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Generalized Cutler-Mott relation in a crossover between Fermi
and non-Fermi liquid regimes of two-site charge Kondo simulators

T. K. T. Nguyen

L.* and M. N. Kiselev®?

Institute of Physics, Vietnam Academy of Science and Technology, 10 Dao Tan, 118000 Hanoi, Vietnam
2The Abdus Salam International Centre for Theoretical Physics, Strada Costiera 11, I-34151, Trieste, Italy

® (Received 18 August 2025; revised 5 February 2026; accepted 11 February 2026; published 18 March 2026)

We analyze the validity of the Cutler-Mott relations outside the Landau Fermi-liquid concept. We consider a
two-site charge Kondo circuit as a paradigmatic example of a system possessing both Fermi- and non-Fermi-
liquid properties. It is shown that the generalized Cutler-Mott-like relations derived in the paper hold in both
operating regimes of the charge Kondo quantum circuit, describing a smooth crossover between low- and
high-temperature regimes. We discuss the applicability of the generalized Cutler-Mott relations for computing a
figure of merit for the non-Fermi-liquid quantum simulators.

DOI: 10.1103/5t1p-136f

I. INTRODUCTION

Thermoelectricity, which describes the direct conversion
between heat and electrical energy, has attracted considerable
attention in recent years from both physicists and engineers.
The study of thermoelectric effects provides valuable insight
into the electronic structure and fundamental scattering pro-
cesses within a system. Furthermore, thermoelectric materials
can be utilized to generate electricity, measure temperature, or
alter the temperature of objects through the reversible effects
of Seebeck, Peltier, and Thomson [1].

The Seebeck effect [2] occurs when a temperature gra-
dient is applied across two dissimilar electrical conductors
or semiconductors, resulting in a voltage difference between
them [3,4]. The efficiency of this conversion of thermo-
electric energy is characterized by the Seebeck coefficient,
or thermopower (TP), which is defined as the ratio of the
generated electric voltage Vi, to the temperature difference
AT: S = —eV;,/AT. The measurement of the thermovoltage
Vi offers independent information about the thermoelectric
coefficient Gy. The temperature difference AT is regulated
using a current-heating technique. The differential electrical
conductance G is measured using a variable external energy
source. In the linear regime, TP is typically determined by
the relation S = Gr/G. TP is a fundamental property that
defines the thermoelectric performance of a material, making
its enhancement both crucial and challenging. With advances
in nanotechnology, numerous nanostructured devices have
demonstrated promising improvements in TP.

It is well established that the TP is a valuable probe of
Kondo correlations [5]. Thermodynamically, it is consistent
with the entropy associated with the flow of charge in a
material. In typical metals and degenerate semiconductors,
only a fixed population of electrons, those with energies close
to the Fermi energy within a few temperatures, contribute to
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both charge and thermoelectric transport. As the temperature
decreases, the narrowing of the Fermi-Dirac distribution leads
to a linear reduction in the Seebeck coefficient. Under the
rigid-band approximation, the Cutler-Mott (CM) formula is
commonly used to interpret the TP.

The CM relation, introduced by Cutler and Mott in 1969
[6], connects the TP to the energy derivative of the electrical
conductance near the Fermi level as

212
S n_kB_T[dln[G(E)]i| ’ 0
3 e dE E=Ey
providing deep insight into the electronic structure and scatter-
ing mechanisms of a material. It has become a cornerstone in
the study of thermoelectric properties, particularly in the con-
text of metallic and metallic-like materials, where it describes
the temperature dependence of the TP.

As shown in Eq. (1), the CM relation exhibits several no-
table properties [7]. First, the formula includes a term kg /e ~
80 uV/K, which can be regarded as the natural unit of TP.
Second, the derivative of the logarithm of conductivity in the
expression highlights that TP is a highly sensitive probe of
the electronic structure of the material. Third, the observed
linear temperature dependence suggests that this behavior is
characteristic of metallic and metal-like materials. Finally, the
CM formula encodes information about scattering processes
within the material.

While the CM relation has been remarkably successful in
characterizing metallic systems and weakly interacting QDs,
it breaks down in the presence of strong electronic corre-
lations, such as those encountered in Coulomb-blockaded
devices [8] or Kondo correlated nanostructures [9]. In Ref. [8],
Turek and Matveev investigate the TP of single-electron
transistors in the cotunneling regime, where charge trans-
port proceeds via virtual intermediate states rather than
through sequential tunneling. Their analysis applies in the
low-temperature cotunneling regime (7' K E¢, with E¢c =
¢?/2C the QD charging energy), where elastic and inelastic

©2026 American Physical Society


https://orcid.org/0000-0003-1700-1053
https://orcid.org/0000-0003-2542-3686
https://ror.org/02wsd5p50
https://ror.org/009gyvm78
https://crossmark.crossref.org/dialog/?doi=10.1103/5t1p-l36f&domain=pdf&date_stamp=2026-03-18
https://doi.org/10.1103/5t1p-l36f

T. K. T. NGUYEN AND M. N. KISELEV

PHYSICAL REVIEW B 113, 115140 (2026)

cotunneling dominate conduction and the TP exhibits only
a weak temperature dependence. In this strongly interact-
ing regime, the CM relation is no longer valid and must
be replaced by explicit microscopic calculations. Consis-
tent with this, studies have demonstrated that deviations
from the CM law in thermoelectric transport through QDs
in the conventional spin Kondo regime originate from
strong interactions between localized spins and conduction
electrons [10].

