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We analyze the validity of the Cutler-Mott relations outside the Landau Fermi-liquid concept.
We consider a two-site charge Kondo circuit as a paradigmatic example of a system possessing both
Fermi- and non-Fermi liquid properties. It is shown that the generalized Cutler-Mott-like relations
derived in the paper hold in both operating regimes of the charge Kondo quantum circuit describing
a smooth crossover between low- and high- temperature regimes. We discuss applicability of the
generalized Cutler-Mott relations for computing a figure of merit of the non-Fermi liquid quantum

simulators.

I. INTRODUCTION

Thermoelectricity, which describes the direct conver-
sion between heat and electrical energy, has attracted
considerable attention in recent years from both physi-
cists and engineers. The study of thermoelectric effects
provides valuable insight into the electronic structure
and fundamental scattering processes within a system.
Furthermore, thermoelectric materials can be utilized to
generate electricity, measure temperature, or alter the
temperature of objects due to the reversible effects of
Seebeck, Peltier, and Thomson [1].

The Seebeck effect [2] happens when a temperature
gradient is applied across two dissimilar electrical con-
ductors or semiconductors, resulting in a voltage differ-
ence between them [3, 4]. The efficiency of this con-
version of thermoelectric energy is characterized by the
Seebeck coefficient, or thermopower (TP), which is de-
fined as the ratio of the generated electric voltage V;, to
the temperature difference AT: S = —eVy,/AT. The
measurement of the thermovoltage, V;,, offers indepen-
dent information about the thermoelectric coefficient
Gr. The temperature difference AT, is regulated by us-
ing a current heating technique. The differential electric
conductance G is measured at a variable external energy
source. In the linear regime, the TP is typically deter-
mined by the relation S = Gr/G. TP is a fundamental
property that defines the thermoelectric performance of
a material, making its enhancement both crucial and
challenging. With advances in nanotechnology, numer-
ous nanostructured devices have demonstrated promis-
ing improvements in TP.

In low-dimensional systems, the TP is expected to be
greater than in three-dimensional systems for a given
carrier concentration because of size-quantization ef-
fects. To understand this, we refer to the Cutler-Mott
(CM) relation for TP. This relation, introduced by Cut-
ler and Mott in 1969 [5], is a fundamental theoretical
framework for understanding thermoelectric phenomena
in metallic and semiconducting materials. It presents a

*

nkthanh@iop.vast.vn

key connection between the TP and the electrical con-
ductivity G,
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providing deep insight into the electronic structure and
scattering mechanisms of a material. It has become a
cornerstone in the study of thermoelectric properties,
particularly in the context of metallic and metallic-like
materials, where it describes the temperature depen-
dence of the TP.

The CM relation is a crucial aspect to examine when
investigating thermoelectric materials. As shown in Eq.
(1), it exhibits several notable properties [6]. First, the
formula includes a term kg /e ~ 80uV/K, which can be
regarded as the natural unit of TP. Second, the deriva-
tive of the logarithm of conductivity in the expression
highlights that TP is a highly sensitive probe of the
electronic structure of the material. Third, the linear
temperature dependence observed suggests that this be-
havior is characteristic of metallic and metallic-like ma-
terials. Finally, the CM formula encodes information
about scattering processes within the material.

It is well-established that the TP is a valuable mea-
sure of Kondo correlations [7]. Thermodynamically, it
is consistent with the entropy associated with the flow
of charge in a material. In typical metals and degener-
ate semiconductors, only a fixed population of electrons,
those with energies close to the Fermi energy within a
few temperatures, contribute to both charge and ther-
moelectric transport. As the temperature decreases, the
narrowing of the Fermi-Dirac distribution leads to a lin-
ear reduction in the Seebeck coefficient. Under the rigid
band approximation, the CM formula is commonly used
to interpret the TP. This observation has prompted us
to investigate the validity of the CM relation in charge
Kondo systems.

The charge Kondo effect is a Kondo-like phenomenon
that maps the degrees of freedom of the system onto
those of the conventional Kondo effect. Specifically, the
charge Kondo effect involves the degeneracy of charge
states (for instance, N and N + 1 electron states) at
the Coulomb peaks in a quantum dot (QD). These two
charge states can be mapped to the two spin projec-
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tions of a spin-1/2 magnetic impurity in the conven-
tional Kondo effect, allowing the QD to be treated as
an iso-spin-1/2 magnetic impurity. The charge Kondo
model was first proposed by Flensberg, Matveev, and
Furusaki (FMF) [8-10], in which a large metallic QD
is strongly coupled to one or more leads through one
or several almost transparent quantum point contacts

(QPCs).

