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(0) Introduction

Donaldson invariants: C°°-inv. of compact 4-manifolds
For X proj. surface: intersection number [, u(L)¢ on
moduli space Mﬁf(cl,@) of H-stable rk 2 sheaves on X

Nekrasov partition function Z(eq,eo,a,N\):
generating function of "equiv. Donaldson inv. of A2
equivariant intersection number of moduli of instantons M (r,n).

X proj. toric surface — X glued together from AZ's

Aim A: Compute Donaldson invariants of X in terms of
Nekrasov partition function (r = 2)

Aim B: Relate rk = r Don. inv. of X to Nekr. part. fct.



K-theory Nekrasov partition function Zg(g1,e2,a,N\):
generating function for equiv. char. of HO(M(r,n), O)
" K-theoretic Donaldson invariants of A2"

L line bundle L :=O(u(L)) Donaldson I. b.
— X
on X on Mj;(cy,c2)

Aim C: Compute x(M# (c1,c2),L) in terms of Zg

Note: D-inv &% (¢ (£)dmAD) :/MX( } c1 (L)dimM)
i1 (c1,c

Riemann-Roch = x(M, L) = o4 Cl(cl(f)d)/d! + l.o.t



Motivation:
(1) Nekrasov partition function is closely related to relation
Seiberg Witten-invariants «—— Donaldson invariants

(2) Formula can be viewed as analogue of topological
vertex formula

(3) x(M, L) should be K-theoretic Donaldson invariants
(still not constructed).

Want to understand analogues of all basic properties of
Donaldson-invariants



(1) Review of Donaldson invariants for alg. surf.

(X, H) proj. surface

MI)_I((cl,CQ) = {H-stable rank 2 sheaves}
E — X x M universal sheaf, L € Hy(X), p € Ho(X)

pt HA(X) = HY(M); (o) = (e2(B) — Sc1(B)2) /o

o2 y(exp(Lz+pz)) = Z/ exp(u(L)z + u(p)x)Adm)

X(Cl7n)
® pg(X) >0, (b > 3): independent of H
® pg(X) =0 (b4 = 1): depends on H via system of walls and
chambers in ample cone Cyx



Walls: ¢ € H2(X,Z) defines wall of type (cq,¢p) if
¢ =c; mod 2H?(X,Z) and 4cy; —c5+£2>0
Wall W& :={H e Cx | H-¢( =0}

Chambers=connected components of Cx\ walls
M}?(cl,cz) and invariants constant on chambers, change when
H crosses wall (i.e. H- — Hy with H £ <0< H4¢)

Studied in gauge theory by Kotschick, K.-Morgan, K.-Lisca
Kotschick-Morgan:

X
¢61,62,H+ 61 co,H Z :|:(5€ 2

Kotschick-Morgan conj.: 62, is polynomial in (¢, L), L?
coefficients depend only on ¢s, £€2 and topology of X



Using K-M conjecture [G] determined gen. function for
wallcrossing in terms of modular forms

Moore-Witten: Derive same formula for wallcrossing via
integration over the wu-plane,

Marino-Moore: Generalize this result to r arbitrary. In this case
the wallcrossing is subject to higher order wallcrossing

Nekrasov: Rigorous approach to u-plane integral via Z
Predicts: Donaldson invariants obtained by integrating Z over a.

Kronheimer: Mathematical definition of higher rank Donaldson
invariants



(2) Nekrasov Partition function

Instanton moduli space: P2 = A2 U,

rk(E) =r,c(E) =n,¢: E|| _ ~ O%"
smooth quasiproj, dim 2rn, e.g. M(1,n) = Hilb”(Az)

2
M(rn) = { framed coh. sheaves (E,$) on P }

Torus Action:
C* x C* acts on (P2,ls0): (e1,€%2) (21, 20) = (€121, €f225)
(CH—1 = {(eal, o, edr) | Sa; = O} acts

by change of framing (e%1,...,e%)(FE, ¢) = (E,diag(e®,...,e%) o

¢)
Fixpoint set of (C*)2+7—1 is finite:

