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Constrained Boltzmann-Gibbs measures and effective potential for glasses
in hypernetted chain approximation and numerical simulations
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By means of an effective potential associated with a constrained equilibrium measure and apt to
study frozen systems, we investigate glassy freezing in simple liquids in the hypernetted chain
~HNC! approximation. Unlike other classical approximations of liquid theory, freezing is naturally
embedded in the HNC approximation. We give a detailed description of the freezing transition that
is analogous to the one given in a large class of mean-field long range spin glass. We compare our
findings with Monte Carlo simulations of the same system and conclude that many of the qualitative
features of the transition are captured by the approximated theory. ©1999 American Institute of
Physics.@S0021-9606~98!51529-2#
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I. INTRODUCTION

Cooled at a fixed rate, supercooled liquids stop flow
on observable time scales when the glassy transition t
peratureTg is met.1 At that cooling rate dependent temper
ture, these systems get out of equilibrium. The large sc
motion of the molecules is frozen, and consequently the
tropy ~in the sense of the logarithm of the phase space
cessible to the system! is discontinuously reduced. This dis
continuity is equal to the configurational entropy
temperatureTg and is supposed to vanish if the system c
be kept in equilibrium down to the point of the ideal gla
transition T0. This would be observable only for infinitel
slow cooling, and would be a real thermodynamic transiti

At temperatures smaller thanTg these systems find
themselves in a region of the configuration space having v
ishing weight in the Boltzmann distribution,2 the values of
the extensive quantities being far from these at equilibriu
One can also expect that they will remain conformationa
close to the configurationy reached atTg where flow
stopped. On the other hand, small scale vibrations of
atoms are free to thermalize at the actual temperatureT of
the thermal bath. This situation, with extreme separation
time scales would be naturally described by a statistical
semble where the slow degrees of freedom are quenched
the fast degrees of freedom thermalize at temperatureT. One
can then define a conditional statistical ensemble, a
Boltzmann-Gibbs measure for fixed distance from the po
y. The free-energy associated with this distribution is a fu
tion of the constrained distance, and is a natural ‘‘effect
potential’’ for glassy systems. This effective potential can

a!Electronic mail: cardenas@sabsns.sns.it
b!Electronic mail: franz@ictp.trieste.it
c!Electronic mail: parisi@roma1.infn.it
1720021-9606/99/110(3)/1726/9/$15.00
g
-

le
n-
c-

n

.

n-

.
y

e

f
n-
nd

a
t
-

e
e

computed with the replica method even in nondisorde
models, the role of the quenched variables being played
the reference configurationy. This reduces the problem t
the study of the free-energy of a multicomponent mixture,
which an analytic continuation on the number of compone
has to be performed at the end of the computation.

In previous work,3–5 the shape of the potential, and th
implications for the glass transition in long-range sp
glasses were studied and the generality of the picture in
merical simulations of a binary mixture model we
supported.5 In this paper we extend the analysis to models
simple liquids in the HNC approximation, and show how th
approximation, devised to study the liquid phase, natura
describe glassy freezing.6 The same would not be true fo
other classical approximations of liquid theory such as
Percus-Yevick or the mean spherical approximations. T
implementation of the replica formalism for the effective p
tential in the HNC approximation is similar to the one us
by Given and Stell7 to study liquids in random quenche
matrices. It also bears resemblance with the one used
Zippelius and co-workers to implement random crosslink
in models of vulcanization. The main difference is th
while in these cases the replica method is used to deal
external quenched disorder, in our case we use quenc
degrees of freedom to probe the configuration space of
tems that freeze even in absence of quenched disorder.

The approach of this paper is complementary to the
put forward recently in Ref. 6. There it was shown ho
combining HNC and replicas, one could reveal the gla
transition and find the properties of the system below
glass temperature. In this paper we will discuss the natur
the freezing in the HNC approximation finding a scena
very similar to that of mean-field spin glasses. The appro
mation is constructed in such a way that the critical dens
6 © 1999 American Institute of Physics
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automatically coincides with the one obtained in Ref. 6. T
advantage of the ‘‘effective potential’’ framework with re
spect to that of Ref. 6 is to make conceptually clear
introduction of the replicas in the theory and to make testa
predictions on the behavior of the system at density less
the critical one~as we shall see below! when we introduce a
potential among two copies of the system. On the other ha
we will see that for high values of the density, the simp
approach of this paper, where we neglect replica symm
breaking, leads to inconsistency, and there one needs t
sort to the approach of Ref. 6 for a coherent theory.

