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By means of an effective potential associated with a constrained equilibrium measure and apt to
study frozen systems, we investigate glassy freezing in simple liquids in the hypernetted chain
(HNC) approximation. Unlike other classical approximations of liquid theory, freezing is naturally
embedded in the HNC approximation. We give a detailed description of the freezing transition that
is analogous to the one given in a large class of mean-field long range spin glass. We compare our
findings with Monte Carlo simulations of the same system and conclude that many of the qualitative
features of the transition are captured by the approximated theoryl9%® American Institute of
Physics[S0021-960808)51529-2

I. INTRODUCTION computed with the replica method even in nondisordered

Cooled at a fixed rate, supercooled liquids stop rowinngdels’ the role of the quenched variables being played by

on observable time scales when the glassy transition te the reference configuration This reduces the problem to

peratureT is met! At that cooling rate dependent tempera[qhe_ study of the_free-e_nergy of a multicomponent mixture, in
hich an analytic continuation on the number of components

ture, these systems get out of equilibrium. The large scal )
motion of the molecules is frozen, and consequently the entas to be p_)erformed ‘_”15t the end of the computa'uon.
tropy (in the sense of the logarithm of the phase space ac- I_n previous work™® the shape_(_)f the_: potential, and th_e
cessible to the systenis discontinuously reduced. This dis- implications  for the glass transmon. n Iong-rgnge Spin
continuity is equal to the configurational entropy atglas.ses W(_are stL_Jd|ed and the _generallt_y of the picture in nu-
temperatureT, and is supposed to vanish if the system canmerical simulations of a binary mixture model were
be kept in equilibrium down to the point of the ideal g|aSSs_upport_ed"._|n t_h|s paper we exten_d th_e analysis to models pf
transition To. This would be observable only for infinitely SIMPle liquids in the HNC approximation, and show how this
slow cooling, and would be a real thermodynamic transition @PProximation, devised to study the liquid phase, naturally
At temperatures smaller thafi, these systems finds describe glassy freezﬁg‘.l’he same would not be true for
themselves in a region of the configuration space having varRther classical approximations of liquid theory such as the
ishing weight in the Boltzmann distributidnthe values of Percus-Yevick or the mean spherical approximations. The
the extensive quantities being far from these at equilibriumimplementation of the replica formalism for the effective po-
One can also expect that they will remain conformationallytential in the HNC approximation is similar to the one used
close to the configuratiory reached atT, where flow by Given and Stefl to study liquids in random quenched
stopped. On the other hand, small scale vibrations of th&hatrices. It also bears resemblance with the one used by
atoms are free to thermalize at the actual temperafuoé  Zippelius and co-workers to implement random crosslinking
the thermal bath. This situation, with extreme separation oft models of vulcanization. The main difference is that,
time scales would be naturally described by a statistical enwhile in these cases the replica method is used to deal with
semble where the slow degrees of freedom are quenched, afgternal quenched disorder, in our case we use quenched
the fast degrees of freedom thermalize at temperdtu@ne  degrees of freedom to probe the configuration space of sys-
can then define a conditional statistical ensemble, as tms that freeze even in absence of quenched disorder.
Boltzmann-Gibbs measure for fixed distance from the point  The approach of this paper is complementary to the one
y. The free-energy associated with this distribution is a funcput forward recently in Ref. 6. There it was shown how,
tion of the constrained distance, and is a natural “effectivecombining HNC and replicas, one could reveal the glassy
potential” for glassy systems. This effective potential can betransition and find the properties of the system below the
glass temperature. In this paper we will discuss the nature of

SElectronic mail: cardenas@sabsns.sns.it the freezing in the HNC approximation finding a scenario
YElectronic mail: franz@ictp.trieste.it very similar to that of mean-field spin glasses. The approxi-
®Electronic mail: parisi@romal.infn.it mation is constructed in such a way that the critical density
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automatically coincides with the one obtained in Ref. 6. Theparticles at small distances in the two configurations contrib-
advantage of the “effective potential” framework with re- ute positively tog. Specifically in the unit radius hard sphere
spect to that of Ref. 6 is to make conceptually clear theproblem of Sec. IV we will usew(r)=6(r—0.3). As
introduction of the replicas in the theory and to make testable(x,x)=1 andq(x,y)<1, we can define a sort of distance
predictions on the behavior of the system at density less thaasd(x,y)=1—q(x,y). In the following we will speak indif-
the critical one(as we shall see belgwhen we introduce a ferently about the two quantities, remembering that high
potential among two copies of the system. On the other hanayverlap means small distance and vice-versa.
we will see that for high values of the density, the simpler  Having now the definition ofj(x,y) we can define a
approach of this paper, where we neglect replica symmetryestricted Boltzmann-Gibbs distribution as
breaking, leads to inconsistency, and there one needs to re-
sort to the approach of Ref. 6 for a coherent theory. 1

