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Outline

Relativistic physics in graphene, quantum critical
systems and conformal field theories
Relativistic signatures in (magneto-)transport

Hydrodynamic description

Boltzmann theory
Hydrodynamics from microscopics

Strongly coupled relativistic fluids via AdS-CFT

Graphene as an almost perfect liquid?
Nearly minimal viscosity (like quark gluon plasma)



Dirac fermions in graphene
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Honeycomb lattice of C atoms Tight binding dispersion
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Dirac fermions in graphene

(Semenoff '84, Haldane ‘88)
Honeycomb lattice of C atoms Tight binding dispersion

2 massless Dirac cones in —
the Brillouin zone: Close tothe two  [H=Ve (P=K)[ O pencf

(Sublattice degree of ~ Fermipoints<, K': | F =y |k -K|
freedom«— pseudospin)

Fermi velocity (speed of light”) |v; =1.100° m/s=

30C e’
Coulomb interactions: Fine structure constant ENV,




Relativistic fluid at the Dirac point

Expectrelativistic plasmahysics of
Interacting particles and holes!

= (1+ o [/\ /Jn D ]

Hole Electron

Fermi Liguid Fermi liquid

T
e} 0.5 0 0.5 1 1012/m?

D. Sheehy, J. Schmalian, Phys. Rev. B6it226803 (2007).



Other relativistic fluids:

e Bismuth (3d Dirac fermions with very small mass)

e Systems close to quantum criticality (with z = 1)
Example: Superconductor-insulator transition

Maximal possible relaxation rate!
Damle, Sachdev (1996)
Bhaseen, Green, Sondhi (2007).
Hartnoll, Kovtun, MM, Sachdev (2007)

 Conformal field theories

E.g.: strongly coupled Non-Abelian gauge theories (RCD
— Exact treatment via AdS-CFT correspondence!

C. P. Herzog, P. Kovtun, S. Sachdev, and D. T.(Z001/)
Hartnoll, Kovtun, MM, Sachdev (2007)
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Transport and phase diagram

Expectrelativistic plasmahysics of
- Interacting particles and holes!
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Questions

* Transport characteristicd the
relativistic plasma in graphene and
at quantum criticality?

Relativistic, ;
‘. hydrodynamic }./
Hole Fermi liguid\,, regime * Electron Fermi liguid

e Connecting theelativistic regime
to the electron Fermi liquidt large
doping?

e Graphene as iacarly perfect fluid
(like the quark-gluon plasma)?



Model of graphene
H=Ho+H, +H,,

Graphene with Coulomb
Interactions and disorder

Hy = —i/dx ol (ivpd ¥+ p) T,

1. Tight binding kinetic energy
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Model of graphene

Graphene with Coulomb

H=H,+H, +Hg
Interactions and disorder

- B-field: i] - ill—eA/c
Hy = —Z/d}t ) (n-pa‘-ﬁ'w) T,|
1. Tight binding kinetic energy a=1

N 2
H=Y 3 [ = T AEk ], )73, (00

A=% a=1 {Eﬂ-
2. Coulomb interactions

B 1 dgkl dzkg diq + z t
e = 3 | G e ~ GV @ + )V

2me”
Vig) = m




Model of graphene

Graphene with Coulomb H=H,+H,+H_
Interactions and disorder L
B-field: 0 - i00-eAlc

N v
Hy = —Z/d}t ) (:‘-t-Far‘-f?er) T,|

1. Tight binding kinetic energy

D 3D 7Y RS R

A=% a=1
2. Coulomb interactions

dquril quq dqq i
H, = Ul (k U, (k:)V(q)¥,(k U,
= 5 Gt o Vs~ 0 R+l
Coulomb marginally irrelevant! Via) = £lq|
T
=7 dl 4
aE&hV =O(1) RG: a' T—0 4
- oT) = + (/9 In(A/T) ~ In(A/T)




Model of graphene

Graphene with Coulomb

H=H,+H, +Hg
Interactions and disorder

i0 - i0-eAlc
Hy = —Z/d}t ol (ivpd ¥+ p) T,
1. Tight binding kinetic energy a=1

D 3D 7Y RS R

A=1 a=1

B-field:

2. Coulomb interactions

Lk, &k, d%q ,
H1 = 2[ (2"1’) (Z?T) (QW)EWL.(kE_q)@a(kﬁ)v (q)‘lfl(kl_l_q)q}b(kl)

i — 2me”
Coulomb marginally irrelevant! (a) = £lq|

3. Disorder: charged impurities

Ze 2
Haw = fdxvdis{x)@;{x)mﬂ{x} T (x) = Z&F{}:—xz



Time scales

MM, L. Fritz, and S. Sachdev, cond-mat 0805.1413.