The explicit computations are performed for the ha
sphere potential. We support our findings with Monte Ca
simulations of the same system. A short account of our re
has appeared in Ref. 8.

We organize the paper as follows: in Sec. II we discu
the construction of the effective potential and we briefly
view the results obtained for long-range spin glasses. In S
III we discuss the potential for simple liquids in the HN
approximation. Section IV is devoted to the presentation
the theoretical results on the hard sphere system, that in
V we compare with the numerical simulations. Finally,
Sec. VI we present some conclusions and perspectives.

II. THE EFFECTIVE POTENTIAL

In this section we review the construction of the effe
tive potential.3–5 We discuss the case of a simple liquid com
posed byN identical pointlike particles in a volumeV, de-
scribed by their coordinatesx5(x1 , . . . ,xN), and interacting
via a pair potentialf(xi2xj ). Suppose that, undergoing
cooling process from the liquid phase, the system falls ou
equilibrium at a temperatureTg and remains stuck in a re
gion of the configuration space having vanishing weight
the Boltzmann-Gibbs measure. This commonly happen
the glassy transition of supercooled liquids, where the liq
stops flowing: Large scale motion is frozen, while sm
scale motion of the atoms~vibration! can still equilibrate
even belowTg . In these conditions the observed values
extensive quantities can be far from their canonical equi
rium values, while keeping the external parameter const
they do not vary over the laboratory time scale. It is app
priate then to restrict the measure in configuration spac
the vicinity of the configurationy reached when crossingTg .

In order to do that we need to define a notion of sim
larity ~or codistance! among configurations,q(x,y), that,
with reference to spin glass terminology, we call overla
The appropriate definition of the overlap depends on
problem at hand, and it has to be such that to similar c
figurations correspond high values ofq @with normalization
q(x,x)51] and to very different configurations values clo
to zero.

In our particle system an appropriate definition can b

q~x,y!5
1

N(
i , j

w~ uxi2yj u!, ~1!

wherew(r ) is a function close to one forr<sr 0 and close to
zero forr>sr 0, with r 0 being the radius of the particles an
s a number, e.g., of the order of 0.3, such that couples
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particles at small distances in the two configurations cont
ute positively toq. Specifically in the unit radius hard sphe
problem of Sec. IV we will usew(r )5u(r 20.3). As
q(x,x)51 andq(x,y)<1, we can define a sort of distanc
asd(x,y)512q(x,y). In the following we will speak indif-
ferently about the two quantities, remembering that h
overlap means small distance and vice-versa.

Having now the definition ofq(x,y) we can define a
restricted Boltzmann-Gibbs distribution as

P~xuy!5
1

Z~b,y!
exp~2bH~x!!d~q~x,y!2q!, ~2!

whereZ(b,y) is the integral overx of the numerator of Eq.
~2!.

Three comments are in order.

~1! The value ofq that appears in Eq.~2! is at this stage
arbitrary. However, the system at temperatureT will
tend to adjust itself and select a given natural dista
from the configurationy, according to local free-energ
minimization. The selection ofq can be well understood
in a mean-field picture, and has been discussed in
case of long range spin glasses in Ref. 3. At low te
peratures one expects metastable states in configura
space. This corresponds to a two-minima structure of
effective potential, with one minimum at lowq repre-
senting the typical overlap among configurations belo
ing to different metastable states, and one minimum
high q representing the typical overlap among config
rations in the same metastable state. This last is thq
that would be naturally chosen by the system.

~2! The second comment concerns the dependence of
measure~2! on the reference configurationy. At a first
sight, as different cooling experiment would produce d
ferent configurationy, it would appear that the measur
~2! could be hardly of any use. However,y is supposed
to be a configurationtypical with respect to the
Boltzmann-Gibbs probability at temperatureTg , m(y)
5exp(2bg H(y))/Z(bg), and we can expect the extensiv
quantities computed from Eq.~2! to be self-averaging
~i.e., y independent! in the thermodynamic limit. The
role of the configurationy is analogous in this construc
tion to the one of the quenched variables in disorde
systems. In this sense, the measure~2! is an implemen-
tation of the idea of ‘‘self-generated disorder’’ often a
vocated for structural glasses.10,13

~3! The third comment concerns the selection of the te
peratureTg . For that we do not have anya-priori crite-
rion, as it is a quantity that in experiments depends
the cooling rate. We have thought to the temperature
the configurationy, that we will callT8 in the following,
as the glass transition temperature in the purpose o
lustrating the physical situation that we have in mind.
a matter of fact our construction is well defined for a
bitrary T8, and interesting results are obtained even
T85T. In this paper we will limit our analysis to this
case using the measure~2! as powerful probe of configu
ration space. We insist, however, on the conceptual
portance of considering two temperatures, and we w
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often refer to results obtained in spin glasses for t
more complicated case. In the previous discussion
part of the following we have considered the temperat
as the only external parameter. It is clear thatmutatis
mutandisanalogous considerations hold for any oth
control parameter, as the density of Sec. V.