The explicit computations are performed for the hard P(xly)= Z(B,y) exp(— BH()) A(q(x.y) = a), @
sphere potential. We support our findings with Monte Carlo
simulations of the same system. A short account of our resulvhereZ(8,y) is the integral ovex of the numerator of Eq.
has appeared in Ref. 8. (2).

We organize the paper as follows: in Sec. Il we discuss Three comments are in order.
the construction of the effective potential and we briefly re-(l)
view the results obtained for long-range spin glasses. In Sec.
Il we discuss the potential for simple liquids in the HNC
approximation. Section IV is devoted to the presentation of
the theoretical results on the hard sphere system, that in Sec.
V we compare with the numerical simulations. Finally, in
Sec. VI we present some conclusions and perspectives.

The value ofq that appears in Eq.2) is at this stage
arbitrary. However, the system at temperatdrewill
tend to adjust itself and select a given natural distance
from the configuratiory, according to local free-energy
minimization. The selection af can be well understood
in a mean-field picture, and has been discussed in the
case of long range spin glasses in Ref. 3. At low tem-
peratures one expects metastable states in configuration
Il. THE EFEEECTIVE POTENTIAL space. This corresponds to a two-minima structure of the
effective potential, with one minimum at lowy repre-
In this section we review the construction of the effec- senting the typical overlap among configurations belong-

tive potential®*We discuss the case of a simple liquid com-  jng to different metastable states, and one minimum at
posed byN identical pointlike particles in a volume, de- high q representing the typical overlap among configu-
scribed by their coordinates=(xy, . . . Xy), and interacting rations in the same metastable state. This last isgthe

via a pair potentialp(x; —x;). Suppose that, undergoing a that would be naturally chosen by the system.

cooling process from the liquid phase, the system falls out of2) The second comment concerns the dependence of the
equilibrium at a temperaturg, and remains stuck in a re- measure(2) on the reference configuration At a first
gion of the configuration space having vanishing weight in  sjgnt, as different cooling experiment would produce dif-
the Boltzmann-Gibbs measure. This commonly happens at ferent configuratiory, it would appear that the measure
the glassy transition of supercooled liquids, where the liquid (2) could be hardly of any use. Howevarjs supposed
stops flowing: Large scale motion is frozen, while small 5 pe a configurationtypical with respect to the
scale motion of the atomévibration) can still equilibrate Boltzmann-Gibbs probability at temperatufg, w(y)
even belowTy. In these conditions the observed values of =exp(— B, HY))/Z(B,), and we can expect the extensive
extensive quantities can be far from their canonical equilib- quantities computed from Eq2) to be self-averaging
rium values, while keeping the external parameter constant, (i.e., y independentin the thermodynamic limit. The
they do not vary over the laboratory time scale. It is appro-  rgle of the configuratiory is analogous in this construc-
priate then to restrict the measure in configuration space t0 tjon to the one of the quenched variables in disordered

_In order to do that we need to define a notion of simi-  tation of the idea of “self-generated disorder” often ad-
larity (or codistance among configurationsg(x,y), that, vocated for structural glass&s!3

with reference to spin glass terminology, we call overlap.3) The third comment concerns the selection of the tem-
The appropriate deflnl_tlon of the overlap depen_ds_ on the peratureT . For that we do not have argpriori crite-
problem at hand, and it has to be such that to similar con-  jon, as it is a quantity that in experiments depends on