{(Izl@. ..®lg ,id) ‘ Z; € Hilb"(A?,0), ideal gen. by monomials}



Let X variety over C with action of

T = (C*F = {(e¥1,...,e%k)} and X1 = {pq,...,pe}

Equiv. cohom. H7(X): module over Hy.(pt) = Clwq, ..., w]
e.g. E equiv. vector space, eigenval. e’ = ¢(E) =[[;(1 + b;)
Equiv. integration: X compact, a equiv. lift of o« € H*(X)

/ _ ap;
o =

wi=...=w,=0

Nekrasov Partition function
M (r,n) with action of (C*)2FT7—1 = {(ef1, %2, %)}

7t (e1,60,G,A) =" Y AP [ 17 € Cer, 60, D]
nZO M(T,TL)

Z(€17€2>a:7 /\) — ZinSt - 4PET



Nekrasov conjecture (Nekrasov-Okounkov, Yoshioka-Nakajima,
Braverman-Etinghof)
(1) Z = exp(F(sls’fgéa’/\)) , F regular at ey =e> =0

(2) Fo = Fl|.,=-,=0 is Seiberg-Witten prepotential
(periods of SW-curve, a family of hyperelliptic curves).

Seiberg-Witten curve: parametrized by 4@ = (up,...,ur).
Co y?=P(2)°—4N°", P()=2"+uy" ?+... +u
hyperelliptic curves via (y,z) — 2z € P1

1 zP'(z)d
Seiberg-Witten differential d$ = — 2P (2)dz
7T
Put aq 1=/ dS, aj =2my/-1/ dS
Ao B,

0Fy

(a=1,...,7, B=2,...,r). Fy characterized by a5 = —
B 8@5
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K-theory Nekrasov Partition function
ZiM(e1, 62,8, N) = Y AN me EFem2eh (HO(M (r,n), 0)) € C(e™, e, e®)[[A]]
n>0

Character = formal sum of (finite-dim) weight spaces

- —(e1+e9)/2
e.g. r=1: Z(eq,e0,A) =1+ (f_e;l)(i_eg) + O(A2)

— r7inst per

(Yoshioka-Nakajima): Similar result for Zg
Same statement, different family of hyperelliptic curves
Know also next two orders in €1,e0 of F' and Fy in case r = 2
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(3) Donaldson inv. and y(M, L) versus Nekrasov part. fctn

Fix r = 2. X sm. toric surface, C* x C* = {(e°1, e*2)}-action
fixpoints {p1,...,pe}, w(x;), w(y;) weights of action on T, X
Fix F with M3 (c1,c0) = 0 (exists after blowing up X)
Donaldson invariants:

P2 y(exp(Lz+pz)) = ;% res lim (H Z(w(%) w(yz) t—&ln AeLztpl, /4)>dt

t=o00 €1,60—0 2
Here ¢ € H2(X,Z) with £ =¢; mod 2 and €H >0 > &F.

Holomorphic Euler Characteristic: L € Ho>(X) with {(cq, L) even
L line bundle on M3 (c1,n) with c1(L) = p(L).

ZX(M§(617 ’I’L), Z)/\dz’mM

= Z —~ (res — res) lim (H Zk (w(zcz) w(yi), ;'p’,/\e(LKx)pz/‘l)) d(e")

et=0 el=o0 €1,60—0 et
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(4) Method of proof

X toric surface = Mj; (c1,cp) and Don. inv. depend on

chamber of H. In one chamber moduli space is empty
—= everything determined by wallcrossing

Aim: Relate wallcrossing to partition function.
Let £ define wall W<E. When H crosses wall, sheaves E in

0— Iz((€+c1)/2) = E— Iw((=§+e1)/2) = 0, (Z,W) € X! x X"

(I +m = 4co — 2 4 €2) are replaced by extensions the
other way round

Geometrically:  Start with M3 (c1, o).

