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Outline 
•  The disordered superconductor-insulator transition 

(SIT) – dirty bosons and random XY-magnets 

•  Review of various puzzling transport experiments 
in the Bose glass phase 

•  Resolution based on: 
 Characterization of the insulator by its spectral 
properties  
 - Consequences for transport:  R(T) 
 - ”Many-body localization” and its precursors 



Indium-oxide (InOx) 

Indium-oxide: One of 
the materials used in 
the experiments 
discussed here 
(Sambandamurthy, 
Shahar, Sacépé) 

•  Strong disorder  
•  Tunable disorder  

Similar experiments in 
TiN films (Baturina) 



SI transition in thin films 

Thickness tuned transition 



Field driven transition 

Isotherms: 
T = const. 

Gantmakher, Shahar, Kapitulnik, Goldman, Baturina  

Magnetic field destroys SC! 



Insulator: Giant magnetoresistance 
Giant magnetoresistance 

Sambandamurthy et al. (PRL 2005) 

Non-monotonous R(B)! 

Insulating behavior enhanced by local superconductivity! 



Insulator: Giant magnetoresistance 
Giant magnetoresistance 

Sambandamurthy et al. (PRL 2005) 

Non-monotonous R(B)! 

Insulating behavior enhanced by local superconductivity! 

Common belief: 
Pairs (bosons) 
survive in the 
insulator:  
→ Bose glass 

Evidence also 
from tunneling  



Bose-Hubbard model 
and Bose glass 

Fisher et al., Phys. Rev. B 40, 546 (1989) --- Altland et al, Gurarie et al. (2009)  

•  Assume “preformed Cooper pairs”: bosons without global superconductivity 
•  Dirty boson model (Bose-Hubbard model with disorder):  

Disorder: 

t/U t/U t/U 

Most likely 
realized in 
experiments: 
Strong 
disorder, 
no Mott gap! 

Always 
Bose glass 
between MI 
and SF! 



Two puzzling features 
in transport in strongly 

disordered samples 

1. Simple activation in R(T) 

2. Evidence for purely electronic mechanism 



Activated transport near the SIT 
D. Shahar, Z. Ovadyahu, PRB 46, 10971 (1992). 

D. Kowal and Z. Ovadyahu, Sol. St. Comm. 90, 783 (1994). 

Insulating InOx 

Simple activation!? 

R T( ) = R0 exp
Δ
T
⎡
⎣⎢

⎤
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Activated transport near the SIT 
D. Shahar, Z. Ovadyahu, PRB 46, 10971 (1992). 

D. Kowal and Z. Ovadyahu, Sol. St. Comm. 90, 783 (1994). 

Insulating InOx 

Simple activation!? 
Tc 

Δ 

R T( ) = R0 exp
Δ
T
⎡
⎣⎢

⎤
⎦⎥

Natural aspect: 
Activation energy 

increases with 
distance to SIT 
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Activated transport near the SIT 
V. F. Gantmakher, M. V. Golubkov, J. Lok, A. K. Geim, Sov. Phys. JETP, 82, 951 (1996).  

Insulating InOx 
Origin of simple activation? 
•  Gap in the density of states? 
A: NO! Too disordered systems!  
There is no (Mott) gap! 

•  Why no variable range hopping? 
A: Phonons are very inefficient at low T. 
Also: Would give too large prefactor R0. 

•  Nearest neighbor hopping? 
A: NO! Inconsistent with the 
experimental prefactor of Arrhenius 

•  No depairing of bosons (positive MR!) 
  [Feigel’man et al.] R T( ) = R0 exp

Δ
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Activated transport near the SIT 
V. F. Gantmakher, M. V. Golubkov, J. Lok, A. K. Geim, Sov. Phys. JETP, 82, 951 (1996).  

Insulating InOx 
Origin of simple activation? 
•  Gap in the density of states? 
A: NO! Too disordered systems!  
There is no (Mott) gap! 

•  Why no variable range hopping? 
A: Phonons are very inefficient at low T. 
Also: Would give too large prefactor R0. 

•  Nearest neighbor hopping? 
A: NO! Inconsistent with the 
experimental prefactor of Arrhenius 

•  No depairing of bosons (positive MR!) 