An alternative interpretation of the charge Kondo
phenomenon in the FMF model is that electrons in-
side the QD are assigned to the “iso-spin up” state,
while those outside the QD are assigned to the “iso-spin
down” state. The iso-spin flips when electrons move in
and out of the QD. Backscattering at the QPC trans-
fers electrons from the "moving in” state to the “mov-
ing out” state and vice versa. The additional internal
degrees of freedom, such as the spin projection quan-
tum number of electrons or the number of single-mode
QPCs, determine the number of distinct channels in the
Kondo problem [8-14, 16]. The charge Kondo effect
has recently been observed in the integer quantum Hall
(IQH) regime through a series of breakthrough experi-
ments [17, 18], which expand the experimental possibil-
ities for accessing multi-channel Kondo (MCK) physics
(three channels or more).

It is well established that deviations from the CM
law in thermoelectric transport through QD systems in
the conventional Kondo regime originate from strong in-
teractions between localized spins and conduction elec-
tron spins [19]. Interestingly, in the FMF setup of the
two-channel charge Kondo model, the CM relation re-
mains valid when the system resides in the Fermi liquid
(FL) regime [11, 14, 15]. Moreover, deviations from the
CM law under finite in-plane magnetic fields within the
FL regime can serve as a precursor to non-Fermi liquid
(NFL) behavior [14, 16].

This raises a key question: Can the CM relation be
generalized to systems in the NFL state? If so, such a
generalization could provide a powerful tool for probing
the TP of charge Kondo systems.

In this work, we propose a generalized Cutler-Mott
(GCM) relation for a two-site charge Kondo circuit
(2SCKC), and demonstrate its applicability to both FL
and NFL regimes. Furthermore, we show that the GCM
relation can be extended to other charge Kondo setups
and used to analyze the thermoelectric figure of merit.

The paper is structured as follows. In Sec. II, we
introduce the theoretical model and review the stan-
dard CM relation in the context of the 2SCKC. Sec. III
presents our proposed GCM relation and discusses its
physical implications. In Sec. IV, we explore the exten-
sion of GCM to other charge Kondo systems. Sec. V
focuses on the application of GCM to the figure of merit.
Finally, we summarize our findings and conclusions in
Sec. VI
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FIG. 1. a) Schematic of a weak link between two
charge Kondo circuits (CKCs). Each circuit consists of a
large metallic island (QD), which is embedded into two-
dimensional electron gas (2DEG) and connects to two large
electrodes through the single-mode quantum point contacts
(QPCs). The 2DEG (plain area) is in the integer quantum
Hall regime v = 1. The red line with arrows denotes the chi-
ral edge mode which backscatters at the center of the narrow
constriction. The QPCs are fine tuned to different regimes.
The right CKC (grey color) is at the reference temperature
T while the left circuit (orange color) is at higher tempera-
ture T+ AT'. b) The equivalent circuit where the capacitors
Cy1, Cg2 and the part to support the gate voltages for the
QDs are not shown in a). The resistors Ry, Rz, Rs are used
to divide the input gate voltage Vj.

II. MODEL AND CUTLER-MOTT RELATION
OF A TWO-SITE CHARGE KONDO CIRCUIT

In this paper, we examine the validity of the Cutler-
Mott (CM) formula in a two-site charge Kondo (2SCK)
simulator. The model, illustrated in Fig. 1a), was the-
oretically proposed in Ref. [20] and has recently been
experimentally implemented [21]. Each charge Kondo
circuit (CKC) consists of a quantum dot (QD)-quantum
point contact (QPC) structure. The QD is a large
metallic island (depicted in dark red and blue cross-
hatched areas, surrounded by black lines) that is elec-
tronically connected to a two-dimensional electron gas
(2DEG, represented by the orange and grey continuous
areas). The 2DEG is coupled to two large electrodes
via two QPCs. By applying a strong magnetic field
perpendicular to the 2DEG plane, the 2DEG can be
controlled in the integer quantum Hall (IQH) regime
at the filling factor v = 1, a setup that has been ex-



plored experimentally [17, 18]. The QPCs are finely
tuned to be nearly transparent, meaning that the chiral
edge currents (depicted as red solid lines with arrows)
undergo weak backscattering at the QPCs. In this work,
we investigate a configuration in which the reflection
amplitudes are identical at both QPCs in each CKC:
|r11] = |riz| = |r1] and |rei| = |ro2| = |72, represent-
ing the two-channel Kondo (2CK) setup of each CKC.
The left CKC is set to a higher temperature, T+ AT,
compared to the right circuit, which is maintained at
a temperature 1. The temperature difference creates a
drop across the central weak link.

