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St. Petersburg paradox (N. Bernoulli, 1713)

Sequence Win Probability

head 1 1/2

tail, head 2 1/4

2 tails, head 22 1/8

· · · · · · · · ·
N tails, head 2N 1/2N+1

· · · · · · · · ·





mean gain

1 · 1
2 + 2 · 1

4 + · · ·+ 2N · 1
2N+1 + · · ·

diverges

Central Limit Theorem

X =
1√
N

(x1 + · · ·+ xN )︸ ︷︷ ︸
identically distributed

statistically independent

P (xj), 〈xj〉 = 0

N�1
=⇒ PG(X) =

exp
(
−X2/(2σ)

)
√

2πσ︸ ︷︷ ︸
Gaussian distribution

σ = 〈x2〉
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Lévy distribution

Identical normalized distributions

cx3 = c1x1 + c2x2

↑ ↑ ↑
P (x3) P (x1) P (x2)

∫ ∞

−∞
P (x)dx = 1, P̂ (q) =

∫ ∞

−∞
P (x)eiqxdx

P (x3) =

∫ ∞

−∞

∫ ∞

−∞
P (x1)P (x2)δ

(
x3 −

c1
c
x1 −

c2
c
x2

)
dx1 dx2

↑ ↑ ↖
eiqcx3 = eiqc1x1 · eiqc2x2

P̂ (cq) = P̂ (c1q)P̂ (c2q) −→ ln P̂ (cq) = ln P̂ (c1q) + ln P̂ (c2q)
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Class of solutions

lnPγ(cq) = (cq)γ ,
(c1
c

)γ

+
(c2
c

)γ

= 1

γ = 2 Gaussian distribution

P̂γ(q) = exp(−a|q|γ)

0 < γ < 2 Lévy distribution

Pγ(x) ∼ |x|−γ−1, |x| � 1

〈xm〉 =

∫ ∞

−∞
xmPγ(x)dx diverges for m > γ

〈x2〉 =∞
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Normal diffusion: gases, liquids, solids ...

PSfrag replacements

`

`

`

`

〈r2〉

〈r2〉 = C `2︸︷︷︸
mean
path

length

· N︸︷︷︸
number

of jumps

N =
t

τ︸︷︷︸
mean time

between
collisions
or jumps

〈r2〉 ∼ `2

τ︸︷︷︸
diffusion

coefficient

t

Continuous time random walk

Jump probability distribution function ψ(~r, t) Simplification

`2 =

∫ ∞

0

∫

Rd

r2ψ(~r, t) d~r dt ψ(~r, t) = w(t)︸︷︷︸
waiting time
distribution

function

· λ(r)︸︷︷︸
step length
distribution

function
τ =

∫ ∞

0

∫

Rd

t ψ(~r, t) d~r dt
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Electrons in semi-conductors

PSfrag replacements

ε

conduction band
Distribution of energy levels

ρ(ε) = ρ0 exp

(
− ε

k T0

)

Release rate

W (ε) = W0 exp
(
− ε

k T

)

Waiting time distribution

w(t) ∼
∫ ∞

0

ρ(ε) exp (−W (ε) t) W (ε) dε =

∫ 0

W0

dε

dW
ρ(W )e−WtW dW

ε = −kT ln
W

W0
ρ(W ) = CW T/T0

dε

dW
= −kT

W

T

T0
≡ γ

w(t) ∼
∫ W0

0

W γe−Wt dW
t�1,W=z/t∼ t−(1+γ)

∫ ∞

0

zγe−zdz

︸ ︷︷ ︸
const
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Take a waiting time distribution function −→ survival probability

w(t) =
γτγ

0

(τ0 + t)γ+1
,

∫ ∞

0

w(t) dt = 1 −→ P (t) = 1−
∫ t

0

w(t′) dt′ =
τγ
0

(τ0 + t)γ

Mean interval between jumps

τ =

∫ ∞

0

t w(t) dt = γτ0

∫ ∞

0

t dt

(τ0 + t)γ+1

↗
↘

finite if γ > 1

infinite if γ 6 1

Assume a step length distribution function

λ(x) = exp(−x2/(4σ2))/
√

4πσ2.