The object on which we will concentrate our attention
the free-energy associated with the distribution~2! that, in-
voking the self-averaging property we can write as

V~q,b,b8!52
T

N

1

Z~b8!
E dy exp~2b8H~y!!

3 logH E dx exp~2bH~x!!d~q~x,y!2q!J .

~3!

As the constraint implied by the delta function is global, w
can enforce it through a Lagrange multiplier; and consid
ing the quantity

F~e,b,b8!52
T

N

1

Z~b8!
E dy exp~2b8H~y!!

3 logH E dx exp~2b@H~x!2eq~x,y!# !J
~4!

we find thatV andF are related by the Legendre transfor

V~q,b,b8!5min
e

~F~e,b,b8!1eq!. ~5!

For practical purposes it is more convenient to work withF
than with V, while the data are more easily interpreted
terms ofV. We will pass freely from one representation
the other in the following.

In order to deal with the average of the logarithm in E
~4! we resort to the replica method. This consists in evalu
ing the momentsZr̄ for integerr and computing the averag
logarithm from an analytic continuation to non integerr from
the formula logZ̄5limr→0 (Zr̄21)/r . Explicitly we can write

Zr̄52TE dx0 exp~2b8H~x0!!/Z~b8!E dx1 . . . dxr

3expS 2bF (
a51

r

H~xa!2e (
a51

r

q~xa ,x0!G D , ~6!

where we have writteny5x0. The problem is reduced to th
computation of thermodynamics for a mixture ofr 11 com-
ponents in the limitr→0. Notice the nonsymmetric role
played by the replicax0 and the replicasxa for a>1. This
implies that while there is symmetry under permutation
replicas with positive index there is not symmetry under
terchange of the replicax0 with the others. Although we
haver 11 replicas, the symmetry of the problem is onlySr ,
becomingSr 11 only for e→0. Technically, our approach i
similar to the one of Goldbart and Zippelius14 in their study
of the vulcanization of rubber and the one of Stellet al. for
liquids in random quenched matrices, where also one fin
number of replicas that tends to one. However, in their c
s
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.
t-

f
-

a
e

real quenched disorder is present, while in our case we
the auxiliary configurationy to restrict the Boltzmann-Gibbs
measure to small regions of configuration space.

Before discussing in the next section the application
the present formalism to simple liquids in the hypernet
chain approximation, let us describe briefly what one c
expect for the effective potential when a glassy transit
occurs, considering for simplicity the caseT85T. In the su-
percooled phase the diffusion constant becomes lower
lower as the temperature is lowered. The ‘‘cage effect’’ tak
place: The molecules get trapped for long times before t
can diffuse. When the glass transition is met diffusion
completely stopped, at least on human time scale. The
tropy associated to diffusion is lost at the transition. Ergo
icity is broken and the configuration space is effectively sp
into an exponentially large number of practically mutua
inaccessible regions.

Making the approximation that the time to jump out
these regions is infinite, it is natural to expect the effect
potential~2! to have two minima. One corresponding to th
typical ~low! overlap among configurations belonging to d
ferent regions in configuration space, and another co
sponding to the typical overlap~high! of different configura-
tions belonging to the same region. The number of th
regions, or metastable statesN is related to the configura
tional entropyS by the relation:N5exp(NS). The probabil-
ity of x to be in the same metastable state ofy will be in such
conditions 1/N5exp(2NS). Consequently the relative
height of the highq minimum with respect to the lowq one
has to be equal toTS. This picture is realized and it has bee
discussed in Refs. 3 and 4 in a large class of long range
glass model. The analysis of these models tells us that
picture has to be refined a little. To each disconnected reg
one can associate a free-energyf, with an energetic part and
an entropic part. DefiningS(T, f ) the logarithm of the num-
ber of these regions as a function off, one finds that, at low
enough temperature,S is different from zero in a finite tem-
perature dependent intervalI (T)5@ f m(T), f M(T)#. The
states that dominate the partition function at temperaturT
are such if the quantity

F5 f 2TS~T, f ! ~7!

is minimum.15 The study of the effective potential forT
ÞT8 shows that individual states do not disappear when
temperature is changed, but remain stable for large range
temperatures.3,16,17As the temperature is lowered, states w
lower and lowerS are selected in Eq.~7! until, for a tem-
peratureTs with S50 are reached and the partition starts
be dominated by the lowest states.