The equivalent circuit of the device is shown in Fig.
1 b) The Coz7j7Ra7j (O{,j = 11, 12, 21, 22) and C],R[
characterize the QPCs and the weak central coupling,
respectively. Additionally, we include the capacitors
Cg1, Cyo and the gate voltages for the quantum dots
(QDs), which are not shown in Fig. la. The resistors
Ry, R, R3 are used to divide the input gate voltage
Vy. Consequently, the dimensionless gate voltages of
the QDs are estimated as follows:

Ogl Ry + R3

N, =22 Co2 By

e Rt VQ’ N2 - e Rt Vg’ (2)
with Ry = Ry + Ry + R3z. In fact, the resistors are
variable. We find that if Cy; = Cy2 we can have N; =
N2 1fR2:OorN2:OlfR3=O

CM relation allows us to compute the TP in the 2SCK
circuit as
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where Ry = R3/R:, Ra = (Ra + R3)/R;: are the ratios
of the resistances in the voltage divider. These ratios
are independent of the 2SCK device. Without loss of
generality, we choose Ry = Ry = 0 so that R; = Ro =
1. This leads to the second equality.

The thermoelectric coefficients in the 2SCK model
within the linear response regime — where [AT, eAV] <
T — have been computed and discussed in detail in
Refs.[20, 22, 23]. The general expressions are presented
in Appendix A.

For the single-site charge Kondo circuit, it is men-
tioned that the conventional CM relation holds in the
FL regime, where the temperature is much lower than
the Kondo resonance width [T <« I', where T'(N) =
8yEc|r|? cos?(nN) /72, with E¢ is the charging energy
of the QD, v = €€ ~ 1.78 (C ~ 0.577 is Euler’s con-
stant)] [11, 14, 15]. However, this relation breaks down
in the NFL regime, in which I' < T <« E¢. To address
this, we propose a GCM relation that remains valid in
both FL and NFL regimes, covering the entire temper-
ature range T' < Ec¢.

III. GENERALIZED CUTLE-MOTT FORMULA

As highlighted in Ref.[11], in the low-temperature
regime (T <« T), the system adheres to the FL

paradigm, where physical observables exhibit character-
istic behavior — most notably, the conductance follows
a quadratic temperature dependence, G o T2. In this
regime, TP S can be expressed in terms of the logarith-
mic derivative of conductance with respect to gate volt-
age, reflecting the sensitivity of the transport to electro-
static tuning.

This form is reminiscent of the CM formula, originally
derived for metals with noninteracting electrons, where
TP is directly related to the energy derivative of the con-
ductivity. However, in strongly correlated systems, such
as those governed by Coulomb interactions, the prefac-
tor in this relation is significantly modified. In partic-
ular, it acquires an additional large factor In(E¢/T),
which encapsulates the influence of interaction-driven
energy scales.

In the high-temperature regime (T > T'), the system
crosses over into a NFL state, where the simple logarith-
mic derivative form of TP breaks down, and no direct
analog to the CM formula exists. This discontinuity be-
tween the FL and NFL regimes highlights a conceptual
and practical limitation in the existing framework for
understanding thermoelectric response across tempera-
ture regimes.

Therefore, to consistently describe TP in both FL and
NFL regimes — and to account for interaction-driven
modifications — a generalized CM relation is necessary.
Such a formulation would extend the applicability of the
original CM approach, incorporating both the effects of
strong correlations and the crossover between different
transport regimes.