Probability distribution function of particles arriving at point x at time instant t

η(x, t) =

∫ ∞

−∞

∫ ∞

0

η(x′, t′)w(t− t′)λ(x− x′) dt′ dx′ + δ(x)δ(t)

Probability distribution for being in point x at time instant t

ρ(x, t) =

∫ t

0

η(x, t′)

[
1−

∫ t

t′
w(t′′ − t′) dt′′

]
dt′
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Laplace transform Fourier transform

w̃(s) = 1− (sτ0)
γ , s� 1 λ̂(k) = 1− σ2k2 +O(k4)

ˆ̃η(k, s) =
1

1− w̃(s)λ̂(k)

ˆ̃ρ(k, s) =
1− w̃(s)

s
(
1− w̃(s)λ̂(k)

) ∼ (sτ0)
γ

s [(sτ0)γ + σ2k2]
=

1

s(1 +Kγs−γk2)

s ˆ̃ρ(k, s) = Kγ(−k2)s1−γ ˆ̃ρ(k, s) + 1

↓ ↓ ↓
∂ρ(x, t)

∂t
= Kγ

∂2

∂x2 0D
1−γ
t ρ(x, t)︸ ︷︷ ︸

fractional
derivative

+δ(x)δ(t)
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Fractional calculus

Fractional integral

aD
−α
t f(t) =

1

Γ(α)

∫ t

a

(t− t′)α−1f(t′)dt′ 0 < α < 1

Fractional derivative

aD
α
t f(t) =

dn

dtn
aD

α−n
t f(t) 0 < α− n < 1

Examples

0D
α
t t

µ = Γ(µ+1)
Γ(µ−α+1) t

µ−α
0D

α
t 1 = 1

Γ(1−α) t
−α

0D
α
t e

t = et γ(−α,t)
Γ(−α)

0D
−1/2
t et = erf(

√
t)et

0D
1/2
t et = erf(

√
t)et + 1√

πt 0D
−1/2
t ln t = 2

√
π
t [ln(4t− 2)]

0D
1/2
t ln t = ln(4t)√

πt
L

[
0D

−α
t f(t)

]
t−αL [f(t)] F [−∞Dα

t f(t)] = (iw)αf̂(w)
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Riemann-Liouville operator

0D
1−γ
t ρ(x, t) =

1

Γ(γ)

∂

∂t

∫ t

0

ρ(x, t′)

(t− t′)1−γ
dt

〈x2(t)〉 =

∫ ∞

−∞
x2ρ(x, t) dx

〈̃x2〉(s) =

∫ ∞

−∞
x2ρ̃(x, s) dx ∼ ∂2

∂k2
ˆ̃ρ(k, s)

∣∣∣∣
k=0

∼ s−(1+γ)

↓
Sub-diffusion

〈x2〉(t) ∼ tγ , 0 < γ < 1

disordered systems

gels, glass forming systems

cell membranes, living cells ( caging )



11'

&

$

%

Continuous time random walk

Jump probability distribution function ψ(~r, t) = λ(r)︸︷︷︸
step length
distribution

↙
super−diffusion

(Levy flight)

w(t)︸︷︷︸
waiting time
distribution

↘
sub−diffusion

λ ∼ aγ

rγ+1
, γ =

2

ν
, r � 1 ←−

∂n(x, t)

∂t
= D

∂γn

∂|x|γ︸ ︷︷ ︸
Riesz fractional

derivative

F
[
dγg(x)

d|x|γ
]

= −|k|γ ĝ(k), 1 < γ < 2

︸ ︷︷ ︸
in k−space

In x-space

∂γn

∂|x|γ = − sec(πγ/2)

2Γ(2− γ)
∂2

∂x2
−
∫ ∞

−∞

n(ζ)

|x− ζ|γ−1
dζ = − sec(πγ/2)

2Γ(−γ) −
∫ ∞

−∞

n(ζ)− n(x)

|x− ζ|γ+1
dζ
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Strong anomalous diffusion

〈xp〉 =
1

n

N∑

n=1

|xn(t)|p ∼ tγp

large p characterize tails in the probability distribution

PSfrag replacements

pp

2
p

γpγp

ν
γp

PSfrag replacements

p

p

2 p

γp

γp

ν

γp

strong (multi-fractal) anomalous diffusion weak (self-similar) anomalous diffusion
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Alternative approach: generalized Langevin equation

m
d2x(t)

dt2
+

∫ t

0

η(t− t′)dx(t
′)

dt′
dt′

︸ ︷︷ ︸
viscoelastic force

+
∂V (x, t)

∂x
= ξ(t)︸︷︷︸

fractional

Gaussian

noise

η(t) =
ηα

Γ(1− α)
t−α, 〈ξ(t)ξ(t′)〉 = kB T η(|t− t′|) 0 < α < 1

m→ 0 : 〈δx2(t)〉 =
2Kα

Γ(1 + α)
tα, Kα =

kB

ηα
T

Fractional Brownian motion

D(t) =
Kα

Γ(1 + α)
tα−1

antipersistent velocity correlation
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Transport in fluid flows