Successively for [ =0,1...,4cy — cf + £2:

e blowup bundle P(Ext!(Iyy, I,(€))) over x % xlml,

e blow down exceptional divisor D to P(Ext! (I, 1y (—£)))
Finally arrive at M§+(c1,c2).
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Fix I,m, let p: D — XU x xIml projection

wallcrossing for D-inv| = (B = |
_vva crossing for mv] /D(Ap (B)) X[l]xx[m](p*A)B

\wallcrossing for X(Z)] — (D, A @ p*(B")) = v(x" x x[M p A"y ® B

Now apply Bott formula on X x xlml.
Action of C* x C* on X lifts to X x xlm]

U (X[l] % X[m])(c*)Q _ U M(nl)(c*)3 % M(ne)(c*)3

l,m ni,...,Ne
Show: contribution for both sides is the same at every fixpoint

Tizwy X x XM = Ext(I, 1) & Ext! (Iw, Iw)
TizwyM(n) = Ext'(Iz,17) ® Ext'(Iw, Iw) ® Ext*(Iz, Iw)e** @ Ext' (Iw, Iz)e >
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(5) Explicit formulas in modular forms and elliptic functions
Develop F = ¢c1e0l09 2, Ffr = €1e2109 Z -

F(e1,e0,a,N) = Fo+ (e1 4+ e2)H + e162F1 + (e1 +€2)°G + h.o.t
Similarly for Fy.

HZ<’£U(:UZ) w(y@) 2’£|p /\e(Lz+px)|p /4)

. 1 t— &,
= &Xp (Z . , F(w(afi)aw(yi)aTgm,/\e@z"'pm)m/“))

i—1 w(z;)w(y;)
_ 1 82y (&lp)?
= exp (zz_:w(azi)w(yi) (8a)2(t/2’/\) 5 —|—>

02 Fy &2 0°Fy (&, L)z 0°Fy (L,L)z? n OFy =x n
(0a)28 OlogNda 8 (logN)2 32 (log A\) 4 )

by Bott formula on X. Similarly for Z.

=exp<
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Donaldson invariants

¢
Holomorphic Euler characteristic

> x (M (e1,m), LYAHmAD

nez

S r(exp(Lz+pr)) = 3 & Coeff (¢~ exp (1(g/2, L)z4T(L2)22 ~uz ) 601 (1)) 1)
qO

=3+ Coeff (q_(£/2)2 exp ((g/z, L— Kx)hi+ (L — KX)QTK) 601(T)J(X)BK)
qO
¢

. . 02F _ 1 0F 050167 2
= e™T pi=_ 1 0o . .— _1 0o _ZooT7i0
q 271 (0a)? ~490logA\ — 9809%0

. Ou _ 24/-1 1 92 bale 12 .
= ga = 900910 =3 (@logN)2 — h=G2 !

T T
hk (/\) — 27T’I,< %:3) = h/\ + O(/\?;)7 Ty = IOg (901(27ri’ )

0o1(7)
Br =B+ O(A?)

) =TA2+ 0N,

0,0 (2,7) 1= Z(_1)(n+§)vq(n+g)2€2m(n+g)Z’

nesz

0, (1) :=6,,(0,7)
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Same formula holds for 5? for X any simply conn. alg. surfaces
with by =1

Proof: Show many intersect. numbers on x] are polynom. in
inters. numbers on X, thus formula determined by case of toric
surfaces.

Cor. Kotschick-Morgan conj. true for alg. surfaces.
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(6) Higher rank case:
E — X x M3 (r,c1,cp) universal sheaf, L € Hxo(X), p € Hp(X)

e (®)2) /s

r

&7 p(exp(Lz+px)) = Z/ o exp(u(L)z + p(p)x) AFm )
, n MH (?“,C]_,TL)

pt He(X) — H*(M); p(o) = (e2(B) —

r = 3. 2nd order wallcrossing:
£1,6> € H2(X) with W51, W2 intersecting transv.
H_|__|_,H_|__,H__|_,H__ ample with H_|__£1 > 0, H_|__£2 < 0, etc.

5’517_'_ — CDH_l__l_ o CDH__|_1 551,— — CDH_|__ - CDH__, etC
De¢y r = gy, 4 = 0¢y,— = Ogp + — Og5, —
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D¢, e,(exp(Lz +px)) = E¢, ¢, + E_¢) ¢, With

1
E¢ ¢, =— res res |im

/\2 tQZOO t1:OO 51,52—>O

e
t1—E&1|p; to—&|, t1—&1|p tr—El, . ‘
11 Z<w(wi),w(yi), ;f‘f — 25’2, 35'1 + 25|z,/\€(Lz+px)|pl/6>
i=1

Similar formula for (r — 1)-th order wallcrossing for general r.

Still preliminary (not carefully checked)
Based on work of Mochizuki
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