III. THE HNC APPROACH

Let us now discuss of the implementation of the HN
approximation in the approach outlined in the previous s
tion. As we stressed the use of the replica method reduce
problem of the evaluation of the effective potential to the o
of an r 11 component liquid mixture, in which there is
privileged component with which all the other replicas inte
act via the potential
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2Ne (
a51

n

q~xa ,x0!52e (
a51

n

(
i , j

1,N

w~xi
02xj

a!. ~8!

The basic quantities of the theory are the pair correlat
functions among replicas

rarbgab~x,y!1radabd~x2y!5(
i , j

d~xi
a2x!d~xj

b2y!.

~9!

A partial resummation of the Mayer expansion allows us
write a self-consistent expression for the free-energy18,19,6

22bFHNC5E ddx (
a,b50

r

rarbgab~x!@ log gab~x!21

1baf~x!dab#12be (
a51

r

r0rag0a~x!w~x!

1Tr L ~rh!, ~10!

wherehab5gab21 is the connected correlation function an
L is an operator in physical and replica space, defined b

L ~u!5u2u2/22 log~11u!. ~11!

We have also putb05b8, r05r8 andba5b, ra5r for a
.1. The free-energy~10! has to be extremized with respe
to the gab’s and the terms of orderr have to be extracted
The extremum conditions can be cast in the form

gab~x,y!5exp~2baf~x,y!dab1$d0a~12d0b!bb

1d0b~12d0a!ba%ew~x!1hab~x!2cab~x!!

~12!

with g andc related by the Ornstein-Zernike relation

hab~x!5cab~x!1 (
c50

r E dy hac~x2y!rcccb~y!. ~13!

As usual in the replica method one needs a parame
ization of the matrixgab that allows the analytic continuatio
to r→0. On the basis of symmetry considerations analog
to the one of Ref. 3, one can propose the structure

gab5H g00 a5b50

g10 a50, bÞ0 or b50, aÞ0

gab* a,bÞ0

. ~14!

The r 3r submatrixgab* can be either replica symmetric o
have an ultrametric structure,20 in the following we will limit
ourselves to the replica symmetric structure:

gab* 5H g11 a5b

g12 aÞb
~15!

which coincides with the choice of Given and Stell.7 In the
case of the p-spin model, the replica symmetric choice gi
the correct result for the effective potential in the high and
the lowq regions and in particular around the minima. Ho
ever, an intermediateq region where ‘‘one step replica sym
metry breaking’’ in the matrixgab* was necessary to correctl
compute the effective potential was found. Although we
not explore here the possibility of solutions with a structu
n

o

r-

s

s

o

more complicated than Eq.~15! and we limit ourself to the
study of the high and lowq parts of the effective potential
we warn the reader that replica symmetry breaking is also
be expected in this case for intermediateq.

The interpretation of the different elements of thegab

matrix with the replica symmetric ansatz is straightforwa
The elementg00 represents the pair correlation function
the free system; as such the equation determining it
couples from the other components in the limitr→0. In turn,
g11 represents the pair correlation function of the coup
system.g10 is the pair correlation among the quenched co
figuration and the annealed one, whileg12 represents the cor
relation between two systems coupled with the sa
quenched system. This is the analogous to the Edwa
Anderson order parameter in disordered systems, and re
sents the long time limit of the time dependent autocorre
tion function at equilibrium.3

Straightforward algebra shows that Eqs.~13! reduce to
the ones proposed in Ref. 7. In particular one finds that, a
should be, the equation forg00, describing the correlation
function of the quenched replica decouples from the ot
and coincides with the usual HNC equation in absence
replicas

h00~x!5c00~x!1E ddy@r0h00~x2y!c00~y!

1rr1h11~x2y!c11~y!#,

h10~x!5c10~x!1E ddy@r0h00~x2y!c10~y!1r1h10~x2y!

3~c11~y!2c12~y!~12r !!#,

h11~x!5c11~x!1E ddy@r0h10~x2y!c10~y!

