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Critical dynamics of Heisenberg antiferromagnets: correlation
functions above Néel point
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Abstract

Theory describing critical behavior of isotropic Heisenberg antiferromagnets (AF) is proposed for a temperature range
above the Néel point. It is shown that the critical dynamics of AF should be described in terms of relaxation-diffusion
mode coupling and the scaling behavior of spin diffusion coefficient is determined by the scaling law for relaxation kinetic
coefficient. The method based on analysis of diagrammatic expansion for diffusion and relaxation constants allows
incorporation of nonlocal spin-liquid correlations. Applications of the method to heavy-fermion (HF) materials are
briefly discussed. ( 1999 Elsevier Science B.V. All rights reserved.
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In recent years there had been considerable activity,
both experimental and theoretical, in the field of critical
phenomena of antiferromagnets with Heisenberg and
RKKY interactions. This increase of interest was stimu-
lated by new experiments in high-¹

#
superconductors

and heavy-fermion compounds. In particular, the critical
spin fluctuations are supposed to be responsible for the
crossover from Fermi-liquid (FL) to Non-FL (NFL) low-
temperature behavior of the heat capacity and resistivity
in CeCu

6~x
Au

x
[1] and Ce

1~x
La

x
Ru

2
Si

2
[2] in the vi-

cinity of the quantum critical point (QCP).
The scaling behavior of critical fluctuations in Heisen-

berg AF is described in terms of wave number k and
inverse coherence length m~1 [3,4,9], and the critical
fluctuations of the order parameter N"M

1
!M

2
(the

difference in the moments of the sublattices) are charac-
terized by the wave vectors q<m~1, where q"Dk!QD
and Q"Q

AF
. We are interested in hydrodynamic fluctu-

ations with q;m~1 which could be described in terms of
relaxation modes. The scaling properties of these modes
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is governed by kinetic relaxation coefficient C
0

which
diverges as ¹!¹

#
P0. It will be shown in this paper

that the relaxation critical modes are coupled with diffu-
sion critical modes characterized by the wave vectors
k;m~1. The diffusion modes describe the longitudinal
fluctuations of total magnetization M"M

1
#M

2
. These

fluctuations do not lead to any singularities in spin corre-
lators. Nevertheless, the macroscopic equations which
describe the temporal evolution of the vectors N and M in
the long-wavelength limit,

M

t
"D

0
+ 2M,

N

t
"!

C
0

s
N. (1)

are not independent, and the relaxation kinetic coeffi-
cient C

0
is coupled with the spin diffusion coefficient

D
0

by a scaling relation. Derivation of this relation is the
main content of the paper.

To derive the kinetic coefficients microscopically, we
consider the dynamical susceptibility of a cubic Heisen-
berg antiferromagnet with nearest-neighbor interaction
»

ij
in zero magnetic field above the Néel temperature. As

is known, the susceptibility s is related to the retarded
Green’s function (GF) by the following equality: s(k, u)"
(gk

0
)2KR

SS
(k, u) (g is the Lande factor, k

0
is the Bohr
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magneton). Using Eq. (1), one can rewrite an expression
for the retarded GF in the fluctuation region in the form

KR
SS
(k, u)"

ic(k, u)

u#iG~1
0

(k)c(k, u)
, (2)

where G
0
(k) is static susceptibility. Then D

0
"

limk?0
limu?0

k~2c(k, u)G~1
0

(k), C(k, u)"c(k, u). Using
the properties of spin operators and equation of motion
[5] one can obtain the relation between the Kubo func-
tions [4] and the spin-current correlator at Matsubara
frequencies:

K
S0 S0
(k, u

n
)"

(a2¹
#
a)2

6N P
1@T

0

dqe*unq +
p1, p2

(+»(p
1
)k)(+»(p

2
)k)

]S¹q(Skp1`k So
~p1

)q(Sk
~p2~kSop2

)
0
T, (3)

where a is a lattice constant and a&1 is a numerical
coefficient.