The charge Kondo effect, in contrast to the conventional
spin Kondo effect [11], arises from the twofold degeneracy
of the charge degree of freedom at a Coulomb peak. Here,
the N and N 4 1 charge states play the role of a spin-1/2
impurity, allowing the QD to be modeled as an effective
isospin-1/2 magnetic impurity. This mechanism, first formu-
lated by Flensberg, Matveev, and Furusaki [12—-14], is realized
in large metallic QDs strongly coupled to leads via nearly
transparent quantum point contacts (QPCs). Electrons inside
and outside the dot correspond to isospin-up and isospin-down
states, respectively, and backscattering at the QPC flips the
isospin as electrons tunnel in and out. Additional internal
degrees of freedom—such as electron spin [9,15,16] or the
number of single-mode QPCs [17,18]—set the number of
effective Kondo channels.

A comprehensive analysis of TP oscillations in the charge
Kondo regime was carried out by Andreev and Matveev [9],
who studied a large metallic QD weakly coupled to one lead
and strongly coupled to another via an almost transparent
QPC. They demonstrated that, in such systems, the standard
CM relation breaks down because of the emergence of Kondo
correlations. Although the TP retains an oscillatory depen-
dence on the gate voltage, neither its amplitude nor its sign
is captured by the conventional CM law; instead, explicit mi-
croscopic expressions are required. In the two-channel charge
Kondo model, the system enters a non-Fermi-liquid (NFL)
regime at intermediate temperatures (I" < T < Tg), where
the Kondo temperature is set by the QD charging energy
(Tx ~ E¢) and the Kondo resonance width scales as I' ~
|r|?Ec, with |r| denoting the Kondo interaction parameter.
At sufficiently low temperatures (7 < I'), the system crosses
over to a Fermi-liquid (FL) regime [9,15]. Moreover, the
application of an arbitrarily small magnetic field drives a
crossover from the NFL fixed point of the two-channel Kondo
(2CK) model to the FL fixed point of the single-channel
Kondo (1CK) model [19]. In the FL regime, the CM relation is
restored [9,15,19,20]. Conversely, deviations from CM behav-
ior induced by a finite in-plane magnetic field within the FL.
regime may serve as an indicator of the onset of NFL physics
[19,21].

These results naturally raise a central question: Can the CM
relation be generalized to charge Kondo systems operating in
the NFL regime? A positive answer would provide a power-
ful and experimentally accessible method for probing TP in
strongly correlated charge Kondo devices.

Building on a comparison between the traditional CM
prediction and the nonperturbative results of Ref. [22], we
introduce a generalized Cutler-Mott (GCM) relation for a two-
site charge Kondo circuit (2SCKC). We demonstrate that this
GCM relation accurately describes both FL and NFL regimes
and can be extended to a broad class of charge Kondo systems.

In addition, we show that the GCM framework provides a use-
ful tool for analyzing thermoelectric performance, including
the figure of merit.

The paper is structured as follows. In Sec. II, we introduce
the theoretical model and review the standard CM relation
in the context of the 2SCKC. Section III presents our pro-
posed GCM relation and discusses its physical implications.
In Sec. IV, we explore the extension of GCM to other charge
Kondo systems. Section V focuses on the application of GCM
to the figure of merit. Finally, we summarize our findings and
conclusions in Sec. VI.

II. MODEL AND CUTLER-MOTT RELATION
OF A TWO-SITE CHARGE KONDO CIRCUIT

In this paper, we examine the validity of the CM formula in
a2SCKC. The model, illustrated in Fig. 1(a), was theoretically
proposed in Ref. [23] and has recently been experimentally
implemented [24]. Each charge Kondo circuit (CKC) consists
of a QD-QPC structure. The two CKCs are weakly coupled
via a central QPC that connects the two QDs. This central
QPC can be tuned into a nearly fully reflecting regime. We
assume that the QPC is sufficiently long such that the charge
quantization in each QD remains unaffected by any capac-
itive coupling between them. The QD is a large metallic
island (depicted in dark red and blue cross-hatched areas,
surrounded by black lines) that is electronically connected
to a two-dimensional electron gas (2DEG, represented by the
orange and grey continuous areas). The 2DEG is coupled to
two large electrodes via two QPCs. Under a strong magnetic
field applied perpendicular to the 2DEG plane, the system is
tuned into the integer quantum Hall (IQH) regime at filling
factor v = 1. The QPCs are adjusted to be nearly transparent,
so that the chiral edge currents (red solid lines with arrows)
experience only weak backscattering. CKCs operated in the
IQH regime have been realized in breakthrough experiments
[17,18]. Because the number of Kondo channels is set by
the number of QPCs connected to the metallic QD, these de-
vices offer direct experimental access to multichannel Kondo
(MCK) physics. A defining feature of an MCK configuration
is the emergence of NFL behavior [25-27], associated with an
underlying Z), symmetry.

In this work, we investigate a configuration in which the
reflection amplitudes are identical at both QPCs in each CKC:
[r11l = |ri2l = [r1] and [ra1| = |r22| = |r2|, representing the
2CK setup of each CKC. The tunneling current through the
central weak link can be determined by applying Kirchhoft’s
laws to the equivalent electrical circuit. To generate a ther-
moelectric response, the left CKC is maintained at a higher
temperature, T + AT, while the right CKC is kept at tem-
perature T. This temperature gradient induces a thermal bias
across the central weak link.

