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Introduction

Invariants of moduli spaces: A moduli space is a variety M
parametrizing objects, we are interested in.

Invariants are intersection numbers [, & on moduli spaces.
Often interesting in theoretical physics.

Examples of Moduli spaces

@ Moduli space of stable maps My »(X, 3) parametrizes
morphism from a curve of genus g to a smooth variety X.
The corresponding invariants are Gromov-Witten invariants

© Moduli space of stable vector bundles/sheaves on
curve/surface/threefold

corresponding invariants: conformal blocks/Donaldson
inv./Donaldson-Thomas inv.
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Introduction

For a long time motivation for studying moduli spaces of sheaves on
surfaces were Donaldson invariants. Refinement:

Let Y compact complex manifold of dimension d, L € Pic(X).
Can define two related invariants of (Y, L):

Q /, ci(L)? (degree)
Q x(V,L)= Z,ZO(—1)"h"(Y L) (holom. Euler char.)
mlye

Riemann-Roch: x(Y,L®") = )¢ + O(nd=").

Thus (2) is a refinement of ( )
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For a long time motivation for studying moduli spaces of sheaves on
surfaces were Donaldson invariants. Refinement:

Let Y compact complex manifold of dimension d, L € Pic(X).
Can define two related invariants of (Y, L):

Q /, ci(L)? (degree)
Q x(V,L)= Z,ZO(—1)"h"(Y L) (holom. Euler char.)
mlye

Riemann-Roch: x(Y,L®") = )¢ + O(nd=").

Thus (2) is a refinement of ( )

x(Y, L) contains geometric information about Y
For C curve x(C, L) = deg(L) + 1 — g, i.e. determines genus
In general information about linear systems, morphisms.
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Introduction

For a long time motivation for studying moduli spaces of sheaves on
surfaces were Donaldson invariants. Refinement:

Let Y compact complex manifold of dimension d, L € Pic(X).
Can define two related invariants of (Y, L):

Q /, ci(L)? (degree)
Q x(V,L)= Z,ZO(—1)"h"(Y L) (holom. Euler char.)
mlye

Riemann-Roch: x(Y,L®") = )¢ + O(nd=").

Thus (2) is a refinement of ( )

x(Y, L) contains geometric information about Y
For C curve x(C, L) = deg(L) + 1 — g, i.e. determines genus
In general information about linear systems, morphisms.

@ Donaldson inv.=deg. of line bundle L on moduli of sheaves

@ K-theory Don. inv.= holomorphic Euler characteristic of L
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aside: Verlinde formula

Let C nonsingular projective curve of genus g
Mc(r, L) =
Moduli space of rk r bundles E on C with det(E) = L

One shows Pic(Mc(r,L)) =7Z-6

Theorem
(Verlinde formula)

hO(MC(ra 0)7 ek) = X(MC(rv O)v Hk)
. s—t
2sin (WrJr k)

In some sense we are trying to find the analogue of the
Verlinde formula for surfaces.

rd -1

" (r+ k) >, 1III

SuT={1,....,r+k} se€SteT
|S|=k
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X simply conn. proj. algebraic surface, H ample on X
Fix ¢y € H3(X,Z), ¢, € H*(X, Z).

M = M)"EI(C1 s Cg)
= moduli space of H-stable rk 2 torsion-free sheaves on X

torsion free sheaf="vector bundle with singularities"
H-stable: "all subsheaves of £ are small":

HOHT) WESHT) for a0 4 F £, 0 0




Introduction
X simply conn. proj. algebraic surface, H ample on X
Fix ¢y € H3(X,Z), ¢, € H*(X, Z).