figurations correspond high values @fwith normalization the cooling rate. We have thought to the temperature of
g(x,x)=1] and to very different configurations values close  tpe configuratiory, that we will call T’ in the following,
to zero. as the glass transition temperature in the purpose of il-
In our particle system an appropriate definition can be |ystrating the physical situation that we have in mind. As
1 a matter of fact our construction is well defined for ar-
q(x,y)= NZ w(|xi—y;jl), 1) bitrary T’, and interesting results are obtained even for
b T'=T. In this paper we will limit our analysis to this
wherew(r) is a function close to one far<ory and close to case using the measui® as powerful probe of configu-

zero forr =or, with ry being the radius of the particles and ration space. We insist, however, on the conceptual im-
o a number, e.g., of the order of 0.3, such that couples of portance of considering two temperatures, and we will
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often refer to results obtained in spin glasses for thigeal quenched disorder is present, while in our case we use
more complicated case. In the previous discussion anthe auxiliary configuratioly to restrict the Boltzmann-Gibbs
part of the following we have considered the temperatureneasure to small regions of configuration space.

as the only external parameter. It is clear thattatis Before discussing in the next section the application of
mutandisanalogous considerations hold for any otherthe present formalism to simple liquids in the hypernetted
control parameter, as the density of Sec. V. chain approximation, let us describe briefly what one can

expect for the effective potential when a glassy transition
occurs, considering for simplicity the ca$é=T. In the su-
percooled phase the diffusion constant becomes lower and
lower as the temperature is lowered. The “cage effect” takes

The object on which we will concentrate our attention is
the free-energy associated with the distribut{@n that, in-
voking the self-averaging property we can write as

) T 1 ) place: The molecules get trapped for long times before they
V@@.B.B)=-y Z(’B')f dy exp(—B"H(y)) can diffuse. When the glass transition is met diffusion is
completely stopped, at least on human time scale. The en-
B B tropy associated to diffusion is lost at the transition. Ergod-
xlog f dx exp(—BH00) o(a(x.y) = a) - icity is broken and the configuration space is effectively split

3) into an exponentially large number of practically mutually

inaccessible regions.
As the constraint implied by the delta function is global, we Making the approximation that the time to jump out of
can enforce it through a Lagrange multiplier; and considerthese regions is infinite, it is natural to expect the effective

ing the quantity potential(2) to have two minima. One corresponding to the
T 1 typical (low) overlap among configurations belonging to dif-
F(e.8,8')=— NTB')I dy exp(—B'H(y)) ferent regions in configuration space, and another corre-

sponding to the typical overlafhigh) of different configura-
tions belonging to the same region. The number of these
f dx exp(—B[H(X) — eq(x,y)]) regions, or metastable statdéis related to the configura-
tional entropyX, by the relation:\/=exp2). The probabil-
4 ity of x to be in the same metastable state afill be in such
we find thatV andF are related by the Legendre transform conditions 1AN=exp(—N%). Consequently the relative
, . , height of the highg minimum with respect to the low one
v(a.5.8")= me'n(F(E"B’B )T eq). ®)  hastobe equal td . This picture is realized and it has been
discussed in Refs. 3 and 4 in a large class of long range spin
For practical purposes it is more convenient to work With glass model. The analysis of these models tells us that the
than with V, while the data are more easily interpreted inpicture has to be refined a little. To each disconnected region
terms of V. We will pass freely from one representation to one can associate a free-enefgwith an energetic part and
the other in the following. an entropic part. Defining (T,f) the logarithm of the num-
In order to deal with the average of the logarithm in Eq.ber of these regions as a functionfpbne finds that, at low
(4) we resort to the replica method. This consists in evaluatenough temperaturg, is different from zero in a finite tem-
ing the momentg" for integerr and computing the average perature dependent interval(T)=[f(T),f\(T)]. The
logarithm from an analytic continuation to non integérom  states that dominate the partition function at temperaiure

the formula logZ=lim, o (Z"— 1)/r. Explicitly we can write ~ are such if the quantity
F=f—-TX(T,f) @)

is minimum?® The study of the effective potential foF

#T' shows that individual states do not disappear when the

) 6) temperature is changed, but remain stable for large ranges of
' temperature$’As the temperature is lowered, states with

lower and lower>, are selected in Eq7) until, for a tem-

peratureTs with 3 =0 are reached and the partition starts to

be dominated by the lowest states.

