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Introduction

Topics:
@ |Introduction: Severi degrees, refined invariants
© Tropical curve counting and tropical refined Severi degrees
© Fock spaces and refined curve counting

© Logarithmic Gromov-Witten invariants with \-classes and
refined Severi degrees

© Refined descendent invariants
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Curve counting

Severi degree:
S smooth proj. alg. surface, L line bundle on S

IL| = {C = Z(s) | s section of L} = PN~

P9 C |L| gen. §-dim. lin. subsp. (curves through dim |L| — § pts)
Severi degree: ns ) s := #{d-nodal curves in P’ C |L|}



Introduction
[ ]

Curve counting

Severi degree:
S smooth proj. alg. surface, L line bundle on S

IL| = {C = Z(s) | s section of L} = PN~

P9 C |L| gen. §-dim. lin. subsp. (curves through dim |L| — § pts)
Severi degree: ns ) s := #{d-nodal curves in P’ C |L|}

Kool-Shende-Thomas compute n(S:1)9 ysing relative Hilbert
schemes of points on the universal curve C/P°

Note: The Pandharipande-Thomas moduli space of stable pairs
is isomorphic to the relative Hilbert scheme of points.
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Refined invariants

Refinement: P° C |L| general §-dimensional linear subspace

cll relative Hilbert scheme of universal curve C over P?
parametrizes sets of n-points on the curves of P9
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Refined invariants

Refinement: P° C |L| general §-dimensional linear subspace

cll relative Hilbert scheme of universal curve C over P?
parametrizes sets of n-points on the curves of P9

X-y-genus: x—y(X) =30, 4(=1)PTIhP9(X)y?

Write

Z ] Z c I—g(L)+1
e S ()
0 = H( = y1)

g(L) =genus of smooth curve in |L|
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Refined invariants

Refinement: P° C |L| general §-dimensional linear subspace

cll relative Hilbert scheme of universal curve C over P?
parametrizes sets of n-points on the curves of P9

X-y-genus: x—y(X) =30, 4(=1)PTIhP9(X)y?

Write

Z ] Z c I—g(L)+1
e S ()
0 = H( = y1)

g(L) =genus of smooth curve in |L|

Refined invariants: N(SD4(y) .= NS(y)/y°
Note: N(SD9(1) = nig ) 5 (if L suff. ample), so refinement of
Severi degrees

Mo Mﬂmﬂ obhare N ELS (1) “Mbbedliraps 2l
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Refined invariants

Interpretation as refined K-theoretic PT invariants (Afgani)
X total space of Kg

X is noncompact CY with C* action by rescaling the fibres

i: S < X, zero section, image S = X©".
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Refined invariants

Interpretation as refined K-theoretic PT invariants (Afgani)
X total space of Kg

X is noncompact CY with C* action by rescaling the fibres

i: S < X, zero section, image S = X©".

Let P, (X, i.3) moduli space of stable pairs

(F dim 1 sheaf on X, s: Ox — F section with 0 dim coker)
X(F) = x, [supp(F)] =

P, = P, (X, i) carries self-dual C* equiv obstr theory

For sq,...,8m € S compute via virtual localization
' 1/2 %
M, := <O,‘é’; ® (Kyn)/ ®ny Os, ) e Z[t/t ¥
f,}: x$
y)= f&(@@m ‘ "‘)
f b N
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Refined invariants

Interpretation as refined K-theoretic PT invariants (Afgani)
X total space of Kg

X is noncompact CY with C* action by rescaling the fibres

i: S < X, zero section, image S = X©".