M = M)"EI(C1 s Cg)
= moduli space of H-stable rk 2 torsion-free sheaves on X

torsion free sheaf="vector bundle with singularities"
H-stable:’;;?ll Sﬁgsjhea/\vloe(g Ol-f/ @f‘,’ )are small™:

FQH®" ®H®"

KA < k@) foral0£F C& n>0

Moduli space means:

@ As set M is the set of isomorphism classes [E] of H-stable
torsion free sheaves on X

Q If £/X x Sflat family of sheaves, then
S — M; s+ [E]xxsy] is @ morphism.
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Definition of invariants

Simplifying assumptions:
@ M is compact
@ There is a universal sheaf £ on X x M
i.e. &|xxg = Eforall [E] e M
@ M is nonsingular of the expected dimension
d=4c, — C12 — 3)((0)()
All these assumptions can be removed.
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Definition of invariants

Simplifying assumptions:
@ M is compact
@ There is a universal sheaf £ on X x M
i.e. &|xxg = Eforall [E] e M
@ M is nonsingular of the expected dimension
d=4c, — C12 — 3)((0)()
All these assumptions can be removed.

K°(X) := Grothendieck group of vector bundles =

free abelian group gen. by vector bundles on X/ =

Here, if 0 - E — F — G — 0 is an exact sequence, then
F=E+G.

This may look complicated, but is just a way to keep track of
rank and Chern classes
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Definition of invariants

K°(X) :=Grothendieck group of vector bundles
Let ¢ € K9(X) class of E € M.

XX x MLom

Definition
Let v € KO(X) with x(X,c® v) = 0 (write v € ¢ct)
The determinant bundle for v is

Mv) = det(Rp.(£ @ g*(v))~! € Pic(M)




Introduction
(o] lo}

Definition of invariants

K°(X) :=Grothendieck group of vector bundles
Let ¢ € K9(X) class of E € M.

XX x MLom

Definition
Let v € KO(X) with x(X,c® v) = 0 (write v € ¢ct)
The determinant bundle for v is

Mv) = det(Rp.(£ @ g*(v))~! € Pic(M)
Let L € Pic(X). Assume Lcy even. Put
V(L) := L= — Ox + kOp € c*

The Donaldson line bundle for Lis L := A(v(L)).
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Definition of invariants

Definition

The K-theoretic Donaldson invariant for L is x(M, Z).
Generating function:

Xa (L) =D x(Mf(cr, c2), L)t € Z][1]].

Co
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Definition

The K-theoretic Donaldson invariant for L is x(M, Z).
Generating function:

Xa (L) =D x(Mf(cr, c2), L)t € Z][1]].

Co

Standard Donaldson invariant [y, c1(L)?.



Introduction
ooe

Definition of invariants

Definition

The K-theoretic Donaldson invariant for L is x(M, Z).
Generating function:

Xa (L) =D x(Mf(cr, c2), L)t € Z][1]].

Co

Standard Donaldson invariant [y, c1(L)?.

(Jun Li) For n > 0 the line bundle nH on M)Q’ (¢1, C2) Is spanned,
and defines a birational morphism onto the Uhlenbeck
compactification.
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Main results

M (cy, c2) depends on H:
There are walls (hyperplanes) in H?(X, R).
MY{(c1, c2) and invariants change only when H crosses a wall.
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Main results

M (cy, c2) depends on H:
There are walls (hyperplanes) in H?(X, R).
MY{(c1, c2) and invariants change only when H crosses a wall.
Aims:
@ Prove wallcrossing formula for X(M)"(’(q , 02),1)

@ For X for P? and rational ruled surfaces compute
generating function as rational function

@ Relate result to Le Potiers strange duality conjecture



Wallcrossing
°
WELS

Let (X, H) simply conn. polarized surface with pg(X) = 0
M)Q’(q , Co) depends on H, via a system of walls and chambers.
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°
WELS

Let (X, H) simply conn. polarized surface with pg(X) = 0
M)Q’(q , Co) depends on H, via a system of walls and chambers.

Definition

Let Cx c H?(X,R) be the ample cone.
¢ € H?(X,Z) defines wall of type (cy, ¢) if

Q ¢=c¢y mod 2H?(X,7Z)
Q4c-c2+¢2>0

The wall is

WE¢.={HeCx|H ¢=0}




Wallcrossing
°
WELS

Let (X, H) simply conn. polarized surface with pg(X) = 0
M)Q’(q , Co) depends on H, via a system of walls and chambers.