Anomalous diffusion 〈r2〉 ∼ tν/2 ν 6= 2

Effective diffusion coefficients

Dij = lim
t→∞

1

2t
〈(xi(t)− 〈xi〉) (xj(t)− 〈xj〉)〉

Taylor, 1921
Dii =

∫ ∞

0

〈vi (~x(t)) vi (~x(t+ τ))〉dτ

Avellaneda and Majda, 1989

Dij is finite if

∫
1

k2

∣∣∣~̂v(~k)
∣∣∣
2

dk <∞

Richardson, 1926 〈|~x1(t)− ~x2(t)|2〉 ∼ t3

Observations

- two dimensional flow in a rotating annulus {Solomon et al. 1993, 1994, Weaks et al. 1996}
- decaying two dimensional turbulence {Hansen et al. 1998}
- also: surface diffusion, animals’ migration, living cells, wave turbulence, non-local

transport in plasma, porous media
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Reaction – super-diffusion ( Lévy flight )

∂tnj = Dij D
γj

|x|nj + fj(n), 1 < γj ≤ 2, j = 1, . . . , m.

Riesz derivative

D
γj

|x|e
iqξ = −|q|γjeiqξ.

Homogeneous steady state

f(n0) = 0.

Hopf super-critical bifurcation via the kinetics sensitivity matrix trace ( µ > 0

super-criticality parameter )

F =


 F11 F12

F21 −F11 + ε2µ


 = F0 + ε2


 0 0

0 µ


 .
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Multiple scales method

n(x, t) = N(ξ, t0, τ ; ε), t0 = t, τ = ε2t,

ξ = δx, δ = ε2/ min{γ1,γ2}.

Analogue of complex Ginzburg-Landau equation

∂A

∂τ
= A+ (1 + αi)D

min{γ1,γ2}
|ξ| A∓ (1 + βi)A|A|2,

α =
F11√
detF0

×





(d− 1)/(d+ 1) γ1 = γ2 = γ

sign(γ1 − γ2) γ1 6= γ2 ,

β and the sign of the cubic term depends on higher derivatives of f .
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Non-linear phase diffusion

Bifurcation at Benjamin-Feir domain boundary

0 < −(1 + αβ) = ε� 1.

Non-linear evolution of a general complex disturbance to the homogeneous

oscillation solution

A = e−iβτ2/ε2r(τ2, ξ1/γ)eiϕ(τ2,ξ1/γ)

on the scales

ξ1/γ = ε1/γξ, τ2 = ε2τ

leads to an analogue of the Kuramoto-Sivashinsky equation ( scaled )

∂ϕ

∂τ
= −D

γ
|ξ|ϕ− (Dγ

|ξ|)
2ϕ+

1

2
D

γ
|ξ|ϕ

2 − ϕD
γ
|ξ|ϕ.
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Travelling shock waves

Figure 1
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Phase to amplitude turbulence transition

Figure 2
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Amplitude turbulence regime

Figure 3
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Reaction – sub-diffusion with aging: introduction

Continuous time random walk without reaction

ψ(r, t) = m(r)w(t),

Fm(q) ∼ I− |q|2σD, Lw(s) ∼ 1− Γ(1− γ)τγ
0 s

γ ,

∂tn(r, t) = DD
1−γ∇2n(r, t), 0 < γ < 1.

Decay concept

∂tn(r, t, t′) = −w(t− t′)n(r, t′, t′),

Inclusion of linear kinetics

n(r, t, t) =

∫

Ω

m(r− r′)

∫ t

0

w(t− t′)eM(t−t′)n(r′, t′, t′)dt′dr′

(Nec & Nepomnyashchy, J. Physics A, 2007)

(Sokolov, Schmidt & Sagués, PRE, 2006)
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Reaction – sub-diffusion with aging: problem formulation

τ

τ

0

wave number q

g
ro

w
th

 r
a

te
 s

(q
)

ε

q
c

ε2

Aging concept

∂tn(r, t, t′) = −W (t− t′)n(r, t, t′),

w(t− t′) = W (t− t′)
(

1−
∫ t

t′
w(y − t′)dy

)
.

Inclusion of non-linear kinetics

∂tn(r, t, t′) = [−W (t− t′)I + M(ρ)]n(r, t, t′),

ρ(r, t) =

∫ t

0

n(r, t, t′)dt′, r ∈ Ω, 0 < t′ < t <∞ ,

n(r, t, t) =

∫

Ω

m(r−r′)

∫ t

0

W (t− t′)n(r′, t, t′)dt′dr′.

Possible bifurcation points

Turing ( short wave instability ) qc ∼ O(1)

Hopf ( long wave limit ) qc = 0.
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Outlook

1. Asymmetric fractional derivatives

2. Fractional derivatives of distributed order

3. Truncated Lévy flights

4. Lévy walks

5. Lévy walks in search processes

6. Multifractal random walks


