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Abstract

Within the framework of the effective potential theory of the structural glass transition, we calculate for the p-spin
model and for a hard sphere liquid in the hypernetted chain approximation a static non-linear susceptibility related to a
four-point density correlation function, and show that it diverges in mean field with exponent y = 1/2 as the critical
temperature 7 is approached from below. When 7. is approached from above, we calculate for the p-spin model a time
dependent non-linear susceptibility and show that there is a characteristic time where this susceptibility has a maximum,
and that this time grows with decreasing 7. This susceptibility diverges as T is approached from above, and has key
features in common with a generalized susceptibility related to particle displacements, previously introduced to measure
correlated particle motion in simulations of glass-forming liquids.

© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Tempted by the possibility of treating the glass
transition within the framework of conventional
critical phenomena, researchers have long sear-
ched for evidence of a static correlation length
that becomes large as the glass transition is ap-
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proached. Scattering experiments have failed to
find a growing length associated with density fluc-
tuations [1], although experiments on the vanishing
of the isotope effect in metallic glasses and un-
dercooled liquids suggest the presence of a large
correlation length [2-4]. Numerical studies of lig-
uids above and below the glass transition have
identified a dynamical length associated with the
range over which particle motions are correlated
[5-13]. By introducing a ‘displacement—displace-
ment’ correlation function g,(r, ) and generalized
susceptibility y,(¢), Refs. [7,8] showed in two dif-
ferent model liquids that this length — which de-
pends on the time window of observation — grows

0022-3093/02/$ - see front matter © 2002 Elsevier Science B.V. All rights reserved.

PII: S0022-3093(02)01461-8


mail to: franz@ictp.trieste.it

216 C. Donati et al. | Journal of Non-Crystalline Solids 307-310 (2002) 215-224

with decreasing temperature 7" as the mode cou-
pling temperature 7, is approached from above,
despite the fact that density and composition
correlations remain short-ranged [14]. Calcula-
tions of the average size of clusters of particles that
move together within locally dynamically homo-
geneous regions give another measure of a char-
acteristic length [10,11]. Recent work has shown
that this length — like the length scale associ-
ated with the displacement-displacement correla-
tion function — is time dependent, and maximal at
a time that scales with 7 — T like the B-relaxation
time [11]. Experiments on colloidal liquids and
glasses in two [15] and three [16] dimensions have
provided confirmation of key aspects of the dynam-
ical heterogeneity observed in simulations [17-20].

The aim of this paper is to provide an inter-
pretation of simulation and experimental findings
of dynamical heterogeneity within a suitable the-
oretical framework. We calculate within the effec-
tive potential theory a susceptibility y, associated
with a four-point density correlation function.
A time-dependent, four-point density correlation
function was first studied in a supercooled liquid in
Ref. [21]. In that paper, no growing correlations
were found, possibly because some of the data
analyzed were in the aging regime where more
complex analysis should be done. Within the ap-
proximations we use, we show that below T, y,
diverges with exponent 1/2 as T — T, . We show
that above T., y, is time-dependent and in cer-
tain ways resembles the susceptibility calculated in
[7,8], and that y,(¢) has a maximum which diverges
in mean field as T — T.'. We argue that (1) the
diverging correlation length implied by the di-
verging susceptibility is associated with incipient
ergodicity breaking at T¢, and (2) this length un-
derlies the growing range of dynamical heteroge-
neity measured in Refs. [7,8,16]. Finally, we test
our theoretical predictions above 7. using data
from molecular dynamics simulations of a model
glass-forming liquid.

We use two different theoretical approaches
depending on T. In the low T regime (T < T.), we
calculate a static, non-linear susceptibility using
the effective potential theory [22], and in the high T
regime (7 > T.), we calculate a dynamic, non-lin-
ear susceptibility in a dynamical approach. The

low-T calculations are performed both for a hard-
sphere liquid in the hypernetted chain (HNC)
approximation [23] and for the spherical p-spin
model [24]; the dynamical calculations are per-
formed only for the spherical p-spin model. This is
the simplest model that (i) allows both static and
dynamic quantities to be calculated exactly, and
(1) exhibits several key features common to liquids
in and close to their glassy regime [23,25,26]. For
example, the high-7T dynamics of the p-spin model
are described exactly by the ideal mode coupling
equations [27,28], which capture qualitatively, and
for some quantities quantitatively, the separation
of time scales between local ‘rattling’ and long-
time structural relaxation.