1. Inelastic scattering rate 2 KT 1
(Electron-electron interactions) ee B max{l ,u/T]
Relativistic regime|{ < T):
- -1 2 kBT
Relaxation rate set by temperature, |To=a ——
like in quantum critical systems! n

Fastest possible rate!
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Time scales

MM, L. Fritz, and S. Sachdev, cond-mat 0805.1413.
1. Inelastic scattering rate
(Electron-electron interactions)
Relativistic regimel{ < T):
Relaxation rate set by temperature,
like in quantum critical systems!
2. Elastic scattering rate

(Scattering from charged impurities) _
Subdominant at high T, low disorder

3. Deflection rate due to magnetic field

(Cyclotron frequency of non-interacting

particles with thermal energy )




Hydrodynamic
Approach



Hydrodynamics

Hydrodynamic collision-dominated regime

Long times,
Large scales
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Hydrodynamics

Hydrodynamic collision-dominated regimeigs=='¢

Long times,
Large scales

|mp’TB , W

-1 —1‘

{>> [

» Local equilibrium established i (r) . fe(r) : Ueo(r)

 Study relaxation towards global equilibrium

» Slow modes: Diffusion of the density of conserge@ntities:

* Charge
e MOomentum
e Energy



Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phgs. B76, 144502 (2007).

Energy-momentum tensod®* = (g + P)utu® + Pgh¥ + 7% .
Current 3-vector JH = put + p* .

u” . 3-velocity: ut = (:L0,0) — No energy current

V" . Dissipative current

r*" ! Viscous stress tensor (Reynold’s tensor)



Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phgs. B76, 144502 (2007).

Energy-momentum tensod ** = (& + P)u*u® + Pgh¥ + 7

Current 3-vector JH = pu"“ + p*

u” . 3-velocity: ut = (:L0,0) — No energy current
V" . Dissipative current

r*" ! Viscous stress tensor (Reynold’s tensor)

+ Thermodynamic relations

e+ P=Ts+ up, de=Tds+ udp,

Gibbs-Duhamel 1stlaw of thermodynamics



Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phgs. B76, 144502 (2007).

J* = put + v T#Y = (g + P)utu® + Pghv + 74V
Conservation laws (equations of motion):

é'ﬂJ'”' =( Charge conservation



Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phgs. B76, 144502 (2007).

JE = put + v# ™" = (g + P)utu®” + Pgh + 7
Conservation laws (equations of motion):

é‘ﬁﬂ" =( Charge conservation

0 E, E,
Energy/momentum conservation =1 —-E 0 B
1 EJ —B 0
0
g = + —T% . _og _ _
T E=-ik——p, Coulomb interaction

imp ‘k‘



Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phgs. B76, 144502 (2007).

J* = put + v T#Y = (g + P)utu® + Pghv + 74V
Conservation laws (equations of motion):

é?“J*“' =( Charge conservation

0 E, E,
Energy/momentum conservation = -E, 0 B
1, —E, =B 0
3,T"" = F*"], + —TY . B
. N E=-ik2 5  Coulomb interaction
imp ‘k‘ k



Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phgs. B76, 144502 (2007).

) T .
x ‘ Dissipative current and viscous tensorf
L

~ Heat current Q¥ = (& +P)u” — pd#

Landau-Lifschitz, — Entropy current S¥ = Qﬂ/T
Relat. plasma physics




Relativistic Hydrodynamics
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Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phgs. B76, 144502 (2007).

Heat current QY = (8 + P)u” - J”

Landau-Lifschitz, — Entropy current S* = Qﬂ/ T
Relat. plasma physics
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Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phgs. B76, 144502 (2007).

Heat current QY = (8 + P)u” - J”

Landau-Lifschitz, — Entropy current S* = Qﬂ/ T
Relat. plasma physics

a.T
_ T

= = (N wt M + ) + (¢ = 7) 80,%)

B small!




Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phgs. B76, 144502 (2007).

Heat current QY = (8 + P)u” - J”

Landau-Lifschitz, — Entropy current S* = Qﬂ/ T
Relat. plasma physics

a,T
V= UQ(g”p'l' H,HMV)|:(_ amu"l' thu:\) + lu’_.;_:|

T = — (g" + utM oo+ ) F (L — 1) 5} 0 u®]
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Irrelevant for response atk O




Relativistic Hydrodynamics

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phgs. B76, 144502 (2007).