Definition

Let Cx c H?(X,R) be the ample cone.
¢ € H?(X,Z) defines wall of type (cy, ¢) if

Q ¢=c¢y mod 2H?(X,7Z)
Q4c-c2+¢2>0

The wall is

WE¢.={HeCx|H ¢=0}

Chambers=connected components of Cx\ walls
M{(c1, c2) and invariants constant on chambers, change when
H crosses wall (i.e. H- — Hy with H_¢ < 0 < H¢§)
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Wallcrossing formula

Definition

Let ¢ define a wall of type (¢4, o). Put d := 4c, — 012 -3
The wallcrossing term is N N
AX (L) = x(My* (c1,¢2)), L) — x(My (1, ¢2)), L)
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Wallcrossing formula

Definition

Let ¢ define a wall of type (¢4, o). Put d := 4c, — 012 -3
The wallcrossing term is

AL y(L) = x(M* (1, 62)), L) — x(My~ (cy, c2)), D).

First aim: give a generating function for the wallcrossing terms
in terms of elliptic functions.
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Wallcrossing formula

Theta functions:

Oab(h) = Y pea 2 " (1Py)". @b e {0,1}, y = €M

o R . 011(h)
Oab := 0ap(0), U = TR, 6, A= 0o1(h)
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Wallcrossing formula

Theta functions:

Oan(h) = Y ) @™ ()", @, b€ {0,1}, y = &M

02 62
O = Oapl0), U= — 18 — 0, A= Gl

Theorem
Write

_g2 — 0o1(h (L=Kx)? o(X)
q 3 yf(L Kx) (%) 9 ( qgg g7\ ZdEZ>o (q)/\d

01

o
o
o
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Wallcrossing formula

Theta functions:

Oab(h) = ana (2) q"
2
Oap = 0a5(0), U o

2
910

“(iPy)", a,be {0,1}, y = eh/2

0% _ 011(h)

~ Oo1(h)

’
900

Write (LK)
_ g2 _ Oo1(h X a(X)
g€yl (SO T g0 gdudh 5, Fa( @AY,
Then p _
AL 4(L) = XMy (c1, ), L) — x(My~ (¢, ¢2), L) =

=+ Coeffgo f3(q).

Generating function
AX(L) = 2y AL y(LA?

=>4 Coeffeo fy(q)A?
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Wallcrossing formula

Before, to compute x(M¥(c1, ¢2), Z), need to understand
M{(c1, c2) very well, only possible for small c,.
Want to determine generating function >, x(M{(cy, e2), L)t

This should be hopeless.
However, wallcrossing formula gives information for arbitrary ¢
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Wallcrossing formula

Before, to compute x(M¥(c1, ¢2), Z), need to understand
MQ(Q , C2) very well, only possible for small cs.

Want to determine generating function >, x(M{(cy, e2), L)t

This should be hopeless.
However, wallcrossing formula gives information for arbitrary ¢

@ The walls W¢ of type (c1, ¢2) are locally finite in Cx.

@ (bad news) If one wants to consider generating function
S x(ME(eq, n), L)t", one has to consider all walls W* for
all ¢ € ¢y +2H?(X,Z). These are everywhere dense in Cx.
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Wallcrossing formula

Corollary
(good news) Let ¢ class of type (¢4, C2)
Q@ Af4(L)=0ford large
(a wall contributes only in finitely may degrees)
Q /fIE(L— Kx)| +1 < —€2 then A¥ (L) = 0 for all d
"Most walls do not contribute at all".

This is very different from the usual Donaldson invariants.
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Strange duality

Let X algebraic surface, let ¢, v € K°(X) with y(c ® v) = 0.
Assume H?(E ® F) = 0 for all [E] € M(c), [F] € M(v).