1r1~h11~x2y!c11~y!2h12~x2y!c12~y!~12r !!#,

~16!

h12~x!5c12~x!1E ddy@r0h10~x2y!c10~y!

1r1~h11~x2y!c12~y!1h12~x2y!c11~y!

2h12~x2y!c12~y!~22r !!#.

The overlap can be expressed in terms of the correla
function g10, and reads

q5rE dx w~x!g10~x!54prE
0

`

r 2w~r !g10~r !. ~17!

According to the discussion of the previous section, we w
associate glassy behavior with nonconvexity of the funct
V(q), and in particular to the existence of multiple solutio
q(e) for e→0. In the liquid phase we can expect inste
q(e) to be a single value function and a convex effecti
potential with a minimum atq5q05r*dx w(x), corre-
sponding to the absence of any structure ing10, i.e., g10(x)
51 for all x. A strong couplinge, attracting the system to
wards the configurationy will force a structure in theg10,
which will have a higher peak inx50 the higher the cou-
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pling is. Similarly,g12 will acquire a structure: If two differ-
ent systems are similar to the configurationy they will also
be similar to each other. When the system freezes, a solu
to the HNC equations will exist in whichg10 and g12 will
have a structure even for small and vanishinge.

The value ofe at which we find a solution with nonzer
g12 coincides with dynamical critical density of Ref. 6 and
corresponds to the phase transition point in a mode-coup
approach.1 Indeed, in this mean-field approach ergodic
starts to break exactly at this point.

IV. RESULTS FOR HNC HARD SPHERES

In this section we discuss the picture coming from t
integration of Eqs.~12! and ~13! in three dimension. We
present systematic data in the case of the hard sphere p
tial

f~r !5H 1 r ,1

0 r .1
and withw~r !5H 1 r ,0.3

0 r .0.3
. ~18!

The hard sphere potential has been chosen for prac
convenience; the glassy transition picture that will eme
can be strongly expected to be very general. We have v
fied in nonsystematic investigations that the same pic
indeed holds for soft sphere systems withf(r )5r 212. The
value 0.3 that appears in the definition ofw has obviously
nothing fundamental, and we have checked that the pictu
insensitive to its precise value. The hard sphere model ha
temperature, and the control parameter is the density.
merical work report a glassy phase for values of the den
higher then 1.15~we use a normalization of the density su
that r5A2 for f.c.c. packing!.

We have solved the saddle point equation~12! and ~13!
by iteration for various values of the density and the co
pling. For fixed density we start the integration of the equ
tion at low ~respectively, high! coupling e where we know
the solution and we increase~respectively, decrease! it at
small steps. In this way we can find the curves ofq as a
function of e, and reconstruct from Eq.~10! the effective

FIG. 1. The behavior ofq as a function ofe for HNC hard spheres forr
51.14,1.17,1.19,1.20. For high enough densityq is a multivalued function
of e. We have shown only a portion of the curve in the region where i
multivalued. For clarity in this and the next figure we have joined with a l
the branches corresponding to the same density.
on

g

en-

al
e
ri-
re

is
no
u-
ty

-
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potential V(q). We checked that up to a constantV(q)
5*qdq8e(q8). In the low density region we were able in th
way to fully reconstruct the shape of the potential. For high
densities, we could just reconstruct in this way the high a
the low parts of the effective potential. This is, howeve
enough to get a fully detailed picture of the freezing in t
system. In Fig. 1 we present the curves ofq as a function of
e for various values of the density, while in Fig. 2 we plot th
corresponding curvesV(q).

At low densitye is a monotonic function ofq, testifying
to ergodic behavior of the system. The potentialV(q) is
convex and has a single minimum fore50, where the value
of the overlap isq05r4p(0.3)3/35r30.113, correspond-
ing to g10(x)51 for all x.

Interesting behavior appears for densities higher or eq
to rcr'1.14. At rcr the functionq(e) begins to be multival-
ued, the potential looses the convexity property and a ph
transition among a lowq and a highq phase can be induce
by a coupling. The point (rcr ,ecr), with ecr50.305 is a criti-
cal point of second order phase transition, from which
departs a first order phase transition linee tr(T) ~Fig. 3!. The
term 2Neq(x,y) in the Hamiltonian implies an energeti
advantage for the configurationsx close toy and induces a
transition between a highq ‘‘confined’’ phase with high en-

FIG. 2. The effective potential for HNC hard spheres. From top to bott
r51.0,1.14,1.17,1.19,1.20. For low density, high up in the liquid phase
potential is convex. In the glass phase two minima are present.