X log

Z'= —TJ dxo exp(—ﬁ'H(xo))/Z(ﬁ')f dxg ...dx

xexp( -B

where we have writteg=X,. The problem is reduced to the
computation of thermodynamics for a mixturerof 1 com-
ponents in the limitr—0. Notice the nonsymmetric role
played by the replicx, and the replicax, for a=1. This
implies that while there is symmetry under permutation of”l_ THE HNC APPROACH

replicas with positive index there is not symmetry under in-

terchange of the replica, with the others. Although we Let us now discuss of the implementation of the HNC
haver + 1 replicas, the symmetry of the problem is oy, approximation in the approach outlined in the previous sec-
becomingS; . ; only for e—0. Technically, our approach is tion. As we stressed the use of the replica method reduces the
similar to the one of Goldbart and Zippelidsn their study  problem of the evaluation of the effective potential to the one
of the vulcanization of rubber and the one of Stdllal. for ~ of anr+1 component liquid mixture, in which there is a
liquids in random quenched matrices, where also one finds grivileged component with which all the other replicas inter-
number of replicas that tends to one. However, in their casact via the potential

gl H(xa)—egl q(Xa ,Xo)
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n no 1N more complicated than E@15) and we limit ourself to the
—NeX, q(Xa.X0)=—€> > wW(x)—x%). (8)  study of the high and lowg parts of the effective potential,
a=l a=l ] we warn the reader that replica symmetry breaking is also to
The basic quantities of the theory are the pair correlatiorbe expected in this case for intermedigte

functions among replicas The interpretation of the different elements of g,
matrix with the replica symmetric ansatz is straightforward.
papbgab(xay)+Pa5ab5(x_y)22 S(x2—x) 5(ij_y). The elementyy, represents the pair correlation function of
i

the free system; as such the equation determining it de-
9 couples from the other components in the limit 0. In turn,
A partial resummation of the Mayer expansion allows us todi; represents the pair correlation function of the coupled

write a self-consistent expression for the free-en&r&3/? system.gaq is the pair correlation among the quenched con-
; figuration and the annealed one, whilg represents the cor-
lation between two systems coupled with the same
—2BFpnc= | d x)[lo x)—1 re S,
AFunc J a,bE:O PaPpQab(X)[10G Gan(X) quenched system. This is the analogous to the Edwards-

Anderson order parameter in disordered systems, and repre-
sents the long time limit of the time dependent autocorrela-
tion function at equilibriunt.
Straightforward algebra shows that Eq$3) reduce to
+Tr L(ph), (10 the ones proposed in Ref. 7. In particular one finds that, as it
whereh,,=g.,— 1 is the connected correlation function and should be, the equation fayo, describing the correlation

L is an operator in physical and replica space, defined by function of the quenched replica decouples from the other
) and coincides with the usual HNC equation in absence of
L(u)=u—u/2—log(1+u). (11

replicas
We have also puBy=pB’, po=p' and B,=pB, pa=p for a

>1. The free-energyl0) has to be extremized with respect hoo(X)ZCoo(X)+f d%[ pohoo(X—Y)Coo(Y)
to the g,p's and the terms of order have to be extracted.

The extremum conditions can be cast in the form +1phyy(x—y)ep(V)],
gab(XaY) =exp(— Bad(X,y) 5ab+{50a(1_ Sob) Bb
_ d
+ Sop(1— 89a) Bal €W(X) + hap(X) — Cap(X)) th(X)_Clo(XH'j d®y[pohoo(X—Y)C10(y) + p1h1o(X—Y)

(12 X (Caa(Y) = CaaY)(1=1))],
with g andc related by the Ornstein-Zernike relation

r

+ Bacb(X) 6ab]+2fsea§l popadoa(X)W(X)

' h13(X) = C12(X) + J' dy[pohio(x—y)C1o(Y)
ao)=Cas)+ 3, [ Ay elx-ypccanly). (19
+p1(hya(Xx=y)C1s(y) —hia(x=y)Caxy)(1=1))],
As usual in the replica method one needs a parameter- (16)
ization of the matrixg,, that allows the analytic continuation
tor—0. On the basis of symmetry considerations analogouhi;,(X)=Cq(X) + f d¥[ pohig(X—Yy)C1o(Y)
to the one of Ref. 3, one can propose the structure