We propose a novel expression for thermoelectric re-
sponse in the 2SCK model, referred to as the GCM.
It links the TP S to the energy derivative of the elec-
tric conductance G, incorporating interaction effects
through the Kondo resonance widths I';. This relation
is a extension of the original CM formula for nanostruc-
tured systems with strong electronic correlations.
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As shown in the Appendix A, the analytical expres-
sion for the function Fo(p1,p2) in Eq. (A.4) has been
evaluated in Ref. [24]. Notably, in the limiting cases
where either p; = 0 or po = 0, corresponding to I'; =0
or I's = 0, exact analytical results can be obtained as

Fo (0, p2)=nFco(p2), Fc(p1,0)=mFco(p1),
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where ®(r,s,2) = 3,7 ;55 is the Lerch zeta func-
tion. These expressions are particularly useful for ana-
lyzing the system when one of the gate voltages is in-
active, such as at Ny = 0 or Ny = 0, where the corre-

sponding resonance width I'; vanishes.
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FIG. 2. Contour plots of electric conductance G/G¢ and
thermopower eSgcam computed from Eq. (6) by applying
GCM relation as functions of the dimensionless gate voltages
Ny and N> at temperature T/Ec = 0.01. In both contour
graphs, |7“1\2 = |r2|2 =0.1, Ec1 = Ec2 = Ec.

By substituting Eq. (A.3) into Eq. (4), we obtain the
TP based on the GCM relation as follows

1 8FC Ec; 12 _
Z FC ; [T+Fj || sin (27 N;) .
(6)
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(7)

and similar for OF¢/0ps, where p; = T'1/T and py =
Ty/T with T; = T(|r;, N;).

Equation (6) represents the GCM we proposed for a
2SCKC. We validate this GCM relation by examining its
dependence on gate voltages, as shown in Fig. 2. While
the electrical conductance is symmetric with respect to
both N7 and Ns, reaching its maximum at Ny = Ny =
0.5, the TP is symmetric along the line Ny = 1 — Ny,
where it vanishes and changes sign. Remarkably, the
contour plot of TP calculated using Eq. (6) as a function
of N7 and N, exhibits the same qualitative features as
the TP obtained directly from S = Gp/G, which is
shown in Fig.3 of Ref. [22].

We now examine the behavior of Eq. (6) in different
limiting regimes, defined by the relative magnitudes of
the energy scales (I'1, I'y, T').

A. (I'1,T'2) < T, non-Fermi liquid regime

In the limit where both resonance widths are much
smaller than the temperature, i.e., (I'y, I's) < T, the
system enters the NFL regime. In this regime, the TP
derived from the GCM formula, to leading (zeroth) or-
der in I'y /T, T’y /T, is given by

CCMl 2 E
Seom === > sl ln( 0 >sm(27rN)

j=1,2

(8)

where Coprn = 4(16In2—-1)v/3(87 —16In2+1) ~
1.593. In comparison, the TP directly calculated in Ref.
[22] exhibits weak NFL behavior at “high” temperature
T > (I'y, T'y), and is given by

Cdir, Ecv. 1
S = 771 > |7”j|21n< Tj> sin (27N;),  (9)

j=1,2

where Cgir1 = 97/8 =~ 2.

In terms of temperature scaling, Eq. (8) is consistent
with both the perturbative result and the direct calcu-
lation in Eq. (9). The proximity of the prefactors Coar1
and Cyir1, suggests that the GCM relation remains valid
in the NFL regime.

B. T'1 T« Tz, non-Fermi liquid on the left and
Fermi liquid on the right CKC

This regime arises when the gate voltage Nj is tuned
closer to a Coulomb peak than Ny, so that the left quan-
tum dot exhibits NFL behavior, while the right dot re-
mains in the FL regime. The TPs obtained from the two
approaches — the GCM relation and direct calculation —
are given below:

C E
Scom = oMz r1)? In < ;1> sin (27 Nq)
w2 T 72
- 1 t N- 10
3e Eco n(8’yT2|20052 (7TN2)> an (rN2),  (10)
with Conra = 8v[189C(3) — 68] /817° ~ 0.903114,

where ((3) &~ 1.20206 is the Riemann zeta func-
tion, which is related to the tetragamma function via
T2 (1/2) = —14¢(3).

Cair E
S = 7%\r1|21n < ;1) sin (2w Ny)

—W—B r In m?
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) tan (1N2) , (11)

where Cgir o = 1024~ /75m2 ~ 2.46.

We find that the TPs in both Egs.(10) and(11) con-
sist of two distinct contributions: one reflecting the FL
behavior of the right CKC, and the other capturing
the NFL characteristics of the left subsystem. From
Eq.(10), it is apparent that the original CM law ap-
plies well to the FL component but fails to accurately
describe the NFL part. However, there exists an inter-
mediate temperature regime, T* < T < T’y (where T*
determined in Eq. (45) of Ref. [22]), where the original
CM relation remains valid. In contrast, by comparing
Egs.(11) and(10), it is clear that the GCM formula pro-
vides an accurate description for both components of the
system, regardless of whether the underlying physics is
FL or NFL.