FIG. 3. Phase diagram in the planee2r. A first order transition line termi-
nating in a critical point separates a lowq from a highq phase.
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ergy and a lowq ‘‘deconfined’’ phase with high entropy. Th
transition line tells us that generic equilibrium configuratio
lie in metastable states for densities higher thanrc . For rcr

,r,rc51.17 the metastable states have a finite life, an
couplinge>e tr(T) is needed to stabilize them. Atrc a mini-
mum develops in the potential, and the metastable st
have an infinite time life. The equationq5q(e50) has more
than one solution. It has been shown by explicit calculat
in Ref. 3 that a second minimum in the effective potent
implies that in the equilibrium dynamics the system rema
confined in a region with a large overlap with the initi
state. In Fig. 4 we plot the functiong10(r ) for r51.20 and
various values ofe in the highq and the lowq solutions. We
see how the lowq solution has little structure (g10'1) while
the highq solution has a very pronounced peaks for inte
values ofr.

In ordinary cases multiple minima in the effective pote
tial as a function, the order parameter signal the presenc
different ~stable or metastable! phases with different qualita
tive characteristics~e.g., liquid and gas!. Here the implica-
tions of the two minima structure are different. The appe
ance of the secondary minimum signals the breaking of
ergodicity, i.e., the split of the support of the Boltzman
Gibbs measure into many, mutually inaccessible, region
is easy to realize the link among the two minima struct
and such nonergodic situation. If we suppose that the dif
ent regions have typically all the same distance, one s
have a minimum corresponding to that distance, and ano
minimum corresponding to the typical distance among c
figurations in the same region. In this perspective the min
are different manifestations of the same phase. Cohere
with this picture, the internal energy in the two minim
should be the same. Obviously this last sentence has
meaning for hard spheres where the internal energy is
defined, but it can be easily checked in soft sphere syste
The difference of height between the two minima,DV can
also be understood in this perspective as being due to the
that the number of regions in which the configuration sp
has split (N ) is exponentially large in the number of pa
ticles N5exp(NS), and each region carries a vanishin
weight in the measure. In that condition, choosingy in a

FIG. 4. The functiong10(r ) for r51.20 ande50.10,0.15,0.20. The three
curves on the top correspond to the highq solution; the three curves on th
bottom to the lowq one.
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region at random, the probability thatx falls in the same
region, which should be exp(2bDV) is equal to N21

5exp(2NS).
We find then thatS, to be identified with the configura

tional entropy, is related toDV by21

DV5TS. ~19!

We have then a method to compute the configurational
tropy, that we plot in Fig. 5. An equivalent method has be
proposed in Ref. 22. We see thatS is a decreasing function
of the density and vanishes at a densityrs'1.203,23 accord-
ing to the scenario of Gibbs and Di Marzio of the gla
transition, and analogously to long range spin glasses.
each value of the density one chooses these states such
the total balance betweenf the internal free-energy of the
region and the configurational entropy is such to minim
the total free-energy. Abovers the equations we are consid
ering give the clearly unacceptable result of a negative c
figurational entropy, and the approach must be modifi
Previous experience in spin glasses tells us that the parad
cal behavior has to be ascribed to an incorrect descriptio
the quenched replicay. For r.rs , the lowestf states are
chosen. These carry a finite Boltzmann weight and a cor
description has to take this into account. In the correct H
approach to the high density regime, the quenched rep
should be described by the replica formulation of Me´zard
and Parisi with replica symmetry breaking.6 The HNC ap-
proximation, originally devised to study liquids at equilib
rium, naturally embeds glassy behavior in a glassy transi
scenario completely analogous to the one of disordered m
els with ‘‘one step replica symmetry breaking.’’

In many senses the picture is genuinely mean-field-li
In fact, it has been stressed many times that in real syst
metastable states with an infinite lifetime do not exist, an
mechanism should restore ergodicity betweenrc and rs .
Moreover it is easy to realize that the effective potential
have defined must be convex beyond mean field. This ca
seen constructing configurations with overlap inhomo
neous in space and with a free energy lower or equal to
convex envelope of the potential. We expect, however
reflex of the mean-field structure in real systems. Wha
seen as a sharp transition in the mean field can still be
served as a crossover in real life and some of the predict

FIG. 5. The configurational entropyS as a function ofr.
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of the mean field can be expected to hold in finite dime
sional systems. In particular, the existence of a first or
transition line in the planer2e, which depends on the exis
tence of metastable states, regardless if their life is finite
infinite we expect to hold in real~or realistic! systems. In the
next section we will submit that to test.