© := {(E,F) € M(c) x M(v) | °(E® F) # 0}

Assume © is zero set of o € HO(M(c) x M(v), A\(v) K \(c))
— Duality morphism D : HO(M(c), A\(v))" — HO(M(v), X(¢c))
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Strange duality

Let X algebraic surface, let ¢, v € K°(X) with y(c ® v) = 0.
Assume H?(E ® F) = 0 for all [E] € M(c), [F] € M(v).

© := {(E,F) € M(c) x M(v) | °(E® F) # 0}

Assume © is zero set of o € HO(M(c) x M(v), A\(v) K \(c))
— Duality morphism D : HO(M(c), A\(v))" — HO(M(v), X(¢c))

Conjecture/Question

Q@ Whenis D : HO(M(c), \(v))Y — HO(M(v), \(c)) an
isomorphism? (strong strange duality)

© When is x(M(c), \(v)) = x(M(v), \(c))? (weak strange
duality)
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Case of Donaldson bundles

Let L € Pic(X), ¢(n) class of E € M¥(cy,n)

v(L) = Ox — L= + kOp independent of n.

c(n) = O + O(c1) — NOpt, thus

A(e(n)) = MO + 0(¢1)) @ M(Opr)?~".

It follows x(M(v(L), A\(c(n))t" € Q(t) is a rational function in ¢.
Strange duality implies x(M¥ (¢4, n), L) = x(M(v(L), M(c(n))
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Case of Donaldson bundles

Let L € Pic(X), ¢(n) class of E € M¥(cy,n)

v(L) = Ox — L= + kOp independent of n.

c(n) = O + O(c1) — NOpt, thus

A(e(n)) = MO + 0(¢1)) @ M(Opr)?~".

It follows x(M(v(L), A\(c(n))t" € Q(t) is a rational function in ¢.
Strange duality implies x(M¥ (¢4, n), L) = x(M(v(L), M(c(n))

Let X projective ~surface, H ample n X, L € Pic(X). Then
S x(MZ(cy, n)L)t" € Q(t).
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Case of Donaldson bundles

Let L € Pic(X), ¢(n) class of E € M¥(cy,n)

v(L) = Ox — L= + kOp independent of n.

c(n) = O + O(c1) — NOpt, thus

A(e(n)) = MO + 0(¢1)) @ M(Opr)?~".

It follows x(M(v(L), A\(c(n))t" € Q(t) is a rational function in ¢.
Strange duality implies x(M¥ (¢4, n), L) = x(M(v(L), M(c(n))

Conjecture

Let X projective ~surface, H ample n X, L € Pic(X). Then
S x(MZ(cy, n)L)t" € Q(t).

There is natural morphism 7 : M(v(L)) — |L|, F — supp(F)
General fibre over [C] is Pic?(C).

A\
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Rational surfaces

Let X be a rational surface. Possibly after blowing up X there is
an Hy with x(M?(cy, ¢z), L) = 0. = Everything is determined
by wallcrossing:

X(M{(cr.e). D)= > A0
EHy<0<EH
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Rational surfaces

Let X be a rational surface. Possibly after blowing up X there is
an Hy with x(M?(cy, ¢z), L) = 0. = Everything is determined
by wallcrossing:

X(M{(cr.e). D)= > A0
EHy<0<EH

Problem: If we want to look at generating functions, i.e.
consider all ¢, the sum becomes infinite. Need arguments
about elliptic functions/modular forms to carry out the sum.
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Rational ruled surfaces

Let X rational ruled surface. F fibre, G section. Let L € Pic(X). Put
s=L-F,n=L-G—-G? E.g.if X=P!'xP' then L =nF + sG
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Rational ruled surfaces

Let X rational ruled surface. F fibre, G section. Let L € Pic(X). Put
s=L-F,n=L-G—-G? E.g.if X=P!'xP' then L =nF + sG

Q Letc; =0, F assume H-G- 62 > 1, then

_ (1 t)n+1 = 0
1+ Z X(M)I}I(C1 , C2), L) 12 = = t)2n+2 s=1
6:>0 1 (+0" ()2 —p >

2 (1_t)3n+3
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Rational ruled surfaces

