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/St. Petersburg paradox (IN. Bernoulli, 1713)

Sequence Win Probability \

head 1 1/2 |
tazl, head 2 1/4 mean gain
2tails, head — 22 1/8 > 1l 2N

o v e o v o« o e diverges
N tails, head 2% 1/2N+1

Central Limit Theorem

exp (—XQ/(20))

2mo
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1
X =—= @+ +an) =D pa(X) =

identically distributed

statistically independent aussran arstrioution

P($j), <$J> =0 0 = <ZE2>
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Lévy distribution

Identical normalized distributions

CI3 = Cc1r1 + C2Z9 00 R 00 '
T T T / P(x)de =1, P(q) = / P(2)e' " dx
P($3) P(xl) P(:IjQ) - — 00

P(ZCg) = / / P($1)P(ZI?2)5 (333 — %331 — %ZEQ) diIfl dZIZ'Q
T T AN

1gcxrs — eiqclxl . eiqCng

€
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ﬁ(CCI) = ﬁ(clq)ﬁ(CQQ) — InP(cq) = mﬁ(ClC]) +1Hﬁ(0261)
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Class of solutions

C1

In P, (cq) = (cq)”, (—)7 + (—)7 =1

~v = 2 Gaussian distribution

0 < v < 2 Lévy distribution

C

P,(q) = exp(—alq|")

Py(x) ~ 2|77, Jzl > 1
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Normal diffusion: gases, liquids, solids ...

B

o

t (>
(r?) = C _¢? N N = — (r#)y ~ — t
—~— —~— T T
~— ~—
mean number
path of jumps mean time di f fuston
length between coef ficient
collisions
or jumps
Continuous time random walk
Jump probability distribution function (7, t) Simplification
00
(? = / / ra (7, t) di dt V(7 t) = w(t) A(r)
0 Rd N~~~ N~
00 waiting time step length
_ — — distribution distribution
= /O /Rd t w(r’ t) drdt function function

/




/Electrons in semi-conductors

Distribution of energy levels

€

p(€) = po exp <_k—T0

Release rate
€

Wi(e) = Wyexp (——)

,,,,,,,,,,,,,

Kl
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kT

Waiting time distribution

w(t) ~ /OOO ple)exp (=W (e)t) Wi(e)de = /W dd—I;/,p(W)e_WtW dW

Ez—lenK p(W):CWT/TO T
Wy
w(t) ~ . WreWtqy LU=

de kT z
aw W To




Gake a waiting time distribution function — survival probability

. WTJ >~ _ SN —1— tw N dt = Tg
w(t)_(To—l—t)’YH’ /0 w(t)dt =1 Pt)=1 /0 (t)dt—(m_l_t)'y

Mean interval between jumps

> > tdt inite  if > 1
T:/ tw(t) dt:’ym/ 5 4 ! !
0 o (T0+1¢) N\, infinite if v <1

Assume a step length distribution function
Az) = exp(—x?/(40?))/Vino?.

Probability distribution function of particles arriving at point x at time instant ¢

(1) = /_ b /O T Yt — (@ — 2) dt e+ 6(x)S ()

Probability distribution for being in point x at time instant ¢

p(x,t) = /Otn(a:,t’) ll—ltw(t”—t’)dt”] dt’

/
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Laplace transform Fourier transform

A

w(s) =1—(s19)7, s < 1 ME) =1—0%k* + O(kY)
. B 1
S = AR

5k, s) = 1 —w(s) N (s710)” B 1

T —atepm) S R T S KR

O

sp(k,s) = K, (—=k*)s'"7p(k,s) + 1

l l l
Oo(x,t 0? _
fractional

derivative
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Fractional calculus

Fractional integral

Fractional derivative

d’n

DEf() = 2o oD 0<a—n<]
Examples
o Dgth = s gre 0DP1 = eyt oDfe! = et )
oDy et =erf(vVi)e!  oD;et =erf(VE)e! + = oDy P Int = 2,/F[In(4t - 2)
0Dy Int = 2 LoDy fFO]tLf(1)]  FlooDf#)] = (iw)*f(w)

o /
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/Riemann—LiouVille operator

t /
o©§_7p(:ﬂ7t)=—1 9 / p(x’?_ dt
o ( )

Sub-diffusion

disordered systems

gels, glass forming systems

\cell membranes, living cells ( caging )
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ontinuous time random walk

~

Jump probability distribution function (7 t)
a’ 2
Ay v Y= T2l
on(x,t) 0'n dVg(x)
=D F
ot o|x|Y [ d|x|7
N—— N
Riesz fractional
derivative
In z-space
O'n  sec(my/2) O ][OO n(C) dC =
Olz|v 202 —7) 822 ) _o [z — (71

o

= A7) w(t)
N~ N~
step length watting time
distribution distribution
/ N\

super—dif fusion  sub—dif fusion

(Levy flight)