•  Instead: (Multi-)boson mobility edge! 
  (similar to Anderson localization) 

R T( ) = R0 exp
Δ
T
⎡
⎣⎢

⎤
⎦⎥



Purely electronic transport mechanism! 

Non-Ohmic resistance in the insulator! 



Purely electronic transport mechanism! 

Simple explanation: instability from low T/high R state to overheated state.  
Altshuler, Kravtsov, Lerner, Aleiner (09) 



Purely electronic transport mechanism! 

Altshuler, Kravtsov, Lerner, Aleiner (09) 

Crucial conclusion: transport is not phonon- but electron-activated! - Mechanism??? 

Simple explanation: instability from low T/high R state to overheated state.  



Purely electronic transport mechanism! 
Transport is electron- not phonon-activated in the insulators!  

 Mechanism ??? 

Electron-activation is an old, puzzling phenomenon: 

Electronic mechanism close to the metal-insulator transition 
experimentally inferred from non-linear transport:  

R= R(Tel (V))   -- not  R= R(Tph)     (West, Pfeifer; Gershenson, Pepper) 

Mechanism??? 

Proposal for the MIT:   (Müller & Ioffe (2007)) 

Idea: Quantum glassiness of the electrons leads to low energy collective modes and 
yields electron activated variable range hopping. 

This does not work for the SIT (simple activation, weak Coulomb interactions) 



Summary of puzzles at the SIT 



From dirty superconductor to 
Bose glass: model 

Models  

Interactions (e.g. Coulomb) 

(Anderson, Ma+Lee, 
Kapitulnik+Kotliar) 

H = −t bi
+bj

i, j
∑ +U ni ni −1( )

i
∑ + εi − µ( )ni

i
∑

Disorder: 

H = −t si
+s j

−

i, j
∑ + εi − µ( )siz +

i
∑ Jijsi

zs j
z

i, j
∑

Easier to think about: U = ∞ limit, i.e., hard core bosons 
→ equivalent to Anderson pseudospins (s=1/2)  

Equivalent to an XY Ising ferromagnet with random transverse fields (z-direction) 

Similar considerations of disorder can be interesting in “quantum spin ice” (cf Gingras)   
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Interactions (e.g. Coulomb) 

•  “Sites” i: localized states for a pair to occupy. May overlap in space (typical size: ξ) 

• Relevant scale characterizing disorder:  
Level spacing δξ  between close levels 
Disorder strength:  

(Anderson, Ma+Lee, 
Kapitulnik+Kotliar) 



From dirty superconductor to 
Bose glass: the phases 

•  Superconducting phase: Bose condensation into delocalized mode in the 
presence of self-consistently screened disorder 
→ finite phase stiffness 
→ infinite conductivity for T < Tc 

•  Bose glass: No delocalized bosonic mode at E = 0 (otherwise 
condensation would occur) 
 - role of disorder: no homogeneous gap, still compressible phase  
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From dirty superconductor to 
Bose glass: the phases 

•  Superconducting phase: Bose condensation in a delocalized mode in the 
presence of self-consistently screened disorder 
→ finite phase stiffness 
→ infinite conductivity for T < Tc 

•  Bose glass: No delocalized bosonic mode at E = 0 (otherwise 
condensation would occur) 
 - role of disorder: no homogeneous gap, still compressible phase  

 - Note: “Bose glass” : = disordered Bose insulator without spectral gap 
 - It is an insulator, i.e. σ(T →0) = 0  [no Bose metal!] 

Nature of transport in the Bose glass? 



From dirty superconductor to 
Bose glass: the spectrum 

SIT = Localization transition of the 
bosons !  

Analyze the evolution of the 
manybody spectrum! 

Berkovits and Shklovskii 
Basko, Aleiner, Altshuler 
Huse, Oganesyan 



Warm up: Clean case 

  Superconductor: gapless excitations (phonons) 

  Mott insulator of bosons:  
   Spectrum:  

 Finite gap 
 But: No discrete spectrum! 
 All excitations are delocalized and  
 disperse with well-defined momenta k 

With disorder:  
Much more complex and more interesting! 