An unrealistic feature of the model (and of ideal
mode coupling theory) is the presence of a sharp
dynamical transition temperature 7.. Below T,
large-scale structural rearrangements are arrested,
and phase space splits into individual ergodic
components that remain stable at all temperatures.
This stability is a consequence of the mean field
nature of the theory, which in p-spin and similar
models is due to the long-range interactions be-
tween the various degrees of freedom.

An assumption made in mode coupling theory,
and often taken in mean field theories of glasses, is
that in real systems the temperature 7, corresponds
to a change of the dominant relaxation mecha-
nisms [29]. According to this interpretation, what
are seen as ergodic components in mean field
would actually be metastable states, or dynamical
quasi-states with a long but finite escape time of
the order of the a-relaxation time t,. Our basic
observation is that within the described theoretical
framework, the quasi-states correspond to highly
correlated regions of configuration space; that is,
configurations belonging to the same quasi-state
would appear to be highly correlated. On the other
hand, configurations belonging to distant quasi-
states, that is, separated by large times ¢ > 1,, are
largely uncorrelated.

We argue, then, that a dynamical correlation
length and susceptibility characterizing dynamical
heterogeneity can be estimated by the correspond-
ing quantities within a quasi-state. On the other
hand, the static limit of the same quantities, i.e.,
the value reached for times much larger then the
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lifetime of the quasi-states, correspond to maxi-
mally distant quasi-states. This would predict
maximal fluctuations and heterogeneity on a time
scale of the order of 7,.

In this interpretative framework we can use a
static approach to compute the properties of these
metastable states below 7.. We can also obtain
information above T, directly in a dynamical ap-
proach, where mean field theory predicts a finite
escape time from the metastable states, which
diverges on approaching 7;. The divergence of a
static susceptibility inside the metastable state
when we approach 7, from below is directly related
to the divergence of the corresponding dynamical
susceptibility when we approach T, from above. As
is typical for mean field theories, which neglect
spatial fluctuations, a diverging correlation length
is deduced from the diverging susceptibility. A
slowly growing correlation length has been directly
measured in simulations from the time dependent
four-point density correlation function described
below [31].

2. Dynamical quasi-states and effective potential
theory

A basic fact of glassy phenomenology is the
existence of two widely separated time scales. In
supercooled liquids, time-dependent correlation
functions display a characteristic two-step shape
corresponding to local atomic motion on short
time scales, and structural relaxation on long
time scales. These two processes, and thus time
scales, become more and more separated as the
temperature is lowered. Under these conditions it
is possible to decompose the dynamical variables
defining the microstate of the system into a fast
and a slow part. The fast variable can equilibrate
almost completely before the slow variable chan-
ges appreciably. This feature was used in Ref. [32]
to define dynamical quasi-states as regions of
configuration space where a glassy system almost
equilibrates before moving away.

We begin by defining the microscopic state X of
a supercooled liquid or a glass in terms of the local
time-dependent density field py(x, ). The correla-
tor {(p(x,t)p(y,s)) displays a plateau whose char-

acteristic scale 7 can be used to define a slow

variable,
/ dsp(x,s) (1)

and a fast variable,
6[)()(?, t) = p(X,1) = Pyow (X, 1) (2)

If the fast degrees of freedom thermalize before
the slow ones can significantly vary, the configu-
rations inside a quasi-state are sampled with a
constrained Boltzmann—Gibbs weight,

ulosl =exp (= X + [ @m0, )

where the ‘external field’ %,(x) is chosen in such
a way that the consistency relation (p(x)), =
Psow (X, 1) 1is verified. In supercooled liquids and
glasses, since the configurational entropy is exten-
sive, the single quasi-states have vanishing weight
in the full equilibrium probability. We stress that
the description in terms of quasi-states is valid
both above (and close to) 7. and below. We will
argue that the dynamical correlations observed in
the simulations and the experiments are directly
related to the growth of correlations inside quasi-
states at the mode coupling temperature 7, while
the static correlations, which are dominated by
configurations belonging to different quasi-states,
remain short ranged.