The equivalent circuit of the device is shown in Fig. 1(b).
The C, j, Ry,j (o, j =11, 12, 21, 22) and Cj, R; character-
ize the QPCs and the weak central coupling, respectively.
Additionally, we include the capacitors C,;, C, and the gate
voltages for the QDs, which are not shown in Fig. 1(a). The
resistors Ry, Ry, and Rz are used to divide the input gate
voltage V. Consequently, the dimensionless gate voltages of
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FIG. 1. (a) Schematic of a weak link between two charge Kondo
circuits (CKCs). Each circuit consists of a large metallic island (QD),
which is embedded into two-dimensional electron gas (2DEG) and
connected to two large electrodes through single-mode quantum
point contacts (QPCs). The 2DEG (plain area) is in the integer quan-
tum Hall regime v = 1. The red line with arrows denotes the chiral
edge mode that backscatters at the center of the narrow constriction.
The QPC:s are finely tuned to different regimes. The right CKC (gray
color) is at the reference temperature 7' while the left circuit (orange
color) is at a higher temperature T 4+ AT . (b) The equivalent circuit
where the capacitors C,, Cy and the componenents supporting the
gate voltages for the QDs are not shown in (a). The resistors Ry, R;,
and Rs are used to divide the input gate voltage V.

the QDs are estimated as follows:

Coi R +R
ol 12 Sy

1= —

ng R3
8
e Rl

N, = = ,
: eRtg

@

with R; = R; + R> + R5. In fact, the resistors are variable. We
find thatif Cgy = Cp we canhave Ny = N if R, = 0or N, =0
if R3 = 0.

To investigate the CM relation with respect to the dimen-
sionless gate voltages N; and N,, we start from the general
expression for the electrical conductance G[I'|(N}), I'2(N2)]
derived in Ref. [22] [Appendix Eq. (A3)]. We now apply the
CM relation in Eq. (1) to the 2SCKC. As shown in Fig. 1(b),
the energy variable entering Eq. (1) is identified with the gate

voltage V,. The corresponding derivative can be expressed as

ad CglR] d Cg2R2 0

WS e T e M
e d e d

- 2Ec B * 2Ec,» N,

where R| = (R, + R3)/R;, R» = R3/R; are the resistance ra-
tios of the voltage divider. These ratios depend solely on the
external circuit and are independent of the 2SCKC. Conse-
quently, the CM relation in Eq. (1) for the 2SCKC takes the
form (inthe units i=c=kg = 1)

72 Z T 31HG_7'[2 T dlnG

Sem = — — ==Y — )
JEC,]‘ BNj 6e j=1,2EC’j BNj

6e
Without loss of generality, we choose Ry = R, = 0 so that
R1 = R, = 1. This leads to the second equality.

The thermoelectric coefficients in the 2SCKC within the
linear-response regime—where [AT, eV,;] << T—have been
computed and discussed in detail in Refs. [22,23,28]. The
general expressions are presented in Appendix.

For the single-site charge Kondo circuit [9,15,20], it
is mentioned that the conventional CM relation holds in
the FL regime, where the temperature is much lower
than the Kondo resonance width [T <« I', where I'(N) =
8yEc|r|? cos?>(mN)/m?, y = e ~ 1.78 (C ~ 0.577 is Eu-
ler’s constant)] [9,19,20]. However, this relation breaks down
in the NFL regime, in which I' < T « E¢. To address this,
we propose a GCM relation that remains valid in both FL and
NFL regimes, covering the entire temperature range 7 << Ec.

III. GENERALIZED CUTLER-MOTT FORMULA

To analyze the CM relation, it is first necessary to examine
the electrical conductance G [Appendix Eq. (A3)], where the
function Fe(I'; /T, T, /T) is defined in Eq. (A4). Substituting
Eq. (A3) into Eq. (3) yields the TP based on the CM relation,

4y 1 oFc, 5 .
Som=— > ——S|r; 27N;), 4
oM =3, Z; 7 ap, i1 sin@aNy) @)

where py =T"/T, po =T2/T,T'; =T'(|rj|, N;), and
oFc o ° paulu® + 4m?]
— = / dz / du—
ap —o  J-oo sinh (¥)[cosh (z) + cosh (%)]
[+ )~ i)
u)2 212 u\2 21’
[G+5)" + Pl 1= %) +pi]
with an analogous expression for dF¢/dp;.

As shown in Ref. [22], asymptotic expressions for the TP
can be derived in four regimes: (I';, ) KT, KT KTy,
IN<«T«TI',and T K ('}, T'p). In contrast, obtaining such
asymptotic forms for Scy directly from Eq. (5) is technically
prohibitive. To overcome this difficulty, Kiselev introduced an
analytical method for computing the scaling functions, which
ensures their differentiability with respect to the relevant pa-

rameters [29]. This approach allows us, unlike Refs. [9,15,20],
to express Fc(I'y /T, T'y/T) in closed analytical forms.