]=4M@@»1<v<2

7

~"

in k—space

seelmy/2) [ 1(0) = nle)

(=) Jooo |z —¢P*

/
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Strong anomalous diffusion

1 N
o) = 2 > el

large p characterize tails in the probability distribution

strong (multi-fractal) anomalous diffusion

weak (self-similar) anomalous diffusion

/
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Alternative approach: generalized Langevin equation

mde(t) N /Ot n(t _t,)da:(t’) dt,+8V(x,t)

= t
dt? dt’ ox 5\(/)/
m’scoela;;ic force fractional
Gaussian
T _ / /
t) = t— ¢ tE)) = kg T n(lt —t O<a<l
w0 = Frag T EOE) =k Tl — ) 0<a
2K, k
m— 0: (62%(t)) = tY, Ko=-—2T
1+ «) Na
Fractional Brownian motion
K
D(t) = @ ot
(t) I'(l+ «)

antipersistent velocity correlation

o
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G‘ransport in fluid flows \

Anomalous diffusion (r?y ~ "%y £ 9

Effective diffusion coefficients

Dij = lim —((a:(t) — () (2;(t) — {z;)))

t—oo 2t

Taylor, 1921 00
Dyi = / (v; (Z()) i (E(t + 7)))dr

Avellaneda and Majda, 1989 .
Dij is finite if /

2

J(k)| dk < oo

k2

Richardson, 1926 . .
(@1 () — F2()]*) ~ ¢

Observations

- two dimensional flow in a rotating annulus {Solomon et al. 1993, 1994, Weaks et al. 1996}

- decaying two dimensional turbulence {mansen et a1. 1998}

- also: surface diffusion, animals’ migration, living cells, wave turbulence, non-local

Q“ansport in plasma, porous media /
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Reaction — super-diffusion ( Lévy flight )

&gnj = Dij @’Yj

|z]

n;+ fi(n), 1<v,<2 5=1,..., m.

Riesz derivative
Vi iq€ __ SPPRLLS
D, et = lq|77 e s,

Homogeneous steady state
f(l’lo) = 0.

Hopf super-critical bifurcation via the kinetics sensitivity matrix trace ( pu > 0

super-criticality parameter )

o
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Multiple scales method

n(zr,t) = N(& to, 7€), to=t, T=¢t,
£=0x, 6= ¢2/ min{y1,72}

Analogue of complex Ginzburg-Landau equation

DA

= A+ (Lt ai) DY A (1 4 Bi) A AP,

€]

P ) d=D/ld+1l) m=r=9
vdet Iy sign(y1 — 72) Y1 # V2

(8 and the sign of the cubic term depends on higher derivatives of f.

o
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Non-linear phase diffusion

Bifurcation at Benjamin-Feir domain boundary
0<—(14+af) =€k 1.

Non-linear evolution of a general complex disturbance to the homogeneous

oscillation solution
A — 6_i672/€2r(72, 51/7)6’@(72,&1/7)

on the scales
2

iy =776, m=ér
leads to an analogue of the Kuramoto-Sivashinsky equation ( scaled )

dp
o = Dl — D) e + @W) — PO

o
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/Travelling shock waves
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/Phase to amplitude turbulence transition
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Amplitude turbulence regime
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Reaction — sub-diffusion with aging: introduction

Continuous time random walk without reaction
Y(r,t) = m(r)w(l),
Fm(q) ~I—|q]*eD, Lw(s)~1—T(1—~)7s7,
omn(r,t) =DD'77V?n(r,t), 0<vy<1.

Decay concept
om(r,t,t') = —w(t —t)n(r,t', 1),

Inclusion of linear kinetics

r,t,t) /m r—r / w(t — M= ¢ ¢)dt' dr’

Nec & Nepomnyashchy, J. Physics A, 2007)

(Sokolov, Schmidt & Sagués, PRE, 2006)




/Reaction — sub-diffusion with aging: problem formulation

Aging concept

om(r,t,t") = -W(t —t"n(r,t,t),

w(t — 1) = Wt — ) (1 _ /t/t w(y — t’)dy) |

Inclusion of non-linear kinetics

om(r,t,t') = [-W(t —t"I+ M(p)|n(r,t,t),

t
p(rt):/ n(r,t,t)dt’, reQ, 0<t <t< oo,

r,t,t) /}nr—rL/IVt—t (x',t,¢')dt' dr’. :

Possible bifurcation points

s(a)

Turing ( short wave instability ) ¢. ~ O(1)

\ Hopf ( long wave limit ) ¢. = 0.

wave number g
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Outlook

1. Asymmetric fractional derivatives

2. Fractional derivatives of distributed order
. Truncated Lévy flights

Lévy walks

Lévy walks in search processes

D Ut s W

. Multifractal random walks