Let X rational ruled surface. F fibre, G section. Let L € Pic(X). Put
s=L-F,n=L-G—-G? E.g.if X=P!'xP' then L =nF + sG

Q Letc; =0, F assume H-G- 62 > 1, then

(1 t)n+1 S = 0
1+ x(M{(cr. ), L)1% = { =g s=1
6:>0 1 (0 (1) ()" 5

2 (1_t)3n+3

Q Letcy - F odd, assume 1 < H-G= G < n, then

== n/2
Z x(MZ(c1, ), L) p2Ci/4 = U—ttﬁ s=1
>0 /4 (+£1/2) 4 (—1)21L/2(1 g1 /2)n

2 (i—1)%3 s=22
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The projective plane

Want to use the formulas on P2 to get formulas for P2.
For this need blowup formulas.
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The projective plane

Want to use the formulas on P2 to get formulas for P2.

For this need blowup formulas.

Let X be a rational surface, X the blowup of X in a point. E the
exceptional divisor. Let H ample on X and L € Pic(X)

Theorem

ZX C17 L)tn ZX MX Ci,n 7 )
ZX C17 L_E)t = 1_t ZX MX C17n)7L)tn
n

There are also "higher blowup formulas" for L/?rTE, which are
more difficult to write
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The projective plane

(1703 n =] 1
1 —
(1- t)26 n=2
' Z (M2 (0, c2), nH) 1% = (11+tt)10 n=3
>0 1t6t2t)41r5t3 o4
14211242083 12114 +-1° _
S2BREANELE 5

146+t .
>0 SR 4

1
nk oy =2
Z X(MIP’Z(H7 Cz),nH)tczf1 _ {(1_1)6 n

For any nH there is an algorithm to determine the generating function
as explicit rational function in t (computed for n < 10)
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The projective plane

Danila determined other side of strange duality for H, 2H, 3H
and checked strange duality in this case for small c».

(Strong) strange duality holds forci = 0,H, L = H,2H, 3H.

Yuan Yau is using the result to prove strange duality for larger n
and for rational ruled surfaces.

Strange duality for K3 and abelian surfaces has been studied
by Marian-Oprea. Belkale and Marian-Oprea, proved strange
duality for curves (also called rank-level duality).
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Instanton moduli space

Main ingredient in proof of wallcrossing formula:
Nekrasov partition function.

Instanton moduli space:
M(n) = {(E,¢) | E rk 2, sheaf on P? with c;(E) = n, ¢ : E|,_ ~ O%?}
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Instanton moduli space

Main ingredient in proof of wallcrossing formula:
Nekrasov partition function.

Instanton moduli space:

M(n) = {(E,¢) | E rk 2, sheaf on P? with c;(E) = n, ¢ : E|,_ ~ O%?}
Torus action: C* x C* acts on (P2, /.):

(t1, tg)(Zo 12y 22) = (ZO stz t222).

Extra C* acts by s(E, ¢) = (E,diag(s™', s) o ¢).
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Instanton moduli space

Main ingredient in proof of wallcrossing formula:
Nekrasov partition function.

Instanton moduli space:

M(n) = {(E,¢) | E rk 2, sheaf on P? with c;(E) = n, ¢ : E|,_ ~ O%?}
Torus action: C* x C* acts on (P2, /.):

(t1, tg)(Zo 12y 22) = (ZO stz t222).

Extra C* acts by s(E, ¢) = (E,diag(s™', s) o ¢).

Fixpoints: M(n)(€)° = {(Iz, ® I,),id) | Z € Hilb"(A2,0) monomial}
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Instanton moduli space

Main ingredient in proof of wallcrossing formula:
Nekrasov partition function.

Instanton moduli space:

M(n) = {(E,¢) | E rk 2, sheaf on P? with c;(E) = n, ¢ : E|,_ ~ O%?}
Torus action: C* x C* acts on (P2, /.):

(t1, tg)(Zo 12y 22) = (ZO . t1Z1 : t222).

