ratio between the charge shot noise SN and the
thermoelectric coefficient Gr when charging energy Ec is negli-
gible. Ec/Ty = 0.01, conformal regime (N — o0). Blue solid line:
€ =0.1; red solid line: £ = 0.2. Dashed lines are corresponding
asymptotic values: orange dashed line is 0.3814, green dashed line
is 0.3672. Inset: The same ratios in the Schwarzian regime (without
charging energy renormalization), N = 30, dashed magenta line is
0.3345, dashed black line is 0.3264.

and the heat delta-T noise follows

T, Ec<T < J,

T3, Esqy < T < Ec,
7

T2, T K Escp.

SSpT ~ (45)

Before proceeding further, we can note that, naively, there
is a contradiction for the shot noise and the charge conduc-

tance relation at zero temperature. On one hand, §S>N = G
—

as defined in Sec. I'V. On the other hand, the relations (39) and
(42) mean that these entities have different parities as func-
tions of the spectral asymmetry £ and have different scalings
at low temperatures (T < E¢). This issue is resolved when
one notes that within the linear response theory [which is used
for Egs. (39) and (42)], the limits of zero voltage bias and
zero temperature are noncommutative, limay_olimy_¢ #
limy_, ¢ limay— o (note that it is zero-temperature limit 7 — 0
rather than zero-temperature difference limit AT — 0). One
can rewrite the Fano factor as

S.(AV, AT =0) — S™N(T)
G(T)AV

F2NT) = (46)

AV—0

in this form, it consistently accounts for all regimes and limits.
Within the universality regime for the noise coefficients,
the Fano factors also mutually obey some universal relations

[42,94]. The product of the Fano factors for the charge current

. . sSaT
becomes a universal constant. Defining FA7 = < we have

in the elastic conformal regime

FSNFAT = L LRVRET ~ 0.26. (47)

Z-C 0.6 T v T T T T

D e stre — sy
< . - - _SSN/SSN G(c)/SAT |
O 04F e, "
2 h PPTTTIIIL A Seceeccnens,,.d
o) 03f .
~~ L

S50 0.2} -
w I ]
Y] e ——
n

>~ 0.0

n O

D o1t ]
S loceccmmemce===-= ceemecen..
Q 0.2 1 1 1 1 1

5o -03 -02 -0.1 0.0 0.1 0.2 0.3
w €

FIG. 5. Asymptotic ratios between noise and transport coeffi-
cients as functions of the spectral asymmetry £ when charging
energy Ec is negligible. T /E- = 300, conformal regime. Blue dotted
line: ratio between charge shot noise and thermoelectric coefficient,
SfN /Gr; red dashed line: ratio between charge shot noise and heat
shot noise, SN /S3N; green solid line: ratio between charge delta-T
noise and heat delta-T noise, SA7 /SiT; orange dotted-dashed line:
ratio between charge conductance and heat delta-T noise, G/SpT.
All coefficients are in corresponding dimensionless units.

A similar universal rg;io can be intro%lced for the heat cur-

rents. With F5N = ﬁfhc, and FAT = 'STS(";H , we have
L RAT
FNFAT = 270 (L,R), —4) ~ —582.  (48)
LoR;

VII. DISCUSSION AND CONCLUSIONS

In this article, we presented a unified theory of equilib-
rium transport in a Sachdev-Ye-Kitaev quantum dot coupled
to mesoscopic leads through a tunnel junction. This theory
treats the transport coefficients and the introduced noise co-
efficients on the same footing and accounts for all types of
noise emerging due to voltage or temperature bias. The theory
is developed for the linear response regime, though its gen-
eralization beyond the linear response is straightforward. We
demonstrated that cross correlators between different currents
(i.e., mixed noise) are expressed through charge-charge or
heat-heat correlators, so they do not provide new information
about the system. Among the noise coefficients, only four are
independent. In addition to finding explicit scalings of the
noise coefficients as functions of temperature 7 and spectral
asymmetry &£, we report the universal relations between the
transport and noise coefficients. All of the coefficients can be
classified as either symmetric or antisymmetric as functions
of the spectral asymmetry parameter (this classification, natu-
rally, holds within linear response and breaks in higher orders
[95-97]). All coefficients within each group are universally
related as long as the 7-matrix of the system is governed by
a single energy scale within a given window of temperatures.
This constitutes generalization of the Wiedemann-Franz (WF)
law beyond the ratio between heat and charge conductance
to ratios between all symmetric and antisymmetric coeffi-
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FIG. 6. Log-log plot of the ratio between charge delta-T noise
and charge conductance in the conformal limit (N — 00) for both
elastic and inelastic processes. A/Ty = 0.01, E¢/Ty = 5. Solid blue
line: £ = 0.0; dashed red line: £ = 0.1. Blue dotted line corresponds
to saturation value 0.67 of this ratio for elastic processes for £ = 0 at
large temperatures.