The generalized kinetic coefficient can be rewritten in
terms of irreducible spin-current self-energy part as fol-
lows: c(k, u)"(1/iu)(+R

S0 S0
(k, u)!+R

S0 S0
(k, 0)). The contri-

butions to +R
S0 S0
, in turn, can be classified with respect to

the number of intermediate states. To begin with, we take
into account only contributions with two-particle inter-
mediate states (see Fig. 1a and b):

+ (2)
S0 S0

(k, iu)"
(¹

#
a2a)2

JN
¹+

e
+
p

(kK(2)(p, k, iu, ie, i(u!e)))

](kK(2)sP, k, ie, i(u!e), iu))

]K
SS
(p, ie)K

SS
(k!p, iu!ie), (4)

where KR
SS
(kP0, u)"K(k, u) and KR

SS
(q"(k!Q)P

0, u)"L(q, u) correspond to “diffuson” and “relaxon”
GF, respectively. In the fluctuation region the spin GF
can be expressed in terms of scaling function F as follows:
KR

SS
(k, u)"G

0
(k) F(km, u/(¹

#
qlz)), where the standard

notations for the critical exponents are used (the Fisher
critical index g is set equal to 0).

Since the vertex functions K(2) are analytical functions
of all three frequencies [5], we can restrict ourselves by

Fig. 1. Feynman diagrams for kinetic coefficients: (a) D
0
, (b)C

0
.

The diffusion mode is represented by the wavy lines. Dashed
lines stand for the relaxation mode. Dots represent the vertex
parts from static scaling theory.

static vertex corrections. Substituting Eq. (2) into Eq. (4)
and taking into account the Ward identity and the prop-
erty of vertices at kPQ:

K(2)(p, k, 0)&G~1
0

/p, K(2)(p, Q, 0)&»/p&p, (5)

one can obtain the self-consistent system of equations for
kinetic coefficients:

D(2)
0
"

A

4P
=

~=

de
2p

sinh~2 A
e

2¹B+p (+G~1
0

(p))2[(Im K(p, e))2

#(Im L(p, e))2]

C(2)
0
"

B

2¹
#
P

=

~=

de
2p

sinh~2A
e

2¹B+p (+G~1
0

(p)Q)2

]Im K(p, e)Im L(p, e), (6)

where A, B&1 are numerical coefficients. These equa-
tions are the key results of the present paper. Solution of
system (6) leads to the following scaling behavior of
kinetic constants:

D
0
/(¹

#
a2)&C

0
&(m/a)1@2. (7)

The behavior of C
0
(m) agrees with predictions of dynamic

scaling theory [3,4] and with the renormalization group
analysis [3]. Besides, we see that the scaling behavior of
spin diffusion is determined by the intermediate relax-
ation processes. The correction to the coefficient D

0
ow-

ing to self-diffusion is of smallness dD
0
/D

0
&q8@3;1.

Calculation of dynamic critical exponent z in this ap-
proximation results in z"3

2
. As is shown in Ref. [6], the

intermediate states with more than two particles do not
change the scaling dimensionality of kinetic coefficients.

The spin-liquid effects which are essential for nearly
AF heavy-fermion systems [6], influence the behavior of
spin correlation functions in the critical region. These
effects can be taken into account by introducing anom-
alous intersite spinon-like correlations [7]. Nonlocal
fermion correlations lead to emergence of a new charac-
teristic length corresponding to short-range ordering. As
a result, we expect changes in scaling behavior and in
frequency and momentum dependence of spin suscepti-
bility [6].

Next, to analyze the role of AF fluctuations in a frame-
work of Kondo-lattice model we calculate the self-energy
part [6] of conduction electrons with dispersion ep :

+
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(p, e
n
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1

N
+
q
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!iz
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!izBD ,

(8)

where J
4&

is the s—f exchange integral, z"ie
n
!

ep~q, bq"G~1
0

(q)C
0

(see Eq. (7)) and t(y) is a digamma
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function. By calculating Eq. (8), the linear temperature
behavior of resistivity *o&1/q

53
&Im+R

%-
can be ob-

tained in terms of spin-fluctuation model for ¹ close
to ¹

#
[8]. In the case of 2D spin fluctuations in the

vicinity of QCP [1] when the FL regime disappears, only
*o&¹ contribution survives. Other NFL effects can be
also analyzed in a framework of the method proposed.

To conclude, we have found that the scaling behavior
of generalized kinetic coefficients in 3D isotropic Heis-
enberg antiferromagnets demands inclusion of diffu-
sion-relaxation mode coupling in the theory of critical
exponents. The main contribution to kinetic coefficients
results from the processes with two-particle intermediate
states. The method can be used for the explanation of
unusual kinetic properties of heavy fermion compounds
in FL and NFL regimes.
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