&)
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In the regime p; < 1, pr K 1, the result is
4 ?
Fe(pr <1, pp K1) =4n" — 7[16ln(2) — 1(p1 + p2).
(6)
For p1 > 1 or p» > 1, we obtain

1
Fe(pi,pp > 1) = 4—P(P1),
P2

1
Fe(pr> 1, py) = 4—77(192),
P1

2
P(p) = —4p* + ;(p4 — 1072 p? + 9r*Hyw®
1 p 12472x
— 4+ = , 7
x<2+h>+ : ™)

where WD (x) = > (n+x)? is a tri-gamma function.
Therefore, in the opposite limit, p; > 1, p, > 1, this yields

6474
5pipa’

Furthermore, in the limiting cases p; = 0 or p, = 0, corre-
sponding to I'y = 0 or [, = 0, exact analytical expressions
are available,

Fc(0, p2) = mlco(p2),
Fe(p1,0) = mwheo(p1),

Fepir>»Lpp>»1)= (®)

Feo(p) = n(dn? — p

2)[1 _ Q@(—l, L1+ 5)}
14 b4

n2p

5 ©)
where ©(r, s,z) = Z:io r"(n + z)~* is the Lerch zeta func-
tion. These expressions are particularly useful for analyzing
the system when one of the gate voltages is inactive, such as at
N; =0 or N, = 0, where the corresponding resonance width
I"; vanishes.

Altogether, this analytical framework provides access to
0Fc/0p;, enabling a systematic investigation of the CM
relation.

Comparing Eq. (4) with the general formula for TP ob-
tained in Ref. [22] [rewritten in Eq. (A9)], we observe that
the terms In[Ec /(T + I';)] are absent in the TP expression
derived from the CM relation. This omission indicates that the
traditional CM relation does not capture essential interaction
effects.

As highlighted in Ref. [9], in the low-temperature regime
(T «T), the system adheres to the FL paradigm. In this
regime, TP S can be expressed in terms of the logarithmic
derivative of conductance with respect to gate voltage, reflect-
ing the sensitivity of the transport to electrostatic tuning. That
form resembles the CM formula. However, the prefactor in
this relation is significantly modified. In particular, it acquires
an additional large factor In(E¢/I"), which encapsulates the
influence of interaction-driven energy scales. In the high-
temperature regime (7 > I'), the system crosses over to an
NFL state, where the simple logarithmic derivative form of TP
breaks down and there is no direct analog to the CM formula.

+

13
(9
| oamazs

= ovoorrs

0.000125
0.000075
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FIG. 2. Contour plots of electric conductance G/G¢ and ther-
mopower eSgem computed from Eq. (10) by applying GCM relation
as functions of the dimensionless gate voltages N, and N, at temper-
ature T/E¢ = 0.01. In both contour graphs, |r|> = |r;|> = 0.1 and
Ecy = Ecy = Ec.

These observations motivate the development of a GCM
relation that incorporates interaction effects and remains valid
across both FL and NFL regimes. Building on Eq. (4), we
therefore propose an expression for the thermoelectric re-
sponse in the 2SCKC as

1 3F, Ec;
Z el [ C.J }|rj|2sin(2n1vj). (10)
FC 8pj T + F]

Scem =

Equation (10) can be equivalently expressed in terms of the
conductance derivative as

2 T Ec; 19InG
” ln|: C”} 1 (11)

Soem 6e o2 Ec’j T+ Fj BNj ’

Equations (10) and (11) represent the central results of this
paper. We validate this GCM relation by examining its depen-
dence on gate voltages, as shown in Fig. 2. While the electrical
conductance is symmetric with respect to both Ny and N,,
reaching its maximum at N; = N, = 0.5, the TP is symmetric
along the line N, = 1 — Nj, where it vanishes and changes
sign. Remarkably, the contour plot of TP calculated using
Eq. (10) as a function of Ny and N, exhibits the same qual-
itative features as the TP obtained directly from S = G7/G,
which is shown in Fig. 3 of Ref. [22].

We now examine the behavior of Eq. (10) in different
limiting regimes, defined by the relative magnitudes of the
energy scales (I'y, 'z, T).

A. (I, I';) € T, non-Fermi liquid regime

In the limit where both resonance widths are much smaller
than the temperature, i.e., (I'y, I';) < T, the system enters
the NFL regime. In this regime, the TP derived from the GCM
formula, to leading (zeroth) order in I'y /T, I',/T, is given by

c Ec,
Seem = — Cz“ > IrlPIn (%) sin27N;),  (12)

j=12

where Ceom,1=4(161n2 — 1)y /3(87 — 161n2 4 1)~1.593.
In comparison, the TP directly calculated in Ref. [22] exhibits
weak NFL behavior at “high” temperature 7 > (I'y, I'2),
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and is given by

S =— Cdl” Z |r;1* In ( )sm(ZnN) (13)

j=1,2

where Cgir1 = 9y /8 =~ 2.

In terms of temperature scaling, Eq. (12) is consistent
with both the perturbative result and the direct calculation in
Eq. (13). The proximity of the prefactors Ccm,; and Cyir 1,
suggests that the GCM relation remains valid in the NFL
regime.

B. I'1 « T « I';, non-Fermi liquid on the left
and Fermi liquid on the right CKC

This regime arises when the gate voltage N is tuned closer
to a Coulomb peak than N,, so that the left QD exhibits NFL
behavior, while the right dot remains in the FL regime. The
TPs obtained from the two approaches—the GCM relation
and direct calculation—are given below:

| | In ( T )sm(Zan)

72 T | ( 72
———1n
3¢ Ec» 8y |72 % cos?(wN>)

with Cemo = 8y[189¢(3) — 68]/8173 ~ 0.903114, where
£ (3) & 1.20206 is the Riemann zeta function, which is related
to the tetragamma function via W ®)(1/2) = —14¢(3),

Cll"
§= 2921 2n ( )sm(ZnN])
e T

73 T ( 7?2
— ——1In 3
3e Ec» 8y |ra|? cos* (T Ny)

where Cgir 2 = 1024)//75712 ~ 2.46.