Joo a=b=0 +p1(h1a(X=y)C1y) +hi(X=y)C11(y)
gap=14 910 a=0, b#0 or b=0, a#0. (14) —hp(X=y)ciy)(2—1))].
Oap ab#0 The overlap can be expressed in terms of the correlation

Ther Xr submatrixg’, can be either replica symmetric or functiong,o, and reads

have an ultrametric structuf&jn the following we will limit

ourselves to the replica symmetric structure: q=pf dx W(X)glo(X)=47Tpf r2w(r)gor). (17)
0
. |9u a=b _ : _ . . .
Oap= g, a+b (15 According to the discussion of the previous section, we will
12

associate glassy behavior with nonconvexity of the function
which coincides with the choice of Given and Stelh the  V(q), and in particular to the existence of multiple solutions
case of the p-spin model, the replica symmetric choice giveg(e) for e—0. In the liquid phase we can expect instead
the correct result for the effective potential in the high and inq(e) to be a single value function and a convex effective
the lowq regions and in particular around the minima. How- potential with a minimum atq=qy=pfdx w(x), corre-
ever, an intermediatg region where “one step replica sym- sponding to the absence of any structuregyip, i.e., g1o(X)
metry breaking” in the matrixy}, was necessary to correctly =1 for all x. A strong couplinge, attracting the system to-
compute the effective potential was found. Although we dowards the configuratioy will force a structure in they,g,

not explore here the possibility of solutions with a structurewhich will have a higher peak in=0 the higher the cou-
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pling is. Similarly,g, will acquire a structure: If two differ- 0.1
ent systems are similar to the configuratipthey will also
be similar to each other. When the system freezes, a solution 0.08} _ .
to the HNC equations will exist in whicly;o and g4, will X
have a structure even for small and vanishing 0.06}
The value ofe at which we find a solution with nonzero
012 coincides with dynamical critical density of Ref. 6 and it 0.04¢
corresponds to the phase transition point in a mode-coupling
approach. Indeed, in this mean-field approach ergodicity 0.02
starts to break exactly at this point.

IV. RESULTS FOR HNC HARD SPHERES

0.02 s ; s : s . . .
. . _ . ) 01 015 02 025 03 035 04 045 05 055
In this section we discuss the picture coming from the

integration of Eqs.(12) and (13) in three dimension. We ) i
FAQ 2. The effective potential for HNC hard spheres. From top to bottom

present systematic data in the case of the hard sphere pc)tep=1.0,1.14,1.17,1.19,1.20. For low density, high up in the liquid phase the

tial potential is convex. In the glass phase two minima are present.
) 1 r<1 d with 1 r<03 19
ry= and withw(r)= @1
! 0 r>1 ") 0 r>03 potential V(q). We checked that up to a constav{q)

The hard sphere potential has been chosen for practicaf/ "dd’ €(a’). In the low density region we were able in this
convenience; the glassy transition picture that will emergeVay to fully reconstruct the shape of the potential. For higher

densities, we could just reconstruct in this way the high and
can be strongly expected to be very general. We have Veri. "o "narts of the effective potential. This is, however,

fied in nonsystematic investigations that the same pictur@nough to get a fully detailed picture of the freezing in the
indeed holds for soft sphere systems wiir)=r '2 The  system. In Fig. 1 we present the curvesyads a function of

value 0.3 that appears in the definition wfhas obviously e for various values of the density, while in Fig. 2 we plot the
nothing fundamental, and we have checked that the picture isorresponding curve¥(q).

insensitive to its precise value. The hard sphere model has no At low density € is a monotonic function ofj, testifying
temperature, and the control parameter is the density. Nuo ergodic behavior of the system. The potenN4lq) is
merical work report a glassy phase for values of the densitgonvex and has a single minimum fe+0, where the value
higher then 1.1%we use a normalization of the density such of the overlap isqy=p4(0.3)%/3=px0.113, correspond-
thatp= 2 for f.c.c. packing ing to g,¢(X) =1 for all x.