Heat current QY = (8 + P)u” - J”

Landau-Lifschitz, — Entropy current S* = Qﬂ/ T
Relat. plasma physics

a,T
: V”‘“’+ M‘“‘f«f!”)[(— dyp+ Fopu™) +W;—}
™7 = — (R + ul i\l + T I F (L= 17) 80
\ ,

One singletransport coefficient (instead of twa)!

Irrelevant for response atk O




Meaning of o, ?

» At zero doping (particle-nole symmetry):
0, =0, (p,mp O)<oo !

— Interaction-limited conductivitpf the pure system!

Why is g, (g, =0) finite ??




Universal conductivityo

K. Damle, S. Sachdev; (1996).

Particle-hole symmetryp(= 0)

» Key: Charge current without momentum!

(particle) ® - Pair creation/annihilation
(hole) @ > leads to current decay

J#20, P=0

 Finite “quantum critical” conductivity!
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Universal conductivityo

Particle-hole symmetryp(= 0)

K. Damle, S. Sachdev; (1996).

» Key: Charge current without momentum

(particle) @ <
(hole) @ >

Pair creation/annihilation
leads to current decay

J#£0, P=0
* Finite “quantum critical” conductivity!
« As in quantum criticality:
Maximal possible relaxation rate,
set by temperature alone

— Nearly universal conductivity

Exact (Boltzmann)

Only possible result: no other dimensionless patantbana!




Universal conductivityo

Particle-hole symmetryp(= 0)

K. Damle, S. Sachdev; (1996).

» Key: Charge current without momentum

(particle) @ <
(hole) @ >

Pair creation/annihilation
leads to current decay

J#£0, P=0
* Finite “quantum critical” conductivity!
« As in quantum criticality:
Maximal possible relaxation rate,
set by temperature alone

— Nearly universal conductivity

Marginal irrelevance of Coulomb: -

Exact (Boltzmann)




Thermoelectric response

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phgs. B76, 144502 (2007).

Charge and heat current:  J¥ = pu” —p*
Q¥ =(e+P)u* - J*

Thermo-electric response

J _ g E = 7= HW) etc.
é - T& _V-)T —Ogzy Ozx

x>



Thermoelectric response

S. Hartnoll, P. Kovton, MM, and S. Sachdev, Phgs. B76, 144502 (2007).

Charge and heat current:  J¥ = pu” —p*
Q¥ =(e+P)u* - J*

Thermo-electric response

/ — c E &(JII ny) etc.
6)\re i)\ sr




Results from Hydrodynamics



Response functions at B=0

Symmetry z-»-z: o, =a, =k, =0

Longitudinal conductivity:

-iT:_-*:[".ru.thL B—ﬂ] / _P—|—.'_J_\

Universal conductivity at the quantum gritical pgan= 0

Drude-like conductivity, divergent for

: I - 0,04 — O, Z0
Momentum conservatiomp£0)! P



Response functions at B=0

Symmetry z—-z: o,,=a,=k,=0

Longitudinal conductivity:

T

2
i

Thermal conductivity:

e 2T
P+esl—wwr

Kaa(w, ki B =0) = ogm + + O(k2),




Response functions at B=0

Symmetry z-»-z: o, =a, =k, =0

Longitudinal conductivity:

_ - f— ﬁg
'fT:_ﬂTf_'-"-'"t“B T [:I] o (EQ+ _P—|—.'_' 1 — E-u.a'-'_)

3 1 a,,
Thermopower: * k2T do,, /du

? L

. = 2y i :

Only valid in thedegenerate e—gaegi/
but violated in theelativisticM 5




B > 0 : Cyclotron resonance

E.g.: Longitudinal conductivity
w (w+ iy +iw? /)
(w+i7)" —w?

Collective cyclotron frequency of the relativistiapma

QC: pB - wFL:e_B w e 0
“ e T H T 77 7

Orelw) = 00




B > 0 : Cyclotron resonance

E.g.: Longitudinal conductivity
w (w+ iy +iw} /7)
(w+i7)" —?

Collective cyclotron frequency of the relativistiapma

QC: pB - wFL:e_B w e 0
“ e T H T 77 7

Oralw) = 00

Intrinsic, interaction-induced broadening B’

(<« Galilean invariant systems:

No broadening due to Kohn’s theorem)



B > 0 : Cyclotron resonance

Longitudinal conductivity
(w+4/7) (w +d/7 + iy + i} /7)
(w+i/T+ i7)* — w?