We find that the TPs in both Eqgs. (14) and (15) consist of
two distinct contributions: one reflecting the FL behavior of
the right CKC, and the other capturing the NFL characteristics
of the left subsystem. From Eq. (14), it is apparent that the
original CM law applies well to the FL component but fails
to accurately describe the NFL part. However, there exists an
intermediate temperature regime, 7* < T < I'; (where T*
determined in Eq. (45) of Ref. [22]), where the original CM
relation remains valid. In contrast, by comparing Eqgs. (14) and
(15), it is clear that the GCM formula provides an accurate
description for both components of the system, regardless of
whether the underlying physics is FL or NFL.

Scem =

) tan(tN,), (14)

) tan(wN,), (15)

C. I'; « T « Ty, Fermi liquid on the left and non-Fermi
liquid on the right CKC

This case is the converse of case in the above subsection,
occurring when the gate voltage N, is tuned closer to the
Coulomb peak than Nj. In this regime, the GCM formula
yields the TP in the following form:

7 T ( 2

Sgem = ————1In
aeM 3¢ Eci \8y|ri|2cos’(xN;)

) tan (7w Ny)

C Eca
_ M2 1n< €2 >|r2| sin 27 N,). (16)
e

The TP directly computed for this case also comprises two
components: a FL characteristic on the left circuit and a NFL
property on the right,

MCLIPRES (%) sin(27 s ). (17)
e

In this limit, the GCM relation remains applicable to both
parts of the system. In contrast, the original CM relation
fails to describe the right part, which exhibits NFL behavior,
but still accurately captures the FL characteristics of the left
part. Notably, the CM relation holds within the temperature
window T** <« T « I'|, where T** is defined in Eq. (47) of
Ref. [22].

D. T « (I'y, I';), Fermi-liquid regime

This limit corresponds to the infinitesimally low tempera-
ture regime, which is inaccessible to perturbative approaches.
The TPs obtained from both methods exhibit a linear temper-
ature dependence and can be expressed analytically as

w2 T w2
S = —— —1n tan(wN;),
aeM = T3, 212 Ec; |:8y|rjlzcos2(an):| (TN;)
(18)
and
373 T 2
S=—— —1n T3 tan(wN;).
Te ey Ec,; 8y |rj|? cos*(wN;)
(19)

Similarly to the regimes discussed above, the close agreement
between Eqgs. (18) and (19) confirms the validity of the GCM
theory in the full-FL regime. Our proposed GCM formula
[Eq. (10)] not only remains consistent with Eq. (4) in Ref. [9],
but also provides deeper insight into the thermoelectric re-
sponse of strongly correlated nanostructures.

The results of the four different regimes demonstrate that
the GCM formula serves as a standard benchmark for the
2SCKC, regardless of whether the system is in the FL or NFL.
state [9,15,19,21]. Furthermore, the application of the GCM
formula across these four regimes reinforces our confidence
in the advantages of a nonperturbative approach to the two-
channel charge Kondo problem.

We now examine Eq. (10) numerically. The compari-
son reveals a strong consistency between the GCM formula
and the direct calculation, which differs only by a constant
prefactor of approximately 2.22. This agreement is illus-
trated in Fig. 3, where the blue curves—generated using the
GCM relation [Eq. (10)]—closely follow the behavior of
the black curves, which are obtained from direct evaluations
of Eq. (A9). The presence of the logarithmic term in the
GCM expression effectively captures the hallmark features of
Kondo correlations and reinforces the interpretation of NFL
behavior.

A notable feature of both the numerical results and the
analytical limits considered in Secs. II A-IIID is that the
GCM expressions differ from the direct calculations only by
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FIG. 3. Thermopower eS as a function of the gate voltage N, at
different temperatures. (a) T/Ec = 0.001, Ny =0.75, (b) T/Ec =
0.01, Ny = 0.6, and (¢) T/Ec = 0.1, Ny = N, = N. Panel (d) shows
the maximum of thermopower as a function of temperature 7 /Ec. In
all graphs, |r{|> = |r,|*> = 0.1. The black lines are directly plotted (as
in Ref. [22]), the red lines are plotted from the original Cutler-Mott
formula [see Eq. (3)] multiplied by a factor of 2.22, and the blue lines
are plotted from the generalized Cutler-Mott relation [see Eq. (10)],
also multiplied by the same factor to match the red line in each panel.

overall prefactors of order unity. These adjustable factors are
likely related to the inherent ambiguity in defining the Kondo
temperature, Tx ~ Ec. In Eq. (1), the derivative is evaluated
at E = Er; however, in the strong- and intermediate-coupling
regimes the role of the Fermi energy Er is effectively played
by the Kondo scale Tx. As is well known, Tk is a crossover
scale separating the weak-coupling regime (T >> Tk ) from the
intermediate/strong-coupling regimes (7" < Tk) in the 1CK
model.

For the 2CK model [30], the Kondo temperature Tx defined
in the weak-coupling regime (T >> Tx) does not coincide
exactly with the scale extracted from the intermediate or
strong-coupling regime (7 < Tx). An analogous behavior
arises in our system, where the characteristic scales in-
ferred from the weak-coupling regime (7 > I';) and from
the intermediate/strong-coupling regime (7" < I';) differ by
a multiplicative factor of order unity.