Extra C* acts by s(E, ¢) = (E,diag(s™', s) o ¢).

Fixpoints: M(n)(€)° = {(Iz, ® I,),id) | Z € Hilb"(A2,0) monomial}
Character: Let V vector space with (C*)3 action. = V =3, Vi,
Vi, eigenspace with eigenvalue M; Laurent monomial in t, &, s.

The Character of Vis ch(V) := >, dim(Vy,)M;
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Nekrasov partition function

The Nekrasov partition function is given by

. A4\ n
ZInSt(61>€27a7 A) = e Ch(HO(M(n)aO))‘t1:e51,t2:e€2,s:ea
n>0 b

Z = zZnstzrert \where ZPe' is explicit function of €1, e, a, A.
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Nekrasov partition function

The Nekrasov partition function is given by

. A4\ n
Z"H (1, €2, 8, M) = Z (@) ch(HY(M(n), )|y, =ert ez s—ea
n>0

Z = zZnstzrert \where ZPe' is explicit function of €1, e, a, A.

Nekrasov Conjecture (Nekrasov-Okounkov,
Nakajima-Yoshioka, Braverman-Etingof):

Q@ Z = exp(Flee2@My Freqular at e, o

€1€2

Q@ F|.,—,—0 can be expressed in terms of elliptic functions.



Nekrasov partition function

Proof of wallcrossing formula

Express wallcrossing in terms of the Nekrasov partition function, then
wallcrossing formula follows from the Nekrasov conjecture.
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Proof of wallcrossing formula
Express wallcrossing in terms of the Nekrasov partition function, then
wallcrossing formula follows from the Nekrasov conjecture.

Reason it works: Both related to Hilbert schemes of points.
On M(n) fixpoints are pairs of zero dim. subschemes .
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Proof of wallcrossing formula

Express wallcrossing in terms of the Nekrasov partition function, then
wallcrossing formula follows from the Nekrasov conjecture.

Reason it works: Both related to Hilbert schemes of points.
On M(n) fixpoints are pairs of zero dim. subschemes .
Wallcrossing is by replacing sheaves lying in extensions

0—1z(§) = E—Iz(c1 — &) — 0 Z € Hilb™(X)

by extensions the other way round.
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Proof of wallcrossing formula

Express wallcrossing in terms of the Nekrasov partition function, then
wallcrossing formula follows from the Nekrasov conjecture.

Reason it works: Both related to Hilbert schemes of points.

On M(n) fixpoints are pairs of zero dim. subschemes .

Wallcrossing is by replacing sheaves lying in extensions

0—17(&) = E—Iz(c1 —&) — 0 Z € Hilb™(X)

by extensions the other way round.

This describes change from M;'* (c1,¢) to0 M;’*(q , C2) by series of
flips with centers the Hilb™ (X) x Hilb™(X).

Use this to compute Agfd(L) as sum of intersection numbers on the
Hilb™ (X) x Hilb™(X).



Nekrasov partition function

Proof of wallcrossing formula
Express wallcrossing in terms of the Nekrasov partition function, then
wallcrossing formula follows from the Nekrasov conjecture.

Reason it works: Both related to Hilbert schemes of points.
On M(n) fixpoints are pairs of zero dim. subschemes .
Wallcrossing is by replacing sheaves lying in extensions

0—1z(§) = E—Iz(c1 — &) — 0 Z € Hilb™(X)

by extensions the other way round.

This describes change from M;'* (c1,¢) to0 M;’*(q , C2) by series of
flips with centers the Hilb™ (X) x Hilb™(X).

Use this to compute Agfd(L) as sum of intersection numbers on the
Hilb™ (X) x Hilb™(X).

Reduce to case X is toric. In this case use localization to compute
intersection number on Hilb™ (X) x Hilb"™(X) in terms of weights at
the fixpoints. The expression obtained this way is equal to what one
gets by computing product of Nekrasov partition functions over the
fixpoints of the action on X with ¢4, €, a replaced by weights of the
action.
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