We have solved the saddle point equat{@8) and(13) Interesting behavior appears for densities higher or equal
by iteration for various values of the density and the cou-o p.,~1.14. Atp., the functiong(e) begins to be multival-
pling. For fixed density we start the integration of the equa-ued, the potential looses the convexity property and a phase
tion at low (respectively, highcoupling e where we know transition among a lowg and a highg phase can be induced
the solution and we increageespectively, decreagét at by a coupling. The pointdy,, €.,), with €,,=0.305 is a criti-
small steps. In this way we can find the curvesqofds a cal point of second order phase transition, from which it
function of ¢, and reconstruct from Eq10) the effective departs a first order phase transition lingT) (Fig. 3. The

term —Neq(x,y) in the Hamiltonian implies an energetic
advantage for the configuratiomsclose toy and induces a

0.55 - - transition between a high “confined” phase with high en-
05}
045l M , 0.35
0.4} 03|
0.351 025
03¢
0.2}
0251
02} 0.15¢
015 S s 0.1}
o el S S S S
2015 01 -005 0 0.05 01 0.15 0.2 0.25 0.3 0.35 0.05|
FIG. 1. The behavior ofj as a function ofe for HNC hard spheres fop

=1.14,1.17,1.19,1.20. For high enough densijtig a multivalued function ?,13 1,'14 1,'15 1.‘16 1.'17 1.'18 1..19 1:2 1.21
of e. We have shown only a portion of the curve in the region where it is

multivalued. For clarity in this and the next figure we have joined with a line FIG. 3. Phase diagram in the plagee p. A first order transition line termi-
the branches corresponding to the same density. nating in a critical point separates a lapfrom a highq phase.
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FIG. 4. The functiong,q(r) for p=1.20 ande=0.10,0.15,0.20. The three
curves on the top correspond to the higbolution; the three curves on the
bottom to the lowg one.

FIG. 5. The configurational entroy as a function ofp.

region at random, the probability thatfalls in the same

region, which should be exp(BAV) is equal to N1
ergy and a lowg “deconfined” phase with high entropy. The =exp(—N2).
transition line tells us that generic equilibrium configurations ~ We find then thak, to be identified with the configura-
lie in metastable states for densities higher than For p.,  tional entropy, is related tAV by*!
<p<p.=1.17 the metastable states have a finite life, and a AV=TS (19
couplinge=€,(T) is needed to stabilize them. At a mini- '
mum develops in the potential, and the metastable state&/e have then a method to compute the configurational en-
have an infinite time life. The equatiap=q(e=0) has more tropy, that we plot in Fig. 5. An equivalent method has been
than one solution. It has been shown by explicit calculatiorproposed in Ref. 22. We see thatis a decreasing function
in Ref. 3 that a second minimum in the effective potentialof the density and vanishes at a dengity= 1.203% accord-
implies that in the equilibrium dynamics the system remaindng to the scenario of Gibbs and Di Marzio of the glass
confined in a region with a large overlap with the initial transition, and analogously to long range spin glasses. At
state. In Fig. 4 we plot the functiog,(r) for p=1.20 and each value of the density one chooses these states such that
various values ot in the highg and the lowqg solutions. We  the total balance betwednthe internal free-energy of the
see how the lovg solution has little structureggo~1) while  region and the configurational entropy is such to minimize
the highq solution has a very pronounced peaks for integetthe total free-energy. Abovg, the equations we are consid-
values ofr. ering give the clearly unacceptable result of a negative con-

In ordinary cases multiple minima in the effective poten-figurational entropy, and the approach must be modified.