cients. This result is different from other generalized WF laws
known in literature. For instance, Ref. [93] discussed the WF
law adapted for Majorana fermion transport, defining it as
a ratio between the charge variance (for Majorana fermions,
no charge is transmitted on average) and the heat conduc-
tance. References [85-88] discussed the generalized WF law,
extending the conventional WF to non-Fermi liquids. In par-
ticular, for characterization of charge and heat conductance
in multichannel Kondo setups. Reference [98] introduced a
generalization of the WF law relating transport coefficients
of currents beyond linear response. We demonstrate that the
WF law is just one of the universal relations (laws) mutually
connecting four symmetric coefficients and three antisymmet-
ric coefficients. Overall, there are five independent universal
relations, others can be trivially expressed through them.

For the particular case of an SYK QD, these results provide
explicit theoretical predictions on experimental signatures
of quantum dots realizing the SYK physics. Depending on
details of measurements in particular setups, shot noise mea-
surements may be preferable to thermoelectric measurements,
as it requires introducing a single bias into the system (e.g.,
voltage bias for conductance and shot noise measurements),
rather that tuning between two biases (voltage and tempera-
ture) for thermopower measurements [99]. For instance, in the
regime where the Seebeck coefficient of the SYK dot is related
to the Bekenstein-Hawking entropy (which holds as long as
Coulomb blockade effects are negligible [21]), the shot noise

0.35 -- -
S+
O 03
-==£=02
0.25 -
2 2 2 1 2 2 2
0.01 0.1 1

T/T,

FIG. 7. Log-log plot of the ratio between charge shot noise and
thermoelectric coefficient in the conformal limit (N — o0) for both
elastic and inelastic processes. A /Ty = 0.01, E¢c /Ty = 0.1. Solid blue
line: £ = 0.1; dashed red line: £ = 0.2. Blue dotted line corresponds
to saturation value 0.38 of this ratio for elastic processes for £ = 0.1
at large temperatures.

coefficient is directly proportional to the thermoelectric coef-
ficient and, therefore, can be used for the same measurement
of the entropy. Using the analytical approach of Ref. [42]
and exact numerical calculations, we evaluated the sets of
universal constants associated with the SYK quantum dot in
various regimes and distinguishing it from the Fermi liquid.
These regimes are directly relevant for ongoing efforts in
experimental realizations of the SYK physics in mesoscopic
graphene flakes.

Beyond the SYK dot, our results may be applied to tun-
neling spectroscopy probes of strongly correlated metals with
Planckian dissipation [44,100].
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APPENDIX A: EFFECTIVE TUNNELING ACTION

The total action of the system averaged over random realizations J and A on the Keldysh contour (s, s’ = 4, — are indices
of the contour) reads as

_ _ . i _ -
S = Z / dt[sag (0, — £4 + pr)ag,s + 5¢1.5(i0; + pup)er ] + / drdt’ ZSS/Wci,scj,sck,scl,s|tCl,s’Ck,s’Cj,s’Ci,s’ "
s s,s’

9 2 / ,
IAS sx)=s'x())  :steq—up e =5 (eg—pp)EC) _ _ o : ’
+/dtdt’ E ss/—N e 2 e 2 Gy 5C1sliCryag o lre™ Ve ) 4 Sc[p]. (A1)
5,8’

Note that within this formalism we have Grassmann numbers instead of fermionic operators. We also omitted summations over
repeated fermionic indices to keep the notations shorter. Here we applied a Hubbard-Stratonovich transform to eliminate the
quartic term in fermionic fields E.n* by introducing a new bosonic field ¢:

e Ec(X aa) Z/D(peﬁ(ﬁzﬂ'fﬂz:flcl. (A2)

In turn, we removed the second term ¢&;c; by means of the gauge transformation & — c;e~*) similar to how it was done in
[21,83,101,102]

¢(id, + ¢)c; — €100, (c;e™%). (A3)

The remaining part of the action, Sc[¢], is the Coulomb action that depends only on the bosonic field ¢.