Let P, (X, i.3) moduli space of stable pairs

(F dim 1 sheaf on X, s: Ox — F section with 0 dim coker)
X(F) = x, [supp(F)] =

P, = P, (X, i) carries self-dual C* equiv obstr theory

For sq,...,8m € S compute via virtual localization

M, = x(OF @ (Ky" 1/2®ny 0s)) € ZIt t7]

t is the equivariant parameter of the action. Under suitable
assumptions N(S:D)%(y) expressed in terms gen. fct of MX’t:y’
by BPS like formula
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Welschinger invariants

Let S real algebraic surface; P configuration of dim|L| — ¢ real
points of S
Welschinger numbers: Ws ) s(P) = > (—1)%(°)

c
sum is over all real §-nodal curves C in |L| though P
s(C) = #{isolated real nodes of C}

o
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Tropical curve counting

Curves can be counted by counting piecewise linear objects:
the tropical curves

A lattice polygon A in R? is a polygon with vertices with
integer coordinates

To a convex lattice polygon A one can associate a pair
(S(A), L(A)) of a toric surface and a toric line bundle on S
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Curves can be counted by counting piecewise linear objects:
the tropical curves

A lattice polygon A in R? is a polygon with vertices with
integer coordinates

To a convex lattice polygon A one can associate a pair
(S(A), L(A)) of a toric surface and a toric line bundle on S

S is defined by the fan given by the outer normal vectors of A
ho(S, L) = #(A N Z?), arithmetic genus #int(A N Z2)
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[ Jele]e]

Tropical curve counting

Curves can be counted by counting piecewise linear objects:
the tropical curves

A lattice polygon A in R? is a polygon with vertices with
integer coordinates

To a convex lattice polygon A one can associate a pair
(S(A), L(A)) of a toric surface and a toric line bundle on S

S is defined by the fan given by the outer normal vectors of A
ho(S, L) = #(A N Z?), arithmetic genus #int(A N Z2)

Examples:

Q (P2,0(d)) d
4 A,

e (IP)1 XP1?O(d17d2)) A . '
4
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Tropical curve counting

plane tropical curve of degree A:
piecewise linear graph I' immersed in R? s.t.

@ the edges e of I have rational slope

© they have weight w(e) € Z-¢

© balancing condition:
let p(e) primitive integer vector in direction of e;
for all vertices v of I':

> p(e)w(e) = 0. S
eatv

© For every edge of A (of lattice length n) I has n unbounded
edges in corresponding outer normal direction

(N

Concte s T
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Tropical curve counting

Simple tropical curves: analogues of nodal curves, trivalent

genus of I — R2is g(I') = h'(I") — hO(T) + 1

Number of nodes #int(A) — g(I')

through #(A N Z2) — 1 — § general points in R?, there are
finitely many é-nodal degree A tropical curves, all simple

Count these curves with certain multiplicities
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Tropical curve counting
Simple tropical curves: analogues of nodal curves, trivalent

genus of I — R?is g(I') = h'(I') — h%(T") + 1

Number of nodes #int(A) — g(I')

through #(A N Z2) — 1 — § general points in R?, there are
finitely many é-nodal degree A tropical curves, all simple

Count these curves with certain multiplicities

Different counts; same principle:
@ for every vertex v of I' define vertex multiplicity u(v)
@ multiplicity of I'is u(l) =TT, vertex U(V)
© corresponding curve count is

u(A,8) =" u(r)
r

(sum over all 6-nodal, degree A tropical curves through
#(A N7Z?) — 1 — ¢ general points in R?)
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Tropical curve counting

@ v vertex of I, ey, &, €3 edges at v. vertex multiplicity

m(v) = w(e)w(ez)| det(p(er), p(e2)), m(N)= [[ m(v)

v vertex

Tropical Severi degree n5 := > m(T")
r
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Tropical curve counting

@ v vertex of I, ey, &, €3 edges at v. vertex multiplicity

m(v) := w(er)w(ep)|det(p(er), p(e2))l, m(N) = [[ m(v)
v vertex
Tropical Severi degree n5 := > m(T")
r

—1)(m(v)=1)/2
© vertex multiplicity w(v) := (=1) m(v) odd ,
0 m(v) even
w(l) =TI vertex w(V)
Tropical Welschinger inv. W, := " w(T)

r
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Tropical curve counting

@ v vertex of I, ey, &, €3 edges at v. vertex multiplicity

m(v) = w(e)w(ez)| det(p(er), p(e2)), m(N)= [[ m(v)

v vertex

trop

Tropical Severi degree n5 := > m(T")
r

—1)(m(v)=1)/2
© vertex multiplicity w(v) := (=1) m(v) odd :
0 m(v) even

w(l) =TI vertex w(V)