Before leaving this section let us remark that~we show
how in some detail in the Appendix!, the possibility of a
glass transition, associated with nontrivialg10(x) for e→0 is
excluded by other classical approximations of liquid theo
the Percus-Yevick approximation and the mean spherical
proximation.

V. NUMERICAL SIMULATIONS

In order to test the predictions of the transition scena
of the previous section we have performed Monte Ca
simulations of a system of hard spheres in three dimen
coupled with a quenched configuration. We have done si
lations with a number of particlesN ranging from 256 to
1024 and we have not observed any significant depend
on the volume.

To generate the quenched equilibrium configurations
fixed density we start withN particles of zero radius in a bo
with periodic boundary conditions, and we let the radii gro
until two particles do not get in contact. At that point w
make a Monte Carlo sweep, i.e., we move the particles
random amount and we accept the change if two sphere
not overlap; the size of the proposed move is fixed in suc
way to have 0.4 average acceptance. We iterate the pr
dure until the desired density is reached. The volume and
radius (r ) are at the point rescaled in order to haver 51. We
thermalize then the system for 4000 Monte Carlo sweeps
use the configurationy reached as external field for ou
coupled replicas experiment. The relatively short thermali
tion is chosen in order to avoid crystallization. We have ca
fully verified that the equilibrium configuration does no
have any signs of crystallization by monitoring this corre
tion function, which has a smooth minimum around 1.4, a
should do in the liquid phase.

FIG. 6. The behavior ofq as a function ofe for a system of 258 particles
and r51.04. The different curves correspond to different thermalizat
times 2k for each value ofe. From top to bottomk517,19,21,23. For larger
thermalization times the system seem to develop a first order jump inq.
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Having generated the configurationy, we start the evo-
lution of a coupled systemx. For various densities, we sta
the evolution from the configurationy with a high value of
e and decrease the value ofe in units of de, making 2k

Monte Carlo iterations for each value ofe. In Figs. 6–8 we
plot q as a function ofe for various values of the density an
different values ofk. We see that, as expected for a syste
undergoing a first order phase transition, the curves
smooth for lowk and tend to develop a discontinuity fo
large k. For low density the discontinuity occurs at highe,
while it is pushed toward smalle for high density.

A different numerical experiment is presented in Fig.
where we plot the overlap as a function of the number
Monte Carlo sweeps in a logarithmic scale. Here we let
system evolve at fixede starting at time zero fromx5y.
Again, we observe a behavior compatible with a discontin
ity of q as a function ofe.

The same picture can be also observed directly in
behavior of the functiong10(r ). In Figs. 10 and 11 we can
see that whileg11 does not vary too much as a function
e,24 one observes qualitatively different regimes in the hi
and in the lowe regime with a discontinuity ing10(0).

For high e we observe a strong oscillatory structure
g01, which is very similar tog11, with the only difference

FIG. 7. The same as Fig. 6 but with a higher density,r51.10 andN
51024. The values arek517,19,21. Notice that fork517 the system has
not relaxed to the lowq value even fore50.1.

FIG. 8. The same as Fig. 6 withr51.14 andN5256. The values arek
517,19,21. As expected, for higher densities the transition is pushe
lower values ofe.
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being the peaks are smoothed and by the presence o
large peak atx50. On the contrary in the lowe regimeg10

is very close to one forr .0.3 and has almost no structur
Notice the striking similarity of this picture with the one th
we get from the theory.

VI. CONCLUSIONS

In this paper we have shown that by constraining
Boltzmann-Gibbs measure to small regions of the configu
tion space we can study the transition from liquid to gla
We have studied, in particular, the case of the simple liqu
in the HNC approximation. This model predicts a glas
transition in the lines of the Gibbs-Di Marzio scenario. T
physical picture seen from the present analysis is fully c
sistent with the one obtained from mean-field spin-gl
models, although the HNC approach allows us to get inf
mation on the structure function of the supercooled liqu
The HNC approach, which consists in neglecting the
called bridge diagrams in the Mayer expansion turns in
way to be equivalent to a kind of mean-field theory, whe
the glass transition is associated with a nonconvex effec

FIG. 9. The overlap as a function of logarithm~in base 2! of the time~i.e.,
the number of Monte Carlo sweeps! starting fromy at time 0 and evolving
for fixed e.