Given any local observable A(x), its Boltzmann
average can be decomposed as

{A(x) Z wy (4 )

where the index o runs over all the e¥* quasi-
states. The weights w,, of the different states will all
be of the same order w, ~ exp(—N > (T)). In the
following we will be interested to compute spatial
averages (correlation functions) among local ob-
servables, [dx(4(x))(B(x+y)). If by () we mean
Boltzmann average, we can expand each of the
two averages according to (4), and find that

[ axtaw) @ +)
= /dx ZWWB

pslow X, t

Boltzmann

(B(x+y))g, ()
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which, due to the fact that the number of ergodic
components is exponentially large, is dominated
by the terms in the double sum with a # . In-
stead, our main interest will be to compute aver-
ages of the kind [dx >, wy(4(x)),(B(x +)),; i.e
to compute correlation functions within the same
quasi-state.

The effective potential theory provides a static
prescription to compute averages in quasi-states.
Here we describe the essential elements of the
theory (a complete description can be found in
[25]). The theory is formulated using a measure of
the similarity or ‘overlap’ ¢ between two configu-
rations X and Y as an order parameter to detect
vitrification. Different definitions of ¢ can be used
in different systems and the main results of the
theory do not depend on the definition adopted. In
the case of simple liquids with N particles at fixed
density [25,33], one can define

o) = Zwm -»)

1
1

- / dedyw(x —)px(D)py(0),  (6)

where X ={x,...,xy}, Y={y1,...,0v}, and p,(x)=
SV 8(x—z) is the microscopic density corre-
sponding to the configuration Z=X,Y. Here w(r)
is chosen to be a smooth, continuous, short-range
function close to one for »<ary and close to zero
otherwise (ry is the radius of a particle). The value
of a<1 is arbitrary, and ¢=0.3 is a good com-
promise for an overlap insensitive to small thermal
fluctuations [25,31,33].

The effective potential V' (g), which is a con-
strained free energy, is constructed by choosing
a fixed reference equilibrium configuration Y at
temperature 7, and calculating the free energy of a
configuration X that has an overlap ¢ with Y-

:——log/dX

exp(—pH(X))3(¢(X, Y) — q). (7)

This free energy corresponds to weighting the
configurations with a constrained canonical prob-
ability,

ux|y) =

77 S BH)3(a(X. ) ~ )

8)

where the constrained partition function is
V)= [ W exp(-pHOORGW. V) ~0). (9)

Since Y is, by hypothesis, an equilibrium con-
figuration, it will belong to some quasi-state o.
Therefore, if we choose ¢ as the typical overlap
between configurations in this quasi-state (i.e.,
the Edwards—Anderson order parameter gga ), such
that with probability one almost all configurations
have the same overlap, we will be able to compute
the quasi-state averages as follows. Given two
observables A(X) and B(X), we can write

eBH (D)
3w, (8) :/dY —A(Y)

/dX e MO3(q(X,Y) - q)B(X).
Zy(Y)

(10)

Notice that if, on the other hand, in Eq. (8) we
would choose ¢ as the typical overlap among dif-
ferent quasi-states, the constraint would be irrele-
vant and we would obtain the Boltzmann average
(5).

The typical mean-field shape of V(g) for a sys-
tem undergoing vitrification is shown in Fig. 1 for
several values of 7. The shape of V' (g) allows one
to distinguish the liquid from the glassy phase
since the presence of a single or multiple minima
indicates either ergodicity or broken ergodicity,
respectively. At high 7, the system is ergodic and
V(q) is convex, with a single minimum at a small
value of the overlap g between any two configu-
rations chosen with the Boltzmann weight. Upon
lowering T, the curvature changes sign, and at T,
V(g) develops a secondary minimum at a higher
value of ¢. This signals breaking of ergodicity: at
T. the configuration space become disconnected
into an exponentially large number of ‘ergodic
components’ A" ~ exp(N "), each carrying van-
ishing weight in the Boltzmann distribution [25].
As discussed in detail in [22], physical quanti-
ties calculated in the primary minimum represent
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Fig. 1. The effective potential V'(g) for the p-spin model, for several values of 7. At high 7 the potential is everywhere convex, and at
low T, V(gq) exhibits two minima. In the inset we show the effective potential for a hard sphere fluid in the HNC approximation for
several values of the density (p = 1.0, 1.14, 1.17, 1.19, 1.20). Here the potential is calculated around the high- and in the low-¢ minima,

and the lines joining the two minima are guides to the eye [25].

averages computed with the full Boltzmann weight,
while the same quantities calculated in the sec-
ondary minimum represent averages computed
only within a single ergodic component. The over-
lap in the secondary minimum is the typical
overlap between configurations in the same erg-
odic components.