The spectrum as indicator of 
localization 

Local spectrum of operator O  
at T = 0  

ρO ω( ) = Ο x,t( )Ο x,0( )
GS
eiω t

0

∞

∫ dt

2 possibilities:  

•  Continuous spectrum  
  (↔ delocalized excitations) 
•  Point spectrum: “locally discrete”  
  (bunch of delta functions in local 
correlation functions ↔ localized 
excitations) 



The spectrum as indicator of 
localization 

•  SC: only continuous spectrum! 
 Delocalized phonons at low  ω   

Disorder 

ρO ω( ) = Ο x,t( )Ο x,0( )
GS
eiω t

0

∞

∫ dtLocal spectrum of operator O  
at T = 0  



The spectrum as indicator of 
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The spectrum as indicator of 
localization 

• Bose glass: 
 Low energy part must be localized 
(discrete spectrum). 

 Thus, there must be a border between  
             discrete and continuous 
spectrum at Ec >0  

Disorder 

ρO ω( ) = Ο x,t( )Ο x,0( )
GS
eiω t

0

∞

∫ dt

•  SC: only continuous spectrum! 
 Delocalized phonons at low  ω   

Local spectrum of operator O  
at T = 0  

Could there be a non-superfluid with continuum everywhere? – Probably not, see later! 



The point spectrum at low energies 

Spectrum at T = 0  



Local spectrum at T = 0 

T = 0 
Strong disorder 
No interactions: 
→ one localized level 

The point spectrum at low energies 

Spectrum at T = 0  



T = 0 
Strong disorder 
Weak interactions: 
admix further levels 

•  Discrete levels: no transport, no current! 
σ(T=0) = 0 

•  Genuine glass at T=0: perturbations don’t relax 
Reason: Transition probabilities are zero because 
energy conservation can never be satisfied! 

Spectrum at T = 0 
The point spectrum at low energies 

Local spectrum at T = 0 



Many-body “mobility edge” in the Bose glass 

Mobility edge 

Q:  Is Ec finite or extensive? (~Volume) 



Many-body “mobility edge” in the Bose glass 

Q:  Is Ec finite or extensive? (~Volume) 

Assumption: The SIT is essentially a 
condensation of a self-consistent, 
extended single boson mode.  

→  Close to the SIT (g = gc) Ec is bounded: 
 Single boson excitations at E-µ  >> t  
 are still delocalized (for d > 2) → Ec < ∞ 

Mobility edge 

H = −t si
+s j

−

i, j
∑ + εi − µ( )siz

i
∑

E single boson = aisi
+ GS

i
∑Excited eigenstates 

(only good if E >> t) 

εi − µ( )ai − t aj = Eai
j∈∂i
∑



Many-body “mobility edge” in the Bose glass 

Q:  Is Ec finite or extensive? (~Volume) 

Assumption: The SIT is essentially a 
condensation of a self-consistent, 
extended single boson mode.  

A:  Close to the SIT (g = gc) Ec is bounded: 
 Single boson excitations at E-µ  >> t  
 are still delocalized (for d > 2) → Ec < ∞ 

Close analogon: 
Localization at band edge (Anderson model) 
(see also Feigelman, Ioffe, Mézard, arXiv:1006.5767) 

Mobility edge 

µ Ec 
εi − µ( )ai − t aj = Eai

j∈∂i
∑ I I 

H = −t ci
+cj

i, j
∑ + εi − µ( )ci+ci

i
∑



Finite T 

Close to gc: 
Finite ‘mobility edge’→  
All levels acquire width 

Γ ~ exp[-Ec/T] 

Local spectrum at T > 0 

The point spectrum at low energies 



Γ ~ exp[-Ec/T] 

•  Continuum everywhere! σ(T > 0) ≠ 0 
 for g < g*   where Ec(g) < ∞ 

Finite T 

E(T) 

E(0) 

The point spectrum at low energies 

Local spectrum at T > 0 

Close to gc: 
Finite ‘mobility edge’→  
All levels acquire width 



Electronic activated conduction 
g < g*  :  Ec(g) < ∞ 

•  Continuum at finite T!          σ(T>0) ≠ 0 
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continuum or diffusion above Ec 
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Electronic activated conduction 

•  No phonons needed! (they are anyway very inefficient at low T) 
•  Purely electronic transport mechanism  
  → crucial ingredient to explain the overheating in the non-Ohmic regime 
•  Prefactor: σ0 ~ e2/hξd-2  nearly universal in quasi 2d, similar to experiment! 

g < g*  :  Ec(g) < ∞ 

σ(T) ~ σ0 exp[-Ec/T] 

•  Continuum at finite T!          σ(T>0) ≠ 0 

•  Bottle neck for conduction: 
At low T: Transitions allowed only due to the 

absorption of modes from the (T=0) 
continuum or diffusion above Ec 

Simple activation (Arrhenius) law 
in a compressible, gapless system! 
No variable range hopping e1/Tα!  