FIG. 10. The functiong11(r ) for a system withr51.10, N51024 and
coupling ranging from 0.35 to 0.6 in steps ofde50.05. The curves do no
vary too much withe, except the two with the lowest values ofe. This could
be a spurious effect due to partial crystallization as seen from the small
aroundr 51.4.
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potential. Many of the predictions from the theory are e
pected to be valid in real systems. In particular the picture
first order phase transition in presence of a coupling, wh
is associated to the presence of metastable regions in
figuration space. The picture has been positively tested
numerical simulations on hard sphere systems.

Growing evidence shows that a good starting point
describing the glass transition of supercooled liquids is
scenario met in long-range spin glasses with ‘‘one step r
lica symmetry breaking’’ transition, which is the static cou
terpart of the schematic mode coupling theory. Beyond th
models this kind of transition pattern is met in mean-fie
glass models without disorder,9–11 and simulations of realis-
tic glass models confirm many aspect of the picture.12 Finally
the HNC approach of Ref. 6 and with a different profile th
paper also confirms this scenario.

We believe that the mean-field theory of the glass tr
sition is now on firm ground. On the one hand, we have
mode coupling theory that allows us to extract the dynam
behavior of supercooled liquids not too far from the gla
transition. On the other, this theory has been repeatedly
served to be exact in mean-field spin glasses, whose s
enriches the picture with a static view of the topography
the configuration space. In this paper we show that the s
picture also holds for the realistic model of liquid obtain
by the HNC approximation.

Finally we would like to comment once more on th
limitation of the theory. As a genuine mean-field theory, t
HNC predicts the existence of infinite life metastable sta
analogously to what happens in long range models and in
mode coupling approximation. According to this picture t
system, after having froze into a metastable state atTg ,
would ‘‘follow’’ it down and back up in temperature in a
completely reversible manner. While this can be true
short times, irreversible effects are observed on large t
scales in glasses.25 The issue is related to the barrier jumpin
processes that restore ergodicity belowTc . Unfortunately, at
present the physics of these dynamical problems is uncl
We hope that insight in this problem will come from nume
cal and theoretical study of disordered models.

ak

FIG. 11. The functiong10(r ) for the same system as Fig. 10. We see a
discontinuity in behavior from the high to the lowe regions.
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APPENDIX

We show here that the mean spherical~MSA! and
Percus-Yevick~PY! approximations do not give any glas
transition. The MSA deals with hard core interactions,
which f(x)5` for uxu,r 0 andf(x)5f1(x) for uxu.r 0. In
the canonical formalism the exact partition function can
written as a functional integral over the density fieldn(x)

Z5E Dn~x! expH E dx@2bf~x2y!n~x!~n~y!

2d~x2y!!2n~x!log n~x!#J dS E dx n~x!2r D .

~A1!

In the MSA one may substitute the entropic pa
2*dx n(x)log n(x) in the exponent of Eq.~A1! by the im-
penetrability constraint*dx n(x)n(x1y)50 if uyu,r .26

Expressing the constraint through a set of Lagrange mult
ersl(x) one gets a Gaussian integral that can be compu
exactly.

In the formalism explained in the text the density va
ables are replicated, and the constraint takes the form

E dx na~x!na~x1y!50 for uyu,r 0 and alla. ~A2!

Notice that the replica index in the two densities appearing
Eq. ~A2! is the same, as, obviously, there is no impenetra
ity constraint for different replicas like there would be in
multicomponent fluid. Introducing now a set Lagrange m
tipliers la(x) to enforce Eq.~A2! and exploiting the proper
ties of Gaussian integrals one finds that the correlation fu
tion

^na~x!nb~y!&2^na~x!&^nb~y!&5Aab
21~x2y! ~A3!

can be found inverting the relation

Aab~x!5dabla~x!1Vab~x!, ~A4!

where

Vab~x!5f1~x!dab2$d0a~12d0b!bb

1d0b~12d0a!ba%ew~x!. ~A5!

It is clear that fore→0, Aab , and therefore its inverse, be
comes diagonal in the replica indices, implyinggab(x)51
for all x if aÞb.

Analogous reasonings apply to the PY approximat
~see, e.g., Ref. 19! where one has

cab~x!52gab~x!@ebVab~x!21#. ~A6!
r

e

t

i-
d

n
l-

-

c-

n

For e→0, cab becomes diagonal, and the Ornstein-Zern
relation ~13! shows thatgab(x)51 if aÞb.
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