Tropical Welschinger inv. W, := Zw(r)

r

Mikhalkin: The Severi degree is equal to the tropical Severi
degree and the Welschinger numbers are equal to the tropical
Welschinger invariants.

tro

N(s(8)L(a)5 = MA g Ws(a),L(a)).s(P) = Wy's for suitable P
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Refined Severi degree

yrR2—y-n/2
}/1/2*}/_1/2

(—1)("=1/2" nodd
0 neven
Let I' simple tropical curve, v vertex

M(v):=[m(V)ly, M) = T[] M(v)

v vertex

quantum number: [n], :=

By definition [n]y = n, [n]_4 =
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Refined Severi degree

yn/ziy—n/Z
y1 /27},—1/2

(—1)("=1/2" nodd

0 neven
Let I' simple tropical curve, v vertex

M(v):=[m(V)ly, M) = T[] M(v)

v vertex

quantum number: [n], :=

By definition [n]y = n, [n]_4 =

Refined Severi degree: NX‘?E(y) ;=Y _r M(') sum as above
NAB(1) = 5, NpS(=1) = Wy

Itenberg-Mikhalkin: Ngfg(y) is a tropical invariant, i.e.
independent of the position of the points
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Refined Severi degree

Conjecture (Tropical refined = x, (Hilbert scheme) refined)

If L(A) is sufficiently ample (6-very ample), then

() .
N (y) = NSEILAN2(y)
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Heisenberg algebra

The refined Severi degrees can for many toric surfaces
(h-transversal lattice polygon) be computed in terms of the
action of Fock space
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Heisenberg algebra

The refined Severi degrees can for many toric surfaces
(h-transversal lattice polygon) be computed in terms of the
action of Fock space

Heisenberg algebra gen. by a5, b,, neZ
commutation relations

n/2 _ ,—n/2

Y Yy

[@n, @m] = 0 = [bn, bm],  [@n, bm] = [N]ydn,—m, [Ny = m



Fock space
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Heisenberg algebra

The refined Severi degrees can for many toric surfaces
(h-transversal lattice polygon) be computed in terms of the
action of Fock space

Heisenberg algebra gen. by a5, b,, neZ
commutation relations

n/2 _ ,—n/2

Y Yy

[@n, @m] = 0 = [bn, bm],  [@n, bm] = [N]ydn,—m, [Ny = m

Fock space: F generated by creation operators a_,, b_,
acting on vacuum vector v

elements of F are f vy, where f is a polynomial

(with coefficients in y='/2 in the a_,, b_p)

H-module by a,vy :=0, byvy :=0forn>0

(concatenate and apply commutation relations) e.g.
a(a_1b_ovy) = a_1(b2ax +[2ya 1)vy = (y'/2 + y %)a_1w.
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Heisenberg algebra

Basis paramtr. by pairs of partitions
=(1m,2r2 ), v (1”1 2% . )

al
aM::HIH,I’aM Hi T

Vi, = a—,b_, vy basis for F

Vs
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Heisenberg algebra

Basis paramtr. by pairs of partitions
=(1m,2r2 ), v (1”1 2% . )

al
aM::HIH,I’aM Hi T

Vi, = a—,b_, vy basis for F

Vs

inner product (vy|vy) = 1; an, by adjointto a_,, b_p
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Heisenberg algebra

Basis paramtr. by pairs of partitions
= (1,20, ), = (11,27,

ati a'
a, = [1; 5, a-p = 1I; 57, similarly for b,, b_,,

Vi, = a—,b_, vy basis for F

inner product (vy|vy) = 1; an, by adjointto a_,, b_p
Example: cases P?, P! x P':

Hin(t) := bekbk +t Z a-pay, [l == 225w

k>0 leli=lvll—m

Theorem

tdqad+a)yz=s

2D @ T3y gy Nas ) = (volexp(aHh (1) exp(a-1)w)

d>06>0

di $0b 401 Go+di+do—6
31t2q12+1+2 .