Notice that the shape of the effective potential
resembles that of a free energy as a function of
the order parameter for a conventional mean-field
system undergoing a first-order phase transi-
tion, with the temperature 7, corresponding to
the spinodal temperature. In conventional theo-
ries, the secondary minimum describes metastable
phases that are unstable against nucleation of the
dominating phase while the spinodal point de-
scribes the limit of stability of the phase.

Here the situation is analogous, except that
there is not a unique metastable phase, but instead
exponentially many equally likely quasi-states that
are visited during the dynamical evolution of the
system. These states are mechanically stable below
T. where activated jumps of local energy barriers

are responsible for the relaxation, while they are
mechanically unstable above 7.. For that reason,
as seen in the correlation function, the equilibrium
dynamics of a supercooled liquid bear some re-
semblence to the decay of a metastable state, or to
spinodal decomposition in systems with first order
phase transitions. We show here that, as it happens
for metastable states in ordinary systems, the loss
or gain of correlation on approaching 7. from
below or above corresponds to increasing corre-
lations within the quasi-states.

To calculate physical quantities in the effective
potential formalism, it is useful to introduce the
Legendre transform of V(g): I'(¢) = min, V' (q) —
eq, where ¢ is a ‘field’ conjugate to ¢, and corre-
sponds to a coupling between configurations. For
example, the average overlap (¢) can be computed
as (q) = %|_,, where (-) represents either of the
two types of averages. The overlap susceptibility
is

_ 9g)

X4 = ae

= BN((g*) — (@), (11)

e—0
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where g = ¢(X,Y). Inserting Eq. (6) in Eq. (11)
allows us to rewrite y, as

L4 =N_1ﬁ/dxl dyr dxa dy, w(xy — yi)w(xa — 1)

X Ga(x1,31,%2,12), (12)

where the four-point density correlation function
is [21]

Ga(x1, 1, %2, 12) = [(px (x1)py (1) px (x2) py (12))

= (px(x1)py ) (px (x2)py (12))]-
(13)

The two types of averages for y, are easily
calculated. We find that when calculated with re-
spect to the Boltzmann average, y, is regular (and
small) at all 7. However, when calculated within
the secondary minimum (i.e. averaged within a
single ergodic component) y, grows for increas-
ing T, and diverges at 7, as a power law y, ~
(T. — T)"7, as shown in Fig. 2 for the 3-spin model.
This demonstrates that equilibrium configurations
within a single ergodic component are highly cor-
related, while configurations in different compo-
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Fig. 2. The static susceptibility y, (circles) calculated at low
temperature (T < T;), plotted vs. T, together with the maximum
of the time dependent susceptibility y,(¢) (diamonds) at high
temperature (7 > 7;). The solid line through the low-7" data is
included as a guide to the eye. The dashed line through the
high-T data indicates a power law fit: 7,(T) = a/(T — T.)"*+ b.
In the 3-spin model, 7, = 0.612 [24] and the fit gives a = 3.67,
b=-6.28.

nents are not. In both the p-spin model and hard
sphere model in the HNC approximation, the form
of V(g) is cubic around the second minimum, and
thus the value of the exponent y is equal to 1/2 (i.e.,
the coefficient of the quadratic term resulting when
V(q) is expanded around the second minimum
vanishes as (T, — T)"/?). This value is universal
within mean field and coincides with the value of y
for mean-field spinodal transitions. The correla-
tion function is bounded in position space and
an increase of the susceptibility signals a corre-
sponding increase in the range of the correlations.
If we assume usual scaling with this value of y then
the correlation length exponent v is related to
the anomalous dimension # by v = 1/2(2 — ). The
mean field level at which we are describing the
system is the same as that of the ideal mode cou-
pling theory [34]. The success of MCT in pre-
dicting relations between exponents of various
dynamical quantities [35] leads us to speculate that
the mean-field value of 7y, or a close value, could be
observed in real systems, and we test this using
MD simulations at 7 > T; later in this paper.

3. Dynamical approach above T

We now turn to the high temperature region
T > T. where the quasi-states are mechanically
unstable and the system is ergodic even in the
mean field approximation. In this region there is
no secondary minimum in ¥ (g), and the static
susceptibility does not exhibit any singular be-
havior. However, in this temperature regime par-
ticles of a supercooled liquid ‘oscillate’ within cages
formed by their neighbors, and the system is ef-
fectively ‘frozen’ for a characteristic time that
grows and would appear to diverge as a power law
as T is approached. This transient localization
corresponds to highly correlated regions of phase
space that have finite lifetime and represent the
high temperature precursors of the low tempera-
ture ergodic components.