A random nature of tunneling constants A, in Eq. (5) allowed us to make a substantial simplification in Eq. (A1): the counting
field for heat transport is diagonal with respect to ¢, ¢’ momenta. It is worth mentioning that it is not so in general. Indeed, due
to the nondiagonal contribution, the heat current is nonlocal, and a proper treatment of the heat transport becomes a substantial
problem [103]. A physical reason for this random structure of tunneling coefficients is that for the irregularly shaped graphene
flake wave functions of effective fermionic modes have random rather than deterministic overlaps [19].

Now we proceed to integrating out ¢;, ¢; fermion fields using the large-N saddle-point solution. We consider only the replica
diagonal saddle point since the off-diagonal terms are strongly suppressed in all regimes [24,104]. By the usual prescription

[18,22,49] in real time, we introduce G; ¢ (f,1') = —f\, , €1,5(t)C; ¢ (¢") and use the functional §-function

1 = /D[G]5 (Gs’,s(t/» l) N %Zél,s(t)cl,x’(t,)) — /D[G]D[E]eNfdtdz/Em/(t,t/)[Gy,;(z/,t)*ﬁ‘ ,‘E,‘,.\-(t)c,'.y(f,)] (A4)
I
to insert it into the action (A1) above. We obtain

S =5Sclel+ Yy f dt 5i1g,s(id, — &, + 1)ags + ) / dtdt/[a,s[sax,ya(t — )i, + tp) — By (t,1)eis
s

s,s

NJ?
+ iss/TGis/ (. )G (', 1) — INS, o (t, )Gy (', 1) — 22Gy ot )AL ay o (1)ag (tHYDE)(E, z’)], (A5)

csx—s'y - E=s'E)eq—np) . . ,
where we denoted AEXS’,E) =sseé 2 e 2, Di‘/’;(t, ') = e~ Weipy (1),

After the integration over the ¢, ¢ fields, the saddle-point conditions
38 58

——-=0, —=0 (A6)
BGS,S/(t5 Z‘/) ‘stﬁs’ (ta t/)
give us
(0w + p) — E(0));y = G (o), (A7)
)\2
$ST2GE ot = 1)Gy (1 = 1) = Byo(t = 1) = 155 Y 8g5(Dag o (VAL DL 1), (A8)
q

Yy E+—)
)N -

The shift of the saddle point due to the tunneling contact back-action is suppressed as [lv relative to other terms. In the large-N
limit, we can neglect this back-action and use the standard SYK saddle-point solution even in the strong tunneling regime.
This argument holds both in the conformal and Schwarzian regimes. Note that the chemical shift u simply corresponds to the
SYK Green’s function phase G(t)e*, in the frequency representation, it can be accounted by the spectral asymmetry parameter
€ [3]. In the Schwarzian regime, the saddle-point Green’s function acquires dependence on the fluctuating Goldstone field 4,

where we used o , = 54 ¢, and denoted X = (
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G,y(t, 1) — G(Yhs) (¢, t"), which gives an additional contribution Sscy[%] (soft mode action) to the full action. This soft mode
action is additive to the Coulomb action S¢[¢] up to 1/N small corrections [19]. At the saddle point, the action simplifies to

S = Sclol + Ssenlhl + Y / drdr’ " g (58,08t — )00, — £g) — 22681 )AL )ay,o. (A9)
5,8 q

We denoted here Qs(hs’,‘p)(t, t') = Gihs), (t, t’)DE‘”S), (t,1"). Now, let us integrate the a, a fields. This integral is Gaussian, and can be
evaluated exactly. The effective action becomes

iS = iSc[p] + iSsenlh] + f drdt’y " Trlog [o°8(t — 1')(id, — &) — MG (. 1) ALD]. (A10)
q

Further simplification gives us

d
iS = iSc[g] + iSsenlh] + / Z—STr log[1 — 22G%2 () A% (£)0y ()], (Al1)
—

. i s . csx=s'x o (E=s'E)e—pp) . . . .
where Qy ;(¢) is the free-fermion Green’s function, Aixvié)(s) =552 e > Note that the resulting action is local in

frequency, despite the Coulomb correlator Dy ¢ (¢, t") aﬁpears to be nonlocal. This simplification became possible because its
expectation value and higher moments depend on the time difference t — ¢’ [19]. Additionally, in Eq. (A11), we used Qy .,(¢) =
plFer,x(s)(S(a —g) [pr =) q 8(e — g4) is the density of states of free fermions] to account for the summations over momenta

q and rewrite Af’i RN AEXA ’,E)(S) [Oy 5,4(¢) is the momentum-resolved Green’s function] [72]:

(h,) _ ix+iE(e—pr) oh.9)
) _ (¢) e GrE)) Ay — Qi) Oi(8)
We now define G"9)(¢, x, &) = (_e—ix—iéatuL>g£’7f)(8) gﬁ”j")(g; ), Q(e) = (Q_+(€) Q__(s))' Then the
effective action describing tunneling dynamics is given by
. de A N
iSefe[ X, §1 = / ETr log[1 — 2*G"9 (e, x. £)0(e)]. (A12)

This is the only term in the full action that depends on the counting fields, so it fully describes the statistics of charge and heat
transfer.

If one focuses on the conformal limit with negligible charging energy, the expectation values for any moments of Eq. (A12)
can be calculated exactly (as long as the tunneling coupling X is small enough to disregard the saddle-point shift) [17]. This
is no longer the case when one accounts for the soft mode fluctuations and charging effects. Then the generating functional is
given by

Zlx, &l = /D[h]D[(p]ei(SC[(ﬂ]‘i’SSch[h]+scfl'[x75]). (A13)

In this case one has to expand Eq. (A12) with respect to small A%, and average it with respect to /4, and ¢ fields for any chosen
momentum (i.e., current or noise) order by order in A. This procedure is usually done in the leading order in A2, though Eq. (A12)
consistently allows this expansion and subsequent calculation up to any order in A%

In the following, we execute this procedure in the leading A order, and express the equilibrium observables in terms of the
density of states for the SYK dot in all considered regimes. At low temperatures, due to strong Coulomb blockade, inelastic
processes coming from the A* terms become relevant, but they also can be directly incorporated as corrections to the 7-matrix of
the dot. In the second order, the effective action reads as

de

iSeitlx, §] = —AZ/ o Te[(G" (e, X, )y O(e)]. (Al4)

APPENDIX B: CURRENT AND NOISE

Here, we explicitly express transport coefficients and noise through the density of states of the dot and the lead.
Let us start with rotating Keldysh Green’s functions to the triagonal form [49,73]

G =1@G" - gF+ 65, g+ =1Gk-g"+g5, (B1)

and the same expressions for Q. In Eq. (13), the terms in square brackets become
GO -G ot = (6" - gMoF - 16K 0" - 0b), (B2)
O e T (A (VA V) (B3)

Further, GR(¢) — GA(e) = —2mipsyk(€), GX(g) = —2mipsyk(w)[1 — 2nsyk(&)], and the same relations hold for Q(¢) functions;

osYk/F(€) = —%ImGR (¢) are the density of states on the SYK dot/Fermi-liquid lead, n(¢) = (e 7 + 1)~! is the Fermi-Dirac
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function. We further use that for the Fermi liquid pr(¢) = where vy is the Fermi velocity. All kinds of current and noise

271u -0
are explicitly given by
1
n=— / de(e — Vi) psvx (&)l (e — Vi ) — nsy(e — Vi, To)l. (B4)
F
1
Se/mm = . / de(e — Vi) psyk (e)lnp (e — Vi, Tp) + nsyk (e — Vp, Tp) — 2np (e — Vi, Tp)nsyk (€ — Vi, Tp), (B5)
F

where n = 0, 1 for charge and heat current, correspondingly; / = 0, 1, 2 for charge, mixed, and heat noise, correspondingly. Vp 1.
are voltages applied to the dot and the lead, Tp ; are temperatures of the dot and the lead (e.g., up = Vp). We also included the
A2 coupling constant into the psyx(€).