C. TI's <« T« Ty, Fermi liquid on the left and
non-Fermi liquid on the right CKC

This case is the converse of case III B, occurring when
the gate voltage Ns is tuned closer to the Coulomb peak
than N;. In this regime, the GCM formula yields the
TP in the following form:

w2 T 2
S =—— | t N-
GoM 3e Eca n<8fy|r1|2 cos? (7TN1)> an (7N1)

E
_Comp In <;2> |72|? sin (27 No) . (12)
e

The TP directly computed for this case also comprises
two components: a FL characteristic on the left circuit
and a NFL property on the right.
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e

In this limit, the GCM relation remains applicable to
both parts of the system. In contrast, the original CM
relation fails to describe the right part, which exhibits
NFL behavior, but still accurately captures the FL char-
acteristics of the left part. Notably, the CM relation
holds within the temperature window 7T** < T <« I'y,
where 7% is defined in Eq.(47) of Ref.[22].

D. T« (T'1, I'z), Fermi-liquid regime

This limit corresponds to the infinitesimally low tem-
perature regime, which is inaccessible to perturbative
approaches. The TPs obtained from both methods ex-
hibit a linear temperature dependence and can be ex-
pressed analytically as

’ S [ = ]t (%)) (14)
Gom=—o n an(rN),
B Fo;  [87Irjl*cos® () j
and
373 T [ 72 }
S=—" n tan(7N;). (15)
Te S Ec [87]rjPcos? (rN)) j

Similarly to the regimes discussed above, the close
agreement between Eqs.(14) and (15) confirms the va-
lidity of the GCM theory in the full FL regime. Our
proposed GCM formula [Eq.(4)] not only remains con-
sistent with Eq.(4) in Ref.[11], but also provides deeper
insight into the thermoelectric response of strongly cor-
related nanostructures.

The results of the four different regimes demonstrate
that the GCM formula serves as a standard benchmark
for the 2SCK model, regardless of whether the system
is in the FL or NFL state [11, 12, 14, 16]. Furthermore,
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FIG. 3. Thermopower eS as a function of the gate voltage N
at different temperatures a) T'/Ec = 0.001, N; = 0.75, b)
T/Ec = 0.01, N1 = 0.6 and C) T/Ec = 0.1, N1 = NQ = N.
Panel d) shows the maximum of thermopower as a function
of temperature T/Ec. In all graphs, |r1|*> = |rs|®> = 0.1
The black lines are directly plotted (as in Ref. [22]), the red
lines are plotted from the original Cutler-Mott formula [see
Eq. (3)] multiplied by a factor of 2.22, and the blue lines are
plotted from the generalized Cutler-Mott relation [see Eq.
(6)], also multiplied by the same factor to match the red line
in each panel.

the application of the GCM formula across these four
regimes reinforces our confidence in the advantages of
a nonperturbative approach to the two-channel charge
Kondo problem.

We now examine Eq.(6) numerically. The comparison
reveals a strong consistency between the GCM formula
and the direct calculation, which differs only by a con-
stant prefactor of approximately 2.22. This agreement
is illustrated in Fig.3, where the blue curves - generated
using the GCM relation [Eq.(6)] - closely follow the be-
havior of the black curves, which are obtained from di-
rect evaluations of Eqs.(A.3) and (A.6). The presence
of the logarithmic term in the GCM expression effec-
tively captures the hallmark features of Kondo correla-
tions and reinforces the interpretation of NFL behavior.

IV. APPLICATION OF THE GENERELIZED
CUTLE-MOTT RELATION TO SOME CHARGE
KONDO SETUPS

In this section, we apply the GCM relation to two dis-
tinct charge Kondo implementations that are related to
the 2SCK system. These setups provide practical plat-
forms to test and illustrate the relevance of the GCM
framework in experimentally motivated configurations.