N,
2 2 (Gig+di v o) aaesly)

dy,0:>06>0

= (vo| exp(a1 s) exp(qHo(t)) exp(a-1)vy)
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Heisenberg algebra

Idea of proof: The tropical Severi degrees can be computed
using floor diagrams, encoding the combinatorics of
"horizontally stretched" tropical curves.

The commutation of the operators in expressions in Heisenberg
operators can be encoded in Feynman diagrams.

b ‘0’« 2 d_é,lqz —-O—-\

Now shov}\%ﬂ/at Feynman d|agrams and floor diagrams are the

e byb, g, 4, = b. 2 ) b, VL(? * 4{?) by %y
B - —A_, ~2
PRGN \_/OM ~o 0

-2



Fock space
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Heisenberg algebra

To I tropical curve through horizontally stretched conf. of points
associate marked floor diagram.

escalators: horizontal segments of I
floors: conn. comp. of complem. of
escalators. One marked point on every floor

and escalator

Floor diagram: black vertex for escalator QD40
white vertex for floor

connect if escalator connects to floor, keep

ight L W
CPUM) = Ty ogesl(elly (oo a0 mllbit of pprer

—e

.

Proposition

NP = S m(y)

N floor diagrams
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Logarithmic Gromov-Witten invariants of toric surfaces

Bousseau relates refined Severi deg. to log-Gromov-Witten inv.

Let A be a lattice polygon and S = S(A), L = L(A) corresp.
toric surface with toric line bundle. S is naturally a log scheme

Let M= MQI;%(A) = {(C7p17' -+ Pn; f)}

moduli space log-stable maps of genus g to S of class L
Deligne-Mumford stack of expected dimension g — 1 + n+ KsL
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Logarithmic Gromov-Witten invariants of toric surfaces

log
Mg7n

@ evaluation maps: ev; : M — S(A); (C,p1,---,pn) — f(pi)
@ virtual fundamental class [M]'" € Ag_1 ko1 (M)
© )-classes: Let 7 : C — M be the universal curve

Qc/m the relative dualizing sheaf E = 7.(Q¢/m)

The A-classes are \;j = ¢i(E).

(A) comes with the following data:
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Logarithmic Gromov-Witten invariants of toric surfaces

log
Mg7n

@ evaluation maps: ev; : M — S(A); (C,p1,...,pn) — f(pi)
@ virtual fundamental class [M]'" € Ag_1 ko1 (M)

© )\-classes: Let 7 : C — M be the universal curve
Qc/m the relative dualizing sheaf E = 7.(Q¢/m)
The A-classes are \;j = ¢i(E).

If n=g — 1+ KsL, the log Gromov-Witten invariants are

(A) comes with the following data:

n
RS = (7o(Pt) g = /[ . [T evi(pt).

i=1
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Correspondence theorem, Ranganathan, Mandel-Ruddat

Severi degrees of toric varieties are log GW-invariants

write na g == ”A 5 Nag(y) = ‘“’S(y)
with § + g = g(L) arithmetic genus

Theorem (log-trop Corresp. theorem, Ranganathan,

Mandel-Ruddat)

log trop
Nag = Mayg




Log GW inv. with X classes
0
Refined correspondence theorem

Bousseau extends this to refined invariants, using A-classes:

The refined Severi degree Nng(y) counts curves of all genera

g’ > g through n =g — 1+ KsL points



Log GW inv. with X classes
0
Refined correspondence theorem

Bousseau extends this to refined invariants, using A-classes:
The refined Severi degree Nng(y) counts curves of all genera
g > gthrough n=g — 1+ KsL points

Expected dimension of space of these curvesis g’ — g > 0
Use the lambda class Ay _g to cut down to a finite number

n
log N \d—g / .
nA’gl’)‘Q/*g o /[Mlog (A)]vir( 1) )\g -9 H eV, (pt)

a’.n i=1



Log GW inv. with X classes
0
Refined correspondence theorem

Bousseau extends this to refined invariants, using A-classes:

The refined Severi degree Nng(y) counts curves of all genera
g > gthrough n=g — 1+ KsL points