Observable at room
temperature!

Trelw, k) = og




Does relativistic
hydrodynamics apply?

Do T andu break relativistic invariance?

o Validity at large chemical potential?

» Larger magnetic field?



Boltzmann Approach

MM, L. Fritz, and S. Sachdev, PRB 2008

— Recover and refine the
hydrodynamic description

— Describe relativistic-to-Fermi-
liquid crossover



Boltzmann approach

L. Fritz, J. Schmalian, MM, and S. Sachdev, PRB200
Boltzmann equation in Born approximation

(at +e[E+va]Ba%j f(k.t)=a’1G [k ti{f. (k" O]+ Atk ti{f. (k" )}



Boltzmann approach

L. Fritz, J. Schmalian, MM, and S. Sachdev, PRB3200

Boltzmann equation in Born approximation

(at+e[E+va]aa%jfi(k,t)= A ONE Y

a.) + i, +, i +i +,1 7,
g :&< HN—1) g HN = 1) :&<
_7j _7j _7j _77:
-) i +i +i
1T X2




Boltzmann approach

L. Fritz, J. Schmalian, MM, and S. Sachdev, PRB200
Boltzmann equation in Born approximation

o, +dervxglid Jrbed)=aSlkcu{n .o+ a 1k . 0f

1. Linearization:  f,(k,t)= £2(k,t)+ &, (k,t)



Boltzmann approach

L. Fritz, J. Schmalian, MM, and S. Sachdev, PRB200
Boltzmann equation in Born approximation

0, +desuxalel |t k) =an Gl i{r (ol o1l )
1. Linearization:  f,(k,t)= £2(k,t)+ &, (k,t)

2. Forward scattering diverges logarithmically di ECutoff atd ~ a < 1)

S
,/f’% 4
—
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Wilkins et al. (1971)



Boltzmann approach

L. Fritz, J. Schmalian, MM, and S. Sachdev, PRB200
Boltzmann equation in Born approximation

[at +eE+VxB] Ba%j f.(kot) = a1l t L (kO] A gkt (k'
1. Linearization:  f,(k,t)= £2(k,t)+ &, (k,t)

2. Forward scattering diverges logarithmically i ZCutoff atb ~ a< 1)

Lot ﬁk) 1ot ﬁk)

Wilkins et al. (1971)

B [ e
NPT Jeq NK

particles with same grou

— Equilibration among
velocity

I 4 2 4 6 i =i o R
ke
ol A 10
] | Jog +¥,
! T+ Jeg O/t N{ Ck
; 5 2 4 ¢ g s E” 3 2 4 &




Boltzmann approach

L. Fritz, J. Schmalian, MM, and S. Sachdev, PRB200
Boltzmann equation in Born approximation

(at +eE+VxB] Ba%j f.(kot) = a1l t L (kO] A gkt (k'
1. Linearization:  f,(k,t)= £2(k,t)+ &, (k,t)

2. Forward scattering diverges logarithmically i ZCutoff atb ~ a< 1)

b ) 4w

1o
s [ eq
\ T Jeq NK
g T = & 6 g - = E : 2 :
ke
ol A 10
] | Jog +¥,
N e Jr i N{ Ck
; 5 2 4 ¢ g s E” 3 2 4 &

Wilkins et al. (1971)

Reduced to simple optimizati
problem for ¢, ¢, ¢, !

MM, L. Fritz, and S. Sachdev, PRB 2




Boltzmann approach

MM, L. Fritz, and S. Sachdev, PRB 2008
Kashuba, PRB 2008

Collision-dominated
conductivity

UQU-'-J
gt
Lo

Gradual disappearance
of relativistic physics




Recovering magnetohydrodynamics

MM, L. Fritz, and S. Sachdev, PRB 2008

Momentum conservation>
Exact zero mode of the Coulomb collision integrat- (Boost!)

F0(K) =+ o,k E 1k fi- 12(k)|

Recover Magnetohydrodynamics:

Study the dynamics of the momentum mode under
* Deflection from B
 Impurities

» Coupling to all other modes

Orelw, B) = e HP(w, B) 4+ O(b/a?,w/a?)
A

\

Corrections small ifre_éL is dominant.