A. Effect of one gate voltage is inactive: either
Nl =0.5 or N2 =0.5

In the limit N; = 0.5, N, = N, the TP is calculated
from GCM as shown in Eq. (6), is

4y 9pFco(p)
3e Feolp)

Scom = |7|? In [TE—EF} sin(27N), (16)



with Fo o(p) is defined in Eq. (5). The TP as a function
of gate voltage in this limit can be seen in the right panel
of Fig. 2. At exact Coulomb peaks (i.e., when either
N; = 0.5 or No = 0.5), the particle-hole symmetry is
preserved, irrespective of the scattering at the QPCs.
As a result, the contribution from the corresponding
segment of the system to the TP vanishes.
Interestingly, either N7 = 0.5 or Ny = 0.5 situa-
tion reduces to the case similar to the Matveev-Andreev
(MA) setup [12], in which the left (right) structure
simply is a normal metal lead, the electric conduc-
tance in Eq. (A.3) becomes G = (GcT/8vEc) [(2* +
72)/ cosh(z/2)[z? + (T'/T)?] and the Eq. (6) induces
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obtain the generalized formula of Eq. (3
with added prefactor In[E¢ /(T 4 T)].

In the limit T < T, we obtain:

8, Fo(p )_4_4:\1/“) <;+p>
(19)

9, UM (z), being the tetragamma func-
(18) and (19) into Eq. (17), we
2) in Ref. [15]

9
3¢ | T | Ec (20)

2
Scom = L [EC} T tan(mN).
The result is in agreement with that reported in Ref.[11],
aside from a discrepancy in the prefactor, which is
—5/3m. Remarkably, the coefficient presented in Eq.(4)
of Ref. [11] deviates from that in the original CM rela-
tion.
In the opposite limit 7" > I', from Eq. (17), we obtain
the TP for single-site charge Kondo as

$[2-7¢3) |

Sacm =
3m3e

n {ETC} |7|?sin(27N).  (21)

Indeed, Eq. (21) is similar to the Eq. (51) in Ref. [12]
except the constant prefactor. It covers the perturba-
tive result. A general situation is shown in Fig. 4. We
find that the GCM formula multiple of a factor 1.35 is
stunningly consistent with the result from direct com-
putation in Refs. [11, 12].
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FIG. 4. Thermopower eS as a function of the gate voltage
N at different temperatures: a) T/Ec = 0.001, b) T/E¢c =
0.01, and ¢) T/Ec = 0.1. Panel d) shows the maximum
of thermopower as a function of temperature T/E¢c. In all
graphs: |r|?> = 0.1. The black lines are plotted directly (as
in Refs. [11, 12]), the red lines are plotted from the original
Cutler-Mott formula [see Eq. (3)], multiplied by a factor
of 1.35, and the blue lines are plotted from the generalized
Cutler-Mott relation [see Eq. (17)], also multiplied by a
factor of 1.35.

B. Strongly asymmetric reflection amplitudes
|r1|> < |r2|* in the weak coupling between single-
and two-channel charge Kondo circuits

The description of the weakly coupled single- and two-
channel Kondo simulators involves the left CKC being
in the FL-1CK state and the right CKC operating in the
NFL-2CK state. According to Ref. [22], when |r|? <

|r2]2, the TP is
129 Fr(p2), o Ecp 1\ .
1 : 27 N. 22
57T€ FG( )|T2| n T+F2 Sln( ™ 2)? ( )
with [24]

B > P (u2 + 7r2) (u2 + 97r2)
FG(PZ)—/_OO coshZ (%) (u2 +p%)

du = —4p§

12472 2, 9 9 4 1 po
Z(pi—-10 9 ) oM (= 4 22 (23
3 P2+ — (p2 = 107°p; + 07 5+ 5 ) (23)
and [24]

_ o0 42 (u2 + 772) (u2 + 9772)
)= | R e

12472 25674
=dpy -~ P+
73(p37107r2p§+97r ) o™ Ly (24)
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The TP obtained from GCM formula (Eq. 6) has form

47y Op, F
SGCMZ?TZ p;GG ln<

Eco
T+7Ts

) |ro|? sin(27Ny). (25)

We demonstrate the consistence of the GCM formula
with the direct calculation in Fig. 5.
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FIG. 5. Thermopower eS as a function of the gate volt-
age N at different temperatures: a) T/Ec = 0.1 and b)
T/Ec = 0.001. In both graphs, |r2|*> = 0.1. The black lines
are plotted directly [see Eq. (22)], the red lines are plotted
from the original Cutler-Mott formula, multiplied by a fac-
tor of 2.8, and the blue lines are plotted from the generalized
Cutler-Mott relation [see Eq. (25)], also multiplied by the
same factor of 2.8.