Expected dimension of space of these curvesis g’ — g > 0
Use the lambda class Ay _g to cut down to a finite number

n
log _/ g —g *
ny" ., = -1 )\/_||ev~pt.
A9 Ay _g [M;/an(A)]vir( ) g-9 P ! ( )

/o o . 1 _1.\29—2—LK.
SRS, U RS o NRP () ((—i)(yz — yT2)) R0

9 -9
/>g

with the identification y = eu.
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Refined correspondence theorem

| o . 1 _1\\29—2—-LK i
Y M, U TS = NSO ((-D(y? =y 2)) Soy=é"
g'>g
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Refined correspondence theorem

> e WPI B = N () ((—i)(y? —

D9 Ay g
g'>g

@ This gives a nontropical meaning to the N,'y(y), and makes
them manifestly invariant.

@ The change of variables y = e means knowing Ny'g(y) is
eq. to knowing the infinitely many log-GW invariants na g »,,_,




Refined Descendent invariants
°
Welschinger invariants

Welschinger invariants: For simplicity work on P?

Until now only considered totally real Welschinger invariants,
i.e. the curves are required to pass through real points

Now allow pairs of complex conjugate points

Count irreducible curves of genus 0, i.e. 6 = (d —1)(d — 2)/2
P configuration of r real points in P? and s pairs of complex
conjugate points with (r +2s) = 3d — 1

Welschinger invariants: W9, = (—1)%°)

c
sum over all real nodal rational degree d curves C though P
s(C) = #{isolated real nodes of C}
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Refined descendent invariants

The ng can be computed via tropical geometry

Make refinement, replacing the number by polynomial NO’”"p(y)

d,r,s
Just count degree d tropical curves in R? as before
But point conditions change:
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Refined descendent invariants

The ng can be computed via tropical geometry

Make refinement, replacing the number by polynomial Ngzﬁrfép(y)
Just count degree d tropical curves in R? as before

But point conditions change:

Let P configuration of r thin and s fat points in R?

We say a tropical curve I' passes through P, if

@ the thin points lieon T, _¢_<
© the fat points are vertices of I'.

For P general, there are finitely many é-nodal degree d
tropical curves through P. Count them with multiplicities
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Refined descendent invariants

Count them again with a vertex multiplicity
Two kinds of vertices:

yn/2 _ y—n/2
yn/2 _|_y—n/2

Fat vertex: M(v) = {m(V)}y,  {nly = Jrp =57z
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Refined descendent invariants

Count them again with a vertex multiplicity
Two kinds of vertices:

yn/2 _ y—n/2
Standard vertex: M(v) = [m(v)],, [n], = =1
- B yn/2 _|_y—n/2
Fat vertex: M(v) = {m(v)},, {n}, = Y24y
v vertex

NGEP(y) =S M(T)
r

sum over all genus 0 degree d simple tropical curves through P
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Refined descendent invariants

o
o
(3]
o

0,trop
Nd,r,s

0,trop
Nd,r,s

0,trop
Nd,r,s

0,trop
Nd,r,s

invariants).

(y)ezly,y "

(y) is a tropical invariant (independent of point position)

(1) =W

)8

(1) = (ro(pt) 71 (pt)*)g p2 4 (descendent Gromov-Witten
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Refined descendent invariants

o
o
(3]
o

0,trop
Nd,r,s

0,trop
Nd,r,s

0,trop
Nd,r,s

0,trop
Nd,r,s

(y)ezly,y "

(y) is a tropical invariant (independent of point position)

(1) =W

)8

(1) = (ro(pt) 71 (pt)*)g p2 4 (descendent Gromov-Witten

invariants).

(70 P) o (POVosg = [ ofevi(pt) v evi(pn

Mo, +(P2,d)
MO,n(sz d) = {f : (Cv X1, .. 7Xn) — ]P>2}’ eV,‘(f, Ca X) = f(Xi),
¢i = ¢i(Lj), Lj line bundle on M with fibre T3 . at (f, C, x)

Boisseau: hints that NS"% (e is in same way gener. function of the

(o T (PO = [ e () oo 1)0g
215078 [Mgtrs(A)log]vir
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