Moreover, different physically motivated definitions of
Tx—based on thermodynamic quantities (free energy, suscep-
tibility, etc.) or transport observables (conductance, etc.)—
lead to slightly different numerical estimates of the Kondo
scale [30-32]. As a result, when the GCM relation is ex-
pressed in terms of these scales, the corresponding prefactors
that appear in the NFL regimes naturally differ by order-one
numerical factors.

IV. APPLICATION OF THE GENERALIZED
CUTLER-MOTT RELATION TO SOME CHARGE KONDO
SETUPS

In this section, we apply the GCM relation to two distinct
charge Kondo implementations that are related to the 2SCKC.
These setups provide practical platforms to test and illustrate
the relevance of the GCM framework in experimentally moti-
vated configurations.

A. Effect of one gate voltage is inactive:
Either Ny =0.50r N, = 0.5

In the limit Ny = 0.5, N, = N, the TP is calculated from
GCM as shown in Eq. (10) is

Socn = 4y dpFco(p)
3e Fco(p)

with p =T"/T and F¢o(p) is defined in Eq. (9). The TP as
a function of gate voltage in this limit can be seen in the
right panel of Fig. 2. At exact Coulomb peaks (i.e., when
either N; = 0.5 or N, = 0.5), the particle-hole symmetry is
preserved, irrespective of the scattering at the QPCs. As a
result, the contribution from the corresponding segment of the
system to the TP vanishes.

Interestingly, either Ny = 0.5 or N, = 0.5 situation reduces
to the case similar to the Matveev-Andreev (MA) setup [15],
in which the left (right) structure simply is a normal metal
lead, the electrical conductance in Eq. (A3) becomes G =
(GcT /8y Ec) [ dx(x* + 72)/[cosh?(x/2){x* + (I'/T)?}] and
the Eq. (10) induces

dy |: Ec i|3pFo(P)

Seem = X
M=, M T T | RO

2 EC .
|r|*In 71T sin(2rN), (20)

I7|? sin(27N), (21)

with [29]

(o) )C2 +7T2 p
Folp) = / D 2+ P
o p

1 p p 1 p
=270 -+ ) +4p[1 - 0D -4 ).
d 2T o) TP Ty 2 o

(22)
So
4p 1 p
,F(p)=4— —wD -4 =
pFo(p) T (2+2n>
2
p o1 p
1 - — |V -+ —). 23
+[ n2] (2+2n> (23)

Replacing Eqgs. (22) and (23) in Eq. (21), we obtain the gen-
eralized formula of Eq. (32) in Ref. [20] with added prefactor
In[Ec/(T 4+ I)].

In the limit 7 « I", we obtain

S ™[ Bl (N) 24)
=——In|—|=tan .
oM = T3, M T B T
The result is in agreement with that reported in Ref. [9],
except for a discrepancy in the prefactor, which is —5/37.
Remarkably, the coefficient presented in Eq. (4) of Ref. [9]
deviates from that in the original CM relation.

In the opposite limit 7 >> I', from Eq. (21), we obtain the
TP for single-site charge Kondo as

 8y[2—7¢(3)]
N 3n3e
Indeed, Eq. (25) is similar to Eq. (51) in Ref. [15] except
for the constant prefactor. It covers the perturbative result. A
general situation is shown in Fig. 4. We find that the GCM
formula multiple of a factor 1.35 is stunningly consistent with
the result of the direct calculation in Refs. [9,15].

EC 2 .
SGem In T |r|” sin(27 N). (25)
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FIG. 4. Thermopower eS as a function of the gate voltage N at
different temperatures. (a) T/Ec = 0.001, (b) T/Ec = 0.01, and (c)
T/Ec = 0.1. Panel (d) shows the maximum of thermopower as a
function of temperature 7 /E¢. In all graphs, |r|*> = 0.1. The black
lines are plotted directly (as in Refs. [9,15]), the red lines are plotted
from the original Cutler-Mott formula [see Eq. (3)], multiplied by
a factor of 1.35, and the blue lines are plotted from the general-
ized Cutler-Mott relation [see Eq. (21)], also multiplied by a factor
of 1.35.

B. Strongly asymmetric reflection amplitudes |r|* < |r;|
in the weak coupling between single-
and two-channel charge Kondo circuits

The description of the weakly coupled single- and two-
channel Kondo simulators involves the left CKC being in the
FL-1CK state and the right CKC operating in the NFL-2CK
state. According to Ref. [22], when |r|> < |r;|?, the TP is

12y Fr(p2), » ( Ecp ) .
=————|n|"In| =—=— ] sin(27 N,), 26
SneFG(p2)| 2| T+, (27 N>),  (26)
with [29]
> (u* + 7?)(u* 4 97?)
FG(P2)=/ du? T o =
e B )

12472 2
3 2t ;(p‘z1 —107%p3 + 97 *)w®

x (1 + ”2), @7

—4p3

and [29]
2w 4 ) + 97?)
FT(P2)=/ B Gk [
PSS cosh (5)(u +p2)

12472 256m*
=d4py - 5t T

2, 1 m
— 2 —10n2 3 +orywO (= £ P2} (28
j.[(pZ )23 ) 2 27 ( )

The TP obtained from GCM formula [Eq. (10)] has the form

4y ke | (_Eca
3¢ Fg T+1,

Scem = >|r2 ?sin(27N,).  (29)

We demonstrate the consistency of the GCM formula with the
direct calculation in Fig. 5.