The idea of considering a system coupled with a
reference configuration can also be used in dy-
namics to compute a time dependent susceptibility.
We study the dynamics of such a system starting in
an equilibrium initial condition ¥ = X (0) and
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evolving in time with potential energy # =H[X]—
€q(X,Y), and we calculate a dynamic response

a(p) = SAXOAO), (14

Although the presence of the initial configura-
tion does not, strictly speaking, allow us to relate
this susceptibility to an overlap—overlap cor-
relation function via the fluctuation dissipation
theorem, this quantity has the same physical di-
mensions of y, (Eq. (12)), so we can expect it to
have the same singular behavior close to T..

We calculate y,(¢) above T; in the p-spin model,
which is the simplest model displaying an ideal
mode-coupling transition. The p-spin model [24]
describes N interacting variables S, ..., Sy (spins)
on the sphere >, S? = N, with Hamiltonian H =
Zil<___<, Jiy iy Siy - S,«p, where the couplings are
random’ independent Gaussian variables with
zero mean and variance J? = p!/(2N?7!). The ap-
propriate notion of overlap for this system is
q(S,8)=1/N>".S:S.. For this model it is cus-
tomary to consider Langevin dynamics, which in
our case will be performed with Hamiltonian
Hot(S) = H(S) — €q(S,S)), where Sy = S(¢ =0) is
an equilibrium initial condition. The equation of
motion for S;(¢) is then
ds()  oH(S()

@~ o, eSO +n), (15)

where #;(¢) is a white noise with amplitude 27, and
u(t) is a Lagrange multiplier fixed to impose the
spherical constraint at all times. One can easily
check from linear response theory that ¥, can be
written in the form

03 [l 20s

Through standard functional methods, discus-
sed, e.g., in [28], we can write a self consistent
equation for a single spin which, using the nota-
tion f(q) = 1/2¢”, reads

d%t) = —p(®)S() + /0 t ds /" (C(1,5))R(t,5)S(s)

+ B1(C(2,0))8(0) + €5(0) + &(0),  (17)

(O)Sf(0)>- (16)

where &(¢) is a colored Gaussian noise variable
with variance

(E(0)¢ls)) = 1(C(t,

where C and R are the correlation and response
functions of the system, to be determined self-
cg)snsistently by C(t,s) = (S(¢)S(s)) and R(t,s) =
t
<55((S;>'
Taking the correlations with S(s) and &(s) in
Eq. (17), one can derive equations for C and R
which read, for ¢ > s,

5)) +2T3(t — s), (18)

XS et
+ [ e e cins)
/ f1(C(t,u))R(s, u)
+ Bf'(C(1,0))C(s,0) + €C(s,0) (19)
aRé;’ 5) = —u(®)R(t,s)

+/ duf"(C(t,u))R(t,u)R(u,s).  (20)

The equation specifying the time dependence of
u(t) is

u(t) = /0 duf"(Ct, )R, 1)l )

- )R 1) + BF(C(0)C(,0)
4 eC(t,0) + T. 1)

Although an analytic evaluation of the suscep-
tibility y,(¢) might be possible close to T, we did
not attempt this. Instead, we studied y,(¢) by in-
tegrating the equation of motion numerically for
various values of T with the method developed in
[36]. As shown in Fig. 3(a), we find that y,(¢) dis-
plays a maximum as a function of time, which
increases and shifts to larger r as T’ — T.".

The temperature dependence of the maximum
of y,(¢) is shown in Fig. 2 (diamonds); we find
that the maximum behaves as a negative power
of T — T, on approaching 7.. Although we did
not attempt to compute the value of y above T
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Fig. 3. (a) The non-linear susceptibility y,(¢) computed from the theory in the p-spin model with p = 3, for temperatures 7 = 0.7, 0.8,
0.9, 1.0 (T. = 0.612). The long time limit corresponds to the static susceptibility, which, for this model above T, is equal to
%4(00) = 1/kT. (b) The non-linear, time-dependent susceptibility y,(7) calculated for the LJ binary mixture above T;. The long time
limit for the liquid is negligible due to the normalization. Inset: the maximum y4(#;) plotted as a function of T — T, with 7, = 0.435
[9,10,37]. Here #; is the value of ¢ at the maximum of y,(¢). The solid line indicates a power law fit to y,(#;) ~ (T — T)'?, and is
included to compare the simulation data with the analytical mean-field prediction.