Cyclotron resonance revisited

Orp(w,B) = sk 1O B) + O(b/a’,w/a”)

LT
T—l > Z.—l

_ 1 ee B
10 | \
20} /m\\ Boltzmann
// J e

~—~~=.0 .y jﬁ‘fﬁ 04 0.5 c

20? \\J

Re[0 ], Tm[6 ]




Cyclotron resonance revisited II

Crossover to the electron Fermi liquid:

1. Semiclassicab, recovered at >> T

A0 =

pB
gL F

eB eB
p/r% hkp/vp




Cyclotron resonance revisited II

Crossover to the electron Fermi liquid:

eB  eB
plvy  Rkp/up

—

u>>T

VDUQ(:U) - 0

Sharp resonance |

. : B
1. Semiclassicab, recovered gt >> T W0 = L
' e+ F
2.Kohn's theorem recovered: —
No broadening of the resonance for a = a@B vy
single parabolic band! =B
15000 |
10000 |

the degenerate lim

u>>T!

"-\.\_‘_\_._

- -

0.155 0.16 0.165

~5000 |

0.17 0.175

. W
o




Cyclotron resonance revisited
Beyond hydrodynamics: Large fields

-1 -1 -1
Tt >T . >> T, W

imp?

. ¥
2t Resonance Damping

1.4 ¢

15+ Exact &

1 L

il 0.8 |

MHD 06

05 04t

02 ¢




Strongly coupled liquids

S. Hartnoll, P. Kovtun, MM, S. Sachdev (2007)

Exact results via string theoretical AS—CFT correslence

— Response functions in special strongly coupled resatvluids
(for N=4 supersymmetric Yang Mills theories):

» Confirms the structure of the hydrodynamic respdusetionso(w) etc.

* Allows to calculate the transport coeffician for a strongly coupled theory!



Strongly coupled liquids

Same trends as in exdsdS-CFT)results forstrongly coupled relativistic fluids

S. Hartnoll, C. Herzog (2007)

Graphene -

N Resonance Damping
5l ¥
14 Ff
15} Exact 12}

Lt MHD
H MHD 08
06t
05+ o4l
| i 02 Exact
2 4 6 g o %




Strongly coupled liquids

Same trends as in exdsdS-CFT)results forstrongly coupled relativistic fluids

S. Hartnoll, C. Herzog (2007)

G rap@hene Resonance Damping
2 ) i
14}
15} Exact 12}
Lt MHD
H MHD S
06 |
05| ol
| B 02 Exact
6 g o i gg

=4 SUSY SU(N)

gauge theoflows to CFT at low energy]

12 0 te
Exact _..=" \
1 ol Exact
0.8} S eenveene
" —.2.f LD "
0.6¢1 i e "'-\_ -.l.
0.4t : MHD B 0.3} D
0.2} F— \
B e —0.4} \
faasest——T"" . : h ; MHD ; : .
025 0.5 075 1 135 1.5 025 05075 1 125 1.5



AdS/CFT correspondence

The quantum theory of a black hole in a 3+1-dimemesi
negatively curved AdS universe is holographicadigresented by
a CFT (the theory of a quantum critical point) t#ilZdimensions

| Maldacena, Gubser, Klebanov, Polyakov, Witten



AdS/CFT correspondence

The quantum theory of a black hole in a 3+1-dimemesi
negatively curved AdS universe is holographicadigresented by
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AdS/CFT correspondence

The quantum theory of a black hole in a 3+1-dimemesi
negatively curved AdS universe is holographicadigresented by
a CFT (the theory of a quantum critical point) #iladimensions
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Further analogy
with AdS-CFT

MM, J. Schmalian, L. Fritz, (2008)

Is quantum critical graphene a nearly perfect fluid?
<>

Anomalously low viscosity? — Yes'
Conjecture from black shear visosity _ n
hole physics: entropydensﬂy S

n_h
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Electronic consequences of low
VISCOSIty?

MM, J. Schmalian, L. Fritz, (2008)

e VViscous effects on R R
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Summary.

. < Relativistic liguid >

Hoie Fermi liquid‘\\ Electron Fermi liguid

* Hydrodynamic description N S
. . Interaction df)mma ted | h}idrodynamzc)
of relativistic transport ~ -————----- WS S

. Disorder dc{;ﬁ’:’ina fed
— Collective cyclotron resonance o .
— Lorentz invariance- thermodynamics and

only oneparameteo,determine all response

e Boltzmann theory
— Hydrodynamic<onfirmed andefined

« Toy example of relativistic/quantum critical sysi®
— Graphene as iaearly perfecfluid, like the quark gluon plasma!