tial as a function, the order parameter signal the presence &frevious experience in spin glasses tells us that the paradoxi-
different (stable or metastablg@hases with different qualita- cal behavior has to be ascribed to an incorrect description of
tive characteristicge.qg., liquid and gas Here the implica- the quenched replicg For p>p., the lowestf states are
tions of the two minima structure are different. The appearchosen. These carry a finite Boltzmann weight and a correct
ance of the secondary minimum signals the breaking of thelescription has to take this into account. In the correct HNC
ergodicity, i.e., the split of the support of the Boltzmann-approach to the high density regime, the quenched replica
Gibbs measure into many, mutually inaccessible, regions. khould be described by the replica formulation of 2de
is easy to realize the link among the two minima structureand Parisi with replica symmetry breakifgithe HNC ap-
and such nonergodic situation. If we suppose that the differproximation, originally devised to study liquids at equilib-
ent regions have typically all the same distance, one shatium, naturally embeds glassy behavior in a glassy transition
have a minimum corresponding to that distance, and anotheicenario completely analogous to the one of disordered mod-
minimum corresponding to the typical distance among conels with “one step replica symmetry breaking.”
figurations in the same region. In this perspective the minima  In many senses the picture is genuinely mean-field-like.
are different manifestations of the same phase. Coherently fact, it has been stressed many times that in real systems
with this picture, the internal energy in the two minima metastable states with an infinite lifetime do not exist, and a
should be the same. Obviously this last sentence has noechanism should restore ergodicity betwggnand ps.
meaning for hard spheres where the internal energy is nd¥floreover it is easy to realize that the effective potential we
defined, but it can be easily checked in soft sphere systembave defined must be convex beyond mean field. This can be
The difference of height between the two minindgy can  seen constructing configurations with overlap inhomoge-
also be understood in this perspective as being due to the faneous in space and with a free energy lower or equal to the
that the number of regions in which the configuration spaceonvex envelope of the potential. We expect, however, a
has split (V') is exponentially large in the number of par- reflex of the mean-field structure in real systems. What is
ticles A/=exp(\NX), and each region carries a vanishing seen as a sharp transition in the mean field can still be ob-
weight in the measure. In that condition, choosingn a  served as a crossover in real life and some of the predictions
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FIG. 6. The behavior of| as a function ofe for a system of 258 particles FIG. 7. The same as Fig. 6 but with a higher densjiy; 1.10 andN
and p=1.04. The different curves correspond to different thermalization =1024. The values ark=17,19,21. Notice that fok=17 the system has
times 2 for each value of. From top to bottonk=17,19,21,23. For larger  not relaxed to the lovg value even fore=0.1.

thermalization times the system seem to develop a first order jurgp in

Having generated the configuratignwe start the evo-
of the mean field can be expected to hold in finite dimendution of a coupled system. For various densities, we start
sional systems. In particular, the existence of a first ordethe evolution from the configuration with a high value of
transition line in the plang — e, which depends on the exis- € and decrease the value efin units of 5, making X
tence of metastable states, regardless if their life is finite oMonte Carlo iterations for each value efIn Figs. 6—-8 we
infinite we expect to hold in redbr realistio systems. Inthe plotqas a function ok for various values of the density and
next section we will submit that to test. different values ok. We see that, as expected for a system
Before leaving this section let us remark tifae show undergoing a first order phase transition, the curves are
how in some detail in the Appendixthe possibility of a smooth for lowk and tend to develop a discontinuity for
glass transition, associated with nontrivigh(x) for e—~0is  largek. For low density the discontinuity occurs at high
excluded by other classical approximations of liquid theorywhile it is pushed toward smad for high density.
the Percus-Yevick approximation and the mean spherical ap- A different numerical experiment is presented in Fig. 9
proximation. where we plot the overlap as a function of the number of
Monte Carlo sweeps in a logarithmic scale. Here we let the
system evolve at fixed starting at time zero fronx=y.
V. NUMERICAL SIMULATIONS Again, we observe a behavior compatible with a discontinu-

. . _ity of g as a function ofe.
In order to test the predictions of the transition scenario © The same picture can be also observed directly in the

of the previous section we have performed Monte Carlgyahavior of the functiorgy((r). In Figs. 10 and 11 we can

simulations of a system of hard spheres in three dimensioggq that whilegy; does not vary too much as a function of

coupled with a quenched configuration. We have done simué,24 one observes qualitatively different regimes in the high
lations with a number of particlesl ranging from 256 to

90 and in the lowe regime with a discontinuity irg;(0).
1024 and we have not observed any significant dependence g, high e we observe a strong oscillatory structure in

on the volume. o _ _ Qo which is very similar tog,;, with the only difference
To generate the quenched equilibrium configurations a
fixed density we start witiN particles of zero radius in a box
with periodic boundary conditions, and we let the radii grow 1
until two particles do not get in contact. At that point we
make a Monte Carlo sweep, i.e., we move the particles of
random amount and we accept the change if two spheres do
not overlap; the size of the proposed move is fixed in sucha 0.7
way to have 0.4 average acceptance. We iterate the proce- gg|
dure until the desired density is reached. The volume and the
radius ) are at the point rescaled in order to hawvel. We
thermalize then the system for 4000 Monte Carlo sweeps and
use the configuratiory reached as external field for our 03}/,
coupled replicas experiment. The relatively short thermaliza- 21/
tion is chosen in order to avoid crystallization. We have care- . . . , .
fully verified that the equilibrium configuration does not "o 0.2 0.4 0.6 0.8 1 1.2
have any signs gf crystallization by .m'onitoring this correlajFIG. 8. The same as Fig. 6 with—1.14 andN—256. The values ar&
tion function, which has a smooth minimum around 1.4, as it 17,19,21. As expected, for higher densities the transition is pushed to
should do in the liquid phase. lower values ofe.
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FIG. 11. The functiorg,((r) for the same system as Fig. 10. We see a net