@04 T/E;=0.1 A ® 2} 7/5.=0.001
0.2 01

0.0 Q0.0

-02 -0.1

04 02

00 02 04 06 08 1.0 00 02 04 06 08 1.0
N, N,

FIG. 5. Thermopower eS as a function of the gate voltage N, at
different temperatures. (a) 7/Ec = 0.1 and (b) T/Ec- = 0.001. In
both graphs, |r;|> = 0.1. The black lines are plotted directly [see
Eq. (26)], the red lines are plotted from the original Cutler-Mott for-
mula, multiplied by a factor of 2.8, and the blue lines are plotted from
the generalized Cutler-Mott relation [see Eq. (29)], also multiplied by
the same factor of 2.8.

V. GENERALIZED CUTLER-MOTT RELATION
FOR THE FIGURE OF MERIT ZT

The figure of merit, denoted as ZT, is a critical parameter
in evaluating the performance of thermoelectric materials. It
combines the material’s thermoelectric efficiency by incorpo-
rating its electric conductance G, thermal conductance /C, and
TP § into a single dimensionless quantity. The figure of merit
is defined as [4]

S2GT al, G2
— Y =Gy —-T-L. (30
K IAT |, _, G

ZT

A high ZT indicates a material’s potential for efficient
thermoelectric conversion, with high values of ZT leading
to better performance in applications such as power gen-
eration and cooling. The goal in thermoelectric research
is to maximize ZT, which requires optimizing the balance
between electrical and thermal conductivity. While high elec-
trical conductance is desirable for efficient charge transport,
low thermal conductance is equally important to prevent the
loss of heat. Achieving high thermoelectric efficiency is thus
a complex challenge that requires careful material design,
particularly in advanced materials with low-dimensional or
nanostructured properties. As such, the figure of merit plays
a pivotal role in guiding the development of next-generation
thermoelectric materials that could significantly improve en-
ergy conversion efficiency in practical devices.

Interestingly, the ratio of the electronic thermal conduc-
tance K and the electrical conductance G is stated in the
WEF law. It is known that in the low-temperature regime of
a macroscopic sample, this ratio is proportional to the temper-
ature T, with the proportionality constant being the Lorenz
number L [33,34],

K
— =L,T, 31
G 0 (3D

where Ly = 7%/3. Although transport in nanodevices is gen-
erally expected to deviate from the WF law, even within the
FL regime [33], recent reports suggest that the WF law holds
even in the NFL regime of Kondo effects [35,36]. More-
over, the universal value of the Lorenz ratio R=L/Ly =
(3/m%)(K/GT) exhibits charge Kondo correlations [20]. For
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FIG. 6. Figure of merit ZT as a function of the gate voltage N,
at different temperatures. (a) 7 /Ec = 0.005, N; = 0.25,(b) T/Ec =
0.01, Ny = 0.4, and (¢) T/Ec = 0.1, Ny = N, = N. Panel (d) shows
the maximum of figure of merit ZT;,,x as a function of temperature
T/Ec. In all graphs, |r;|*> = |r;|> = 0.1. The black lines are directly
plotted [as in Eq. (30)], the blue lines are plotted by approximated
computation [as in Eq. (33)], the orange lines are plotted from the
original CM formula multiplied by a factor of 4.93, and the red lines
are plotted from the GCM relation [see Eqgs. (34) and (35)], also
multiplied by the same factor to match the orange line in each panel.

the 2SCKC, the Lorenz ratio satisfies [37]

12 3
R=——=5% 32
5 o (32)
As we find in the previous sections, S < 1, we can have
5
7T ~ —§2. 33
472 33)

Therefore, we can get the GCM relation for the figure of
merit as
2

572 T Eci \dInG
ZToom= | Y (i) 22| 34
14462 =12 EC,j T+ Fj 8Nj

2

20y? 1 9F, Ec;
~ Y ——Cln( G/ >|rjlzsin(2an)
9e’m =y Fe Bp_,- T+Fj

(35)

The GCM relation for figure of merit in Eq. (35) is now
examined numerically. In Fig. 6, we show the plots of fig-
ure of merit obtained from direct calculation in Eq. (30) [black
lines, with G, G, Gy are taken from general formulas (A3),
(A6), and (A10)], approximated computation in Eq. (33) (blue
lines), CM relation multiplied by a factor of 4.93 (orange
lines), and GCM relation in Eqs. (34) and (35) (red lines).
The most important plot is the maximum value of ZT as a
function of temperature 7' /E¢ [see Fig. 6(d)], which demon-
strates the consistency between the GCM formula and the
direct calculation; the two (red and blue) curves differ only
by an overall factor of 4.93, originating from the differential
factor 2.22 in the TP. Notably, the red lines exhibit the same
behavior as the black and blue lines [obtained from direct

calculations in Egs. (30) and (33)]. The logarithmic term in the
GCM expression captures the essence of Kondo correlations
and supports the NFL interpretation.

VI. CONCLUSIONS

In summary, we have introduced GCM formula for quan-
tum circuits with weak coupling between two QD-QPC
structures, each realizing a charge Kondo simulator. Our pro-
posal is motivated by a detailed comparison between the TP
obtained from the traditional CM relation and the TP calcu-
lated nonperturbatively in Ref. [22].