! ! 



Electronic activated conduction 
g < g*  :  Ec(g) < ∞ 

T effect: 
Inelastic scattering rate at T > 0 lowers the activation energy needed to 
get diffusion!   → Eact = Ec – ΔE(T) ! → superactivation!  

! ! 

σ(T) ~ σ0 exp[-Ec/T] 

•  Continuum everywhere! σ(T>0) ≠ 0 

•  Bottle neck for conduction: 
At low T: Transitions allowed only due to the 

absorption of modes from the (T=0) 
continuum or diffusion above Ec 

Simple activation (Arrhenius) law 
in a compressible, gapless system! 
No variable range hopping e1/Tα!  



Why no standard 
variable range 

hopping transport? 
-- 

Is there many body 
localization?? 



Transport and thermalization in 
insulators ? ? 

Essential ingredient into variable range hopping: 
Continuous bath which activates the hops! 

Candidates for the bath: 
•  Phonons: at low T for pair hopping are very inefficient! 
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Local excitations 
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? ? 

Candidates for the bath: 
•  Phonons: at low T for pair hopping are very inefficient! 
•  bosonic excitations above the many body(!) mobility edge 

Too weak → not considered 

Essential ingredient into variable range hopping: 
Continuous bath which activates the hops! 

Transport and thermalization in 
insulators 

bath 

bath 

Local excitations 



What if there is no 
bath whatsoever? 



Strong disorder 

•  If disorder is strong (g = δξ/t > g*) all single (and few) boson excitations 
above the GS (at T = 0) are localized:  Ec → ∞. Then there is NO bath! 

g > g*  :  Ec(g) = ∞  (~ Volume) 
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Summary: Bose-Hubbard 
model and Bose glass 

Can this scenario be proved? 

•  Total localization: similar to Mirlin et al. 
and Basko et al. (Aleiner et al., ‘09);  

•  Finite mobility edge: Approximative 
solution for hard core bosons on high 
connectivity Bethe lattice (Ioffe & Mézard ’09, 
Feigelman, Ioffe, Mézard ’10): mobility edge 
and finite T broadening, as discussed   

•  Open Q: Is the scenario true in d =1 and 2? 
•  Aleiner, Altshuler & Shlyapnikov conjecture: direct transition from SC to manybody localization 
•  My conjecture: intermediate phase also in d<3, or at most a very weakly volume-dependent Ec 



Non-superfluid = localization 
at low energies?  

Hints from the model on the 
Bethe lattice: 

?

1.  Without frustration:  
 Easier for bosons to condense 
(establish order parameter)  
 than to delocalize and (decay to 
infinity) 

2.  On the other hand:  
 Condensate implies delocalized 
Goldstone modes, i.e. a continuum 



Non-superfluid = localization 
at low energies?  

Hints from the model on the 
Bethe lattice: 

1.  Without frustration:  
 Easier for bosons to condense 
(establish order parameter)  
 than to delocalize and (decay to 
infinity) 

2.  On the other hand:  
 Condensate implies delocalized 
Goldstone modes, i.e. a continuum 

→   SIT and spectral delocalization at E=0 
transition occur usually at the same 
point!  
 Possible exception: in magnetic field 



How to test the activated 
Bose glass scenario? 

Predictions: 

•  Hard gap for single electrons 
(→ as observed in tunneling) 

•  Absence of delocalized electronic modes at 
low energy! Experimental consequences: 

→ discrete low energy spectrum 
→ very low microwave absorption 
→ only imaginary (non-dissipative) part of  
→ very inefficient electron-phonon coupling 
(as observed in InOx → strong heating) 
→ energy/charge diffusion may set in after a 
minimal, finite energy injection! 

σ ω( )



Conclusion 