analytically, we expect in analogy with spinodal
points that the values of the exponents on the two
sides of the transition would be the same. Indeed,
we find that the data are compatible with the
mean-field value of 1/2 calculated below T; (a
power-law fit to the high-7" data with T fixed and 7y
as a free parameter gives y = 0.52). Thus we find
that MCT predicts a diverging dynamic, non-lin-
ear susceptibility, (and thus a diverging dynamical
correlation length), associated with a four-point,
time-dependent density correlation function. In
real systems, we expect that the transition at 7, will
be smeared by the existence of dynamical processes
that restore ergodicity, and which are not taken
into account in the mean field approach. This has
two important ramifications. The first is that even
below T, y,(¢) should display a maximum at finite
time. The second is that the divergence of y, as
a function of 7 should be smoothed.

4. Numerical simulations

To test our predictions, we calculate y,(¢) for an
80:20 Lennard-Jones liquid containing 8000 par-
ticles, the same system as that studied in Ref.
[7,9,10]. This model displays many of the canoni-
cal features of glass-forming liquids, and has been
shown to follow key predictions of mode-coupling
theory [37]. Complete details of the simulation
may be found in [10]. We evaluate y,(¢) by cal-
culating the fluctuations in the time-dependent
overlap ¢(¢#) measured between two equilibrium
configurations of the system separated by a time .
In Fig. 3(b) we show y,(¢) for seven different values
of T approaching 7. = 0.435 from high 7. In
qualitative agreement with our theoretical predic-
tions, we find that for the binary Lennard-Jones
liquid, y,(7) has a maximum y,(#;) at an interme-
diate time f;. The amplitude of the peak grows and
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its position shifts to longer times with decreasing
T. As shown in the inset, the 7-dependence of
14(#;) is compatible with the mean field prediction.
We caution that a rigorous test of the theory would
require additional simulations closer to 7; and of a
larger system size to minimize finite size effects
resulting from the growing correlations. Calcula-
tions of y,(¢) in a different binary LJ mixture re-
ported in Refs. [30,31] show qualitatively similar
results. In Ref. [31], it is shown that the dynamical
correlation length characterizing the growing
range of the four-point correlation function cor-
responding to y,(¢), grows slowly but steadily with
decreasing 7' while the static correlation length
characterizing the range of the static pair correla-
tion function g(r) remains essentially constant.

5. Summary

We have calculated both within the effective
potential theory and in a dynamical approach, a
diverging susceptibility below and above the mode
coupling dynamical critical temperature, respec-
tively. This susceptibility is related to the grow-
ing range of a four-point, time-dependent density
correlation function. Although in real systems, the
‘divergence’ may be ‘smeared out’ or shifted to
lower T, we believe that this growth of dynamical
correlations may be intrinsic to, or underly, the
change of the dominant relaxation mechanism at
T., where the quasi-states acquire mechanical sta-
bility. Our findings suggest [38—40] an interpreta-
tion of the dynamical heterogeneity underlying the
behavior of the displacement-displacement corre-
lation function calculated in Refs. [7,8] in terms of
a time-dependent, four-point density correlation
function. The correlation function calculated in
Refs. [7,8] measures the extent to which the (sca-
lar) displacements of a pair of particles separated
by a distance r are spatially correlated. Specifically,
this function is similar to the static, two-point pair
correlation function g(r), but with each particle’s
contribution to g(r) weighted by its subsequent
displacement over a time interval [0, #]. In contrast,
the four-point function G4 studied in the present
work measures the extent to which ‘overlapping’
particles within a time interval [0, #] are correlated.

Although these two correlation functions are dif-
ferent (and thus their time- and 7-dependence are
different [19,20,30,31]), we believe that the length
scale associated with Gy is related to the growing
range of correlated particle displacements mea-
sured in Ref. [7,8,15,16]. A further critical test of
our theoretical predictions would be provided by a
simulation or experimental measurement of y,(¢)
or its related correlation length below 7.. Addi-
tional simulation studies of the quantities intro-
duced in this paper are presented in Ref. [31].
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