The TP derived via the nonperturbative framework not
only reproduces the perturbative limit but also remains valid
deep into the low-temperature regime, 7 < min[|r;|*Ec;].
While previous work [9,20] established that the CM for-
mula accurately captures the FL regime (T < min[|r; |2Ec iD
and deviates as the system enters the NFL regime (T >
max[|rj|2Ec, i), our GCM formulation remains applicable
across the full temperature range. That is, at low temperatures
(T <« min[|r; |2EC, 1), the GCM relation offers an FL diagnos-
tic analogous to the CM formula, while at high temperatures
(T > max[|rj|2EC, j1), it captures emergent NFL behavior
through the characteristic dependence In[Ec ;/T] associated
with strong isospin correlations. We further demonstrate that
the GCM relation is robust in all charge Kondo configurations
examined, including symmetric 2CK-2CK setups, strongly
asymmetric 1CK-2CK hybrids, and one-site models.

Beyond TP, the GCM framework naturally extends to ther-
moelectric performance metrics such as the figure of merit
ZT. The general recipe for constructing the GCM involves
incorporating modification terms of the form {In[Ec/(T +
r; )]}? for each dF¢ /8T j» where j indexes the relevant Kondo
resonance widths of the charge Kondo system. This pre-
scription provides a systematic route to incorporating strong
correlation effects into thermoelectric response functions.

The applicability of the GCM relation beyond the 2SCKC
setup follows from the general structure of the underlying
transport theory. Derived within linear response, the GCM
relation does not rely on the existence of long-lived quasi-
particles or on FL phenomenology. Instead, it reflects general
connections between charge and heat current correlators and
the energy dependence of interacting spectral functions gov-
erning transport. The models studied here constitute minimal,
yet, experimentally relevant platforms in which strong cor-
relations and nontrivial many-body effects coexist with the
validity of the GCM relation across distinct regimes. This
robustness indicates that the GCM captures universal fea-
tures of thermoelectric response dictated by conservation
laws, symmetries, and low-energy scaling, rather than model-
specific details [38,39]. We therefore expect analogous GCM
relations to hold in a broader class of strongly correlated
systems, including other quantum impurity models and corre-
lated mesoscopic conductors, provided transport is governed
by similar linear-response mechanisms.
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APPENDIX: PREVIOUS RESULTS

To study the thermoelectric effects at the weak link
between two QDs in the linear-response regime, where
[AT, eV;,] < T, we build on the theoretical framework de-
veloped in Refs. [22,23,28]. This approach evaluates both the
charge current /, and heat current /; through the tunnel contact
based on the Onsager reciprocity relations [40].

Central to this analysis is the local density of states of the
QDs at the weak link, which are expressed using the cor-
relation function K;(1/2T + it). This function captures the
effects of Coulomb interactions and is derived following the
Matveev-Andreev theory [9,15]. Near the Coulomb blockade
peaks, the Kondo-resonance width I'; plays a significant role,
and is given by
8yEc,;

T;(N)) = — |r;|* cos? (T N). (A1)

The leading-order expression for the correlation function is

1 . JTTFj 1
Ki\ = +it) = _—
"\ 2T vEc,j cosh(wTt)

00 o@(1/2T+it)
X dw
/;oo (a)2 + I‘]Z)(l + e@/T)
B 4T |rj|2 sin(2w N;) In Ec ;
Ec,j cosh(mTt) T+T;
we®1/2T+it)

[o¢]
d
* /,oo (@ +T2)(1 + )

Using these expressions, the transport coefficients [40]
in the linear-response regime can be derived as follows
[22,23,28] (in the units 7 = ¢ = kg = 1).

The electric conductance G = 9l,/0AV |ar—o 1S ob-

tained as
G T? r, T
o=Sc " p(L12)
24]/2 EC,IEC,Z T T

where G¢ = 2me®vg 1vo2[t|* is a conductance of the central
(tunnel) area, which is characterized by the tunneling ampli-
tude |¢], local densities of states vy j, Vo assuming that the
electrons in the QDs are noninteracting,

w.  (A2)

(A3)

o0 o0
Fc(Plipz)Z/ dZ[ duF(p1, p2, 2, u), (A4)
—00 —0oQ

in which py =T'y/T and p, =1',/T,

p1paulu’® + 4m]
sinh (%)[cosh (z) + cosh (%)]
1

e+ P+ RN+ A2

The thermoelectric coefficient Gy = 91,/ AT |ay—o 18

F(pi,p2,z,u) =

. (A5)

Ge T
Gr=-— £
6eym Eci1Ec»
2 E, I r
o |71l In Sl ) sinQrN)Fr | =, —
T T+T1, AT T
2 E, L r
X el In | —=2 ) sin@EN)Frm| = = ) |,
r, "\7T+T, AT T
(A6)
where

oo o0 u
Fraorp = [ dz [ au(z+ 5)er i przon,
S 2
(AT

(o] oo u
Frn(p1. p2) = / dz / du(z = 3)F (p1. p2.z.0).
—0o0 —00
(A8)

Therefore, the TP can be written as

2 T Ec] . l—11 FZ
X 3 |ri|*=—1In . sin Qe N)Fr | —, —
Iy T+T, "\NT T

+ | |211n _Eea sin 27 N,)F, LT
2 Fz T+F2 28T, m T ) T .
(A9)

The thermal coefficient (or heat current response) Gy =
01, /0 AT | ay—o is obtained as

G, T3 r, r
GH —C FH<_11 %)1

= _ A10
240]/262 EC,IEC,Z T ( )

where

o0 o
Fu(p1, p2) = f dzf du(—9u* + 207> 4 167%)
—0o0 —00

X F(p1, p2, 2, u). (ALD)

These analytical results form the basis for evaluating the
transport properties in the current study, where we further
explore the expressions for TP and the figure of merit from
the CM and GCM formulas.
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