V. GENERALIZED CUTLER-MOTT
RELATION FOR THE FIGURE OF MERIT ZT

The figure of merit, denoted as Z7T, is a critical pa-
rameter in evaluating the performance of thermoelec-
tric materials. It combines the material’s thermoelec-
tric efficiency by incorporating its electric conductance
G, thermal conductance K, and TP S into a single di-
mensionless quantity. The figure of merit is defined as

oI, e}

= =Gy —T—-L.
OAT|, _, Cn =T

_ S%GT

zZT
IC )

(26)

A high ZT indicates a material’s potential for efficient
thermoelectric conversion, with high values of ZT lead-
ing to better performance in applications such as power
generation and cooling. The goal in thermoelectric re-
search is to maximize ZT, which requires optimizing
the balance between electrical and thermal conductiv-
ity. While high electrical conductance is desirable for
efficient charge transport, low thermal conductance is
equally important to prevent the loss of heat. Achiev-
ing high thermoelectric efficiency is thus a complex
challenge that requires careful material design, partic-
ularly in advanced materials with low-dimensional or
nanostructured properties. As such, the figure of merit
plays a pivotal role in guiding the development of next-
generation thermoelectric materials that could signifi-
cantly improve energy conversion efficiency in practical
devices.

Interestingly, the ratio of the electronic thermal con-
ductance K and the electrical conductance G is stated
in the WF law. It is known that in the low temperature
regime of a macroscopic sample, this ratio is propor-
tional to the temperature T, with the proportionality
constant being the Lorenz number Ly [27, 28]:

K
— = LoT 27
G o+, ( )

where Lo = 72/3. Although transport in nanodevices
is generally expected to deviate from the WF law, even
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FIG. 6. Figure of merit ZT as a function of the gate voltage
N> at different temperatures a) T/ Ec = 0.005, N1 = 0.25, b)
T/Ec =0.01, Ny =04 and ¢) T/Ec = 0.1, Ny = N, = N.
Panel d) shows the maximum of figure of merit ZTmq. as a
function of temperature T/ Ec. In all graphs, |r1|*> = |r2|* =
0.1. The black lines are directly plotted [as in Eq.(26)], the
blue lines are plotted by approximated computation [as in
Eq.(29)], the orange lines are plotted from the original CM
formula multiplied by a factor of 4.93, and the blue lines
are plotted from the GCM relation [see Egs. (30, 31)], also
multiplied by the same factor to match the orange line in
each panel.

within the FL regime [27], recent reports suggest that
the WF law holds even in the NFL regime of Kondo
effects [29, 30]. Moreover, the universal value of the
Lorenz ratio R = L/Ly = (3/7?)(K/GT) exhibits
charge Kondo correlations [15]. For the 2SCK, the
Lorenz ratio satisfies [31]

123 o

= Z_= 2
R 5 T2 (28)

As we find in the previous sections, S < 1, we can have

ZT ~ is?

472 (29)

Therefore, we can get the generalized Cutler-Mott rela-
tion for the figure of merit as

2
52 T Ec, \OlnG
ZTaem= 1 = 30
GoM =115z | 2 Ec, H<T+Fj> an; |- G0
j=1,2 >
or
02
ZT,
GCM ~ 575 5
2
1 0Fc¢ ( Ec; ) .
X — In | —=L ) |r;|?sin (27NV;)| .(31
3 o () e o
The GCM relation for figure of merit in Eq. (30)

is now examined numerically. In Fig. 6, we show the
plots of figure of merit obtained from direct calcula-
tion in Eq.(26) [black lines, with G, G, Gy are taken



from general formulas (A.3), (A.6), and (A.9), approxi-
mated computation in Eq.(29) (blue lines), CM relation
multiplied by a factor of 4.93 (orange lines), and GCM
relation in Egs. (30) and (31) (red lines). The most
important plot is the maximum value of ZT as a func-
tion of temperature T/E¢x [see panel d)] in which the
consistency between the GCM formula and the direct
calculation (the difference is only by a factor of 4.93.
Notably, the red lines exhibit the same behavior as the
black and blue lines (obtained from direct calculations
in Egs. (26) and (29)). The logarithmic term in the
GCM expression captures the essence of Kondo correla-
tions and supports the NFL interpretation.

VI. CONCLUSION

In summary, we have calculated the TP by apply-
ing our proposed GCM formula to a quantum circuit
with weak coupling between two QD-QPC structures,
each corresponding to a charge Kondo simulator. For
comparison, we also present the TP formulas obtained
through direct computation in Ref. [22].