FIG. 9. The overlap as a function of logarithin base 2 of the time(i.e., discontinuity in behavior from the high to the lowregions.

the number of Monte Carlo sweepstarting fromy at time 0 and evolving
for fixed e.

being the peaks are smoothed and by the presence of tf@tential. Many of the predictions from the theory are ex-
large peak ak=0. On the contrary in the low regimeg;,  Pected to be valid in real systems. In particular the picture of
is very close to one for>0.3 and has almost no structure. first order phase transition in presence of a coupling, which
Notice the striking similarity of this picture with the one that iS associated to the presence of metastable regions in con-

we get from the theory. figuration space. The picture has been positively tested in
numerical simulations on hard sphere systems.
VI. CONCLUSIONS Growing evidence shows that a good starting point for

) . describing the glass transition of supercooled liquids is the
In this paper we have shown that by constraining thescenario met in long-range spin glasses with “one step rep-
Boltzmann-Gibbs measure to small regions of the configuray.5 symmetry breaking” transition, which is the static coun-

tion space we can study the transition from liquid to glassyonar of the schematic mode coupling theory. Beyond these
We have studied, in particular, the case of the simple liquidg,,e|s this kind of transition pattern is met in mean-field
in the HNC approximation. This model predicts a glassy

trﬁ n;'(t;';n 'i'::tgi IS'ZZ‘; ?:otrzethGel bbrse'sl:;'n':/l:;zlo ;gelgaf:ﬁ Zgﬁ:{ic glass models confirm many aspect of the picl‘&nﬁi.nally
phy P P y y the HNC approach of Ref. 6 and with a different profile this

sistent with the one obtained from mean-field spin-glass . . .
paper also confirms this scenario.

models, although the HNC approach allows us to get infor- We believe that the mean-field theory of the glass tran-

mation on the structure function of the supercooled liquid. .. . .
The HNC approach, which consists in neglecting the SO_smon is now on firm ground. On the one hand, we have the

called bridge diagrams in the Mayer expansion turns in thign©de coupling theory that allows us to extract the dynamical
way to be equivalent to a kind of mean-field theory, wherePehavior of supercooled liquids not too far from the glass

the glass transition is associated with a nonconvex effectiviiansition. On the other, this theory has been repeatedly ob-
served to be exact in mean-field spin glasses, whose study

enriches the picture with a static view of the topography of
the configuration space. In this paper we show that the same
picture also holds for the realistic model of liquid obtained
by the HNC approximation.

Finally we would like to comment once more on the
limitation of the theory. As a genuine mean-field theory, the
HNC predicts the existence of infinite life metastable states
analogously to what happens in long range models and in the
mode coupling approximation. According to this picture the
system, after having froze into a metastable statd at
would “follow” it down and back up in temperature in a
Tr T completely reversible manner. While this can be true for
5 T 15 5 35 5 35 4 45 B short tlmes, |rreverS|b.Ie effe_cts are observed on Igrge _tlme

scales in glassésS.The issue is related to the barrier jumping
FIG. 10. The functiong,,(r) for a system withp=1.10, N=1024 and  processes that restore ergodicity bel®w Unfortunately, at

coupling ranging from 0.35 to 0.6 in steps 8= 0.05. The curves do not ; ; ;
vary too much withe, except the two with the lowest values ©fThis could present the physics of these dynamical problems is unclear.

be a spurious effect due to partial crystallization as seen from the small pea¥V/€ hope that in_Sight in this pr_0b|em will come from numeri-
aroundr =1.4. cal and theoretical study of disordered models.

glass models without disord&r:! and simulations of realis-

N W A 0O N 0 ©
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