The electric conductance (for Vp =0, V, = AV)is

ol,
= = de &) ———. B6
IAV |y 4Tor Psyk( )coshz = (B6)
The thermoelectric coefficient Gy (for Vp =V, =0,Tp =T,T, =T + AT) is
G ol. 1 / d &) e B7)
= —— = & &)————.
T QAT av—o 4T?vp PSYK cosh? 7
For the heat current, one has Gy (forVp =V, =0,Tp =T, T, = T + AT), related to the thermal conductance,
Gy = : / de psvi(e)— (B8)
= = — 3 &)———.
T OAT |y 4720 ] P osn? =
The equilibrium (Johnson-Nyquist) thermal noise (at Vp =V, =0,Tp =T, =T) is
el
SNT) = — depsy(e) (B9)

h2£'

Here and in the following, the subscript / stands for notations c, m, h, and the power [ = 0, 1, 2, correspondingly.
For delta-T noise, we consider Vp =V, =0,Tp =T, T, = T + AT and assume deviations from equilibrium to be small, so
only linear terms in AT matter. Delta-T noise S becomes

1

3S/(AV, AT o1+ ginh £
8SAT = 35i(AV, AT) =— /dgpSYK(g) T (B10)
AT av=o 4T°vFp cosh’
To find the shot noise (SSISN, wesetVp =0,V =AV, T, =T =T,
95, (AV, AT) g! sinh £ =1l
SN = ——— - =——|d > |y . Bll
I IAY reo AT €psyk(€) cosh £, 8PSYK(8) osh? £ (B11)

One can rewrite the expressions above in a more compact form by introducing transport integrals £, [74,82] and generalizing
them to noise integrals N, defined as

o0
L, = d =0,1,2; B12
iTor [ EPSYK(8) (LT) (B12)
o &"sinh (&
N, = / ds,oSYK(s)J, n=0,1,2,3. (B13)
4TUF —00 h3 (LT)
We have then
G="L G—1£ G—lc- (B14)
— ~0, T — T 1 H — T 2
1
SN =2TLy, SN=Np, 8SET = 7N (B15)
1
SW=2TL aSN =N =8N 88T = Z N (B16)
1
SIN=2TL,, 8N =N, —28N, §spT = ?./\[3- (B17)
(B18)
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In general, the density of states of a dot in the expressions above can be expressed through the imaginary part of the 7-matrix in
Matsubara representation 7, as is derived in [75]

(6) = —— hgfoodr’r Loir)e (B19)
g) = ——cosh — — .
P 7 T ) r )¢
We put this expression into the formulas above and change the order of integration, obtaining for transport coefficients
G = ! /oodt ! T ! + it (B20)
= 20 ) eoshry \ar T )
] o0 inh(z T't 1
2vF J_o cosh™(wTt) 2T
T [ 1 1
Gy=-"" dt3—7'<— + it) — T7%G. (B22)
Vr J_oo cosh’(xTt) \2T
For the charge noise, the same procedure gives us
T [ 1 1
SN = ——/ di————T| == +it | =2TG, (B23)
Vr J_oo cosh(mTt) 2T
T [ t 1
ssSN = - [ — (= +ir), (B24)
vp J_oo cosh(mTt) 2T
T [  tsinh(nTt 1
5SAT = ”—/ dt%T(— + it) +26G. (B25)
VF J_o cosh™(wTt) 2T
For the heat noise, we have
273 >~ (2 —cosh? (xTt 1
sy =T / ar 2= o) T(— + it) = 272Gy, (B26)
vF J_ s cosh” (nTt) 2T
2’ T3 [ t 1
SSPN = — / dt—T(— + it) — T 885N, B27
" vr Jow cosh (xTr) \2T ¢ (B27)
373 (> tsinh (nTt)[5 — sinh? (7 Tt 1
5T = 1 / g P TTOIS = sinh” (7 )]T<— +it> +6TGy. (B28)
VF J-co cosh™ (nTt) 2T

The mixed (cross-correlation) noise is not independent from the quantities found above. A straightforward comparison of
Eq. (B9) with (B7), and Eq. (B10) with (B11) gives

irT? [  sinh(zTt 1

SN = _L/ d wT(— + it) = 272Gy, (B29)
VF J_s cosh”(xTt) \2T

88N = 7 882 — §)N, (B30)

88PN = T885T — 28N, (B31)

Now, let us analyze the Fano factor for the charge noise and charge current in the limit of zero temperature. In this case,
Fermi-Dirac functions in Egs. (B4) and (B5) turn into the Heaviside functions ng/syk(e — Vp;L) —> 0(e — Vp;r — ). The
Heaviside function is idempotent, meaning 82(x) = 6(x), therefore, the ratio of expressions for the charge noise and charge
current becomes unity:

Se
FSN = A 1. (B32)
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