We apply a nonperturbative treatment, which
not only encompasses the perturbative results but
also extends to smaller temperature regimes, T <
min(|r;|?Ec,;].  While previous works [11, 15] have
shown that the CM formula is applicable when the sys-
tem is in the FL regime (T < min[|r;|?E¢;]) , with
deviations appearing when the system enters the NFL
state (T' > max[|r;|*Ec;]),we propose the GCM for-
mula for computing the TP in a 2SCK setup. We in-
vestigate the GCM formula for various configurations,
including 2CK-2CK, strong asymmetric 1CK-2CK, and
one-site models. Our results show that the GCM rela-
tion holds across all scenarios.

The GCM formula provides a reliable approxima-
tion at both low and high temperatures. Compar-
ing the TP formulas obtained using the GCM formula
and direct calculations is crucial, as it enables the de-
termination of TP from electric conductance measure-
ments. At low temperatures (7' < min||r;|?E¢ ;]), the
GCM law serves as a criterion for FL properties, simi-
lar to the original CM formula. At higher temperatures
(T > max[|r;|*Ec,;]), when the system enters the NFL
state, the GCM relation reflects the effects of strong
iso-spin correlations via the term In[E¢ ; /7.

Furthermore, our proposed GCM formula can be ap-
plied for the figure of merit ZT. The general approach
for deriving the GCM is to incorporate modification
terms of the form {In[Ec/(T+T;)]}? for each 9F¢ /0T ;,
where j indexes the number of Kondo resonance widths
in the charge Kondo system.
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Appendix A: Previous Results

To study the thermoelectric effects at the weak link
between two QDs in the linear response regime, where
[AT,eAV] < T, we build on the theoretical framework
developed in Refs. [20, 22, 23]. This approach evaluates
both the charge current I, and heat current I}, through
the tunnel contact based on the Onsager reciprocity re-
lations [32].

Central to this analysis is the local density of states
(LDOS) of the QDs at the weak link, which are ex-
pressed using the correlation function K;(1/2T + it).
This function captures the effects of Coulomb interac-
tions and is derived following the Matveev-Andreev the-
ory [11, 12]. Near the Coulomb blockade peaks, the
Kondo-resonance width I'; plays a significant role and
is given by:

8’)/EC7;
L (N;) = —2L[r;[? cos®(xIN;).

S (A.1)

The leading-order expression for the correlation function
is

PRV
Nor ™) T ~vE¢ ; cosh(nT't)
oo w(1/2T +it)
/ 2 2 w/T duw
oo (w Jer)(lJre )
_ 4T |rj|25in (27TNj) In ECJ
Ec,; cosh(nTt) T+7Ty

o wew(1/2T+it)
s ey

dw . (A.2)

Using these expressions, the transport coefficients [32]
in the linear response regime can be derived as follows
[20, 22, 23] (in the units i=c=kp=1).

The electric conductance G = 0I./OAV |y p_, is ob-

tained as:
G T2 Iy T
= © FC 717 72 ) (A3)
2472 Bc1Fcs \T' T
where Go = 2me?vg 114 2]t]? is a conductance of the

central (tunnel) area, which is characterized by the tun-
neling amplitude |¢|, local densities of states v 1, Vo2
assuming that the electrons in the QDs are non-
interacting.

FC (plap2) :/dz/dUF(p17p27Z7u)7 (A4)



in which p; =T'1/T and ps = T'y/T.

pipou [u? + 4m?]
Sinh (%) [cosh (2) + cosh (2)]

X ! . (A.5)
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F(p1>p27z7u) =

The thermoelectric coefficient Gp = 0I./OAT | oy,
is:

Gr Gc T3
6eyr Ec1Ecp

C,1 Fl FQ
{ (T F1>sm(27rN1)FTg(T,T>

|7“2|2 Ecs \ . T, T,
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where

FT,s(plaPQ) :/ dz | du (Z + g) zF (plap2az7u)a (A7)

oo

o0 oo U
Fronor.pe) = dzf du (== 3) 2F (pr,pa,2,0).
(A.8)

The thermal coefficient (or heat current response)
a = 0I,/OAT |\, _, is obtained as

T3 It T
G — Gc (1 2

-, = A9
240’)/262 ECJEC’Q T ’ T>’ ( )

where

FH(pl,pg):/dz/du (—9u2 + 2022 + 167r2)F(p1,p2,z,u).

(A.10)

These analytical results form the basis for evaluating

the transport properties in the current study, where we

further explore the expressions for TP and the figure of
merit from the CM formula.
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