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Bad guys or bad theories

!"#$%#&'()*+#,+&'#-$".)""$'*#.()'%/$&"0 1$".23#4(3$.$&"#%(#4($'%#('35#%(#")/43)"&"#2'-#&643$.$%#-&7%8

9+&#2'",&/#$"#'(:#;<&'#$1#%+&#&643$.$%#-&7%#$"#12<(/273&=#%+&/&#.()3-#7&#2#%$.>$'*#%$?&#7(?7#1/(?

*/(,$'*#$?43$.$%#-&7%#-)&#%(=#&:*:=#)'1)'-&-#4&'"$('#(73$*2%$('":#9+&/&#2/&#')?&/()"#&62?43&"#(1

%+$"#1/(?#2/()'-#%+&#,(/3-=#2'-#&<&'#1/(?#!.&32'-@"#'&$*+7(/"#$'#'(/%+&/'#;)/(4&:

A'3$>&#?2'5#(%+&/#.()'%/$&"#!.&32'-#$"#'(%#%+/&2%&'&-#75#2#3((?$'*#4&'"$('#./$"$":#B /&1(/?#(1#%+&

4&'"$('#"5"%&?=#,+$.+#7&*2'#$'#CDED=#$"#'(%#('35#/&"4('"$73&#1(/#%+&#"%273&#()%3((>#1(/#1)%)/&

4&'"$('"#7)%#+2"#23"(#7&&'#2'#$?4(/%2'%#"%$?)3)"#%(#%+&#/24$-#&642'"$('#(1#%+&#.()'%/5@"#72'>$'*

"5"%&?#"$'.&#CDDE:#

9+&#4&'"$('#"5"%&?#$'#!.&32'-#$"#.+$&135#.+2/2.%&/$F&-#75#%+&#(4&/2%$('#(1#(..)42%$('23#4&'"$('

1)'-":#9+&"&#1)'-"#7&.2?&#*&'&/23#$'#CDED#2'-#?2'-2%(/5#75#32,#$'#CDGH:#A'-&/#%+&#2*/&&?&'%=

&<&/5#,2*&#&2/'&/#,(/>$'*#$'#%+&#4/$<2%&#"&.%(/#$"#(73$*&-#%(#.('%/$7)%&#2#?$'$?)?#(1#CCI#(1#+$"

,2*&"#%(#2'#(..)42%$('23#1)'-#(1#+$"#.+($.&#(/=#$'#?("%#.2"&"=#2#1)'-#4/&-&%&/?$'&-#75#+$"#%/2-&

)'$(':#J(,&<&/=#?(/&#%+2'#+231#(1#%+&#7)/-&'#$"#.2//$&-#75#%+&#/&"4&.%$<&#&?43(5&/=#,+(#.)//&'%35

.('%/$7)%&"#2#?$'$?)?#(1#GI#(1#%+&#%(%23#.('%/$7)%$(':#B "$?$32/#2//2'*&?&'%#&6$"%"#$'#%+&#4)73$.

"&.%(/:E#

K&1(/&#CDGD=#2%#%+&#%$?&#(1#1$'2'.$23#/&4/&""$('#%+&#2""&%"#(1#%+&#4&'"$('#1)'-"#,&/&#-$""$42%&-:#K)%

2""&%#*/(,%+#%((>#(11#-)/$'*#CDGDLCDME#,+&'#1$'2'.$23#$'-&62%$('#2'-#?2/>&%L-&%&/?$'&-#$'%&/&"%

/2%&"#,&/&#$'%/(-).&-:#B""&%"#'(,#2?()'%#%(#?(/&#%+2'#CNOI#(1#%+&#.()'%/$&"#PQR S"&&#T$*)/&#COU:

R/$(/#%(#%+&#3$7&/23$F2%$('#(1#%+&#1$'2'.$23#"5"%&?=#%+&#4&'"$('#1)'-"#+2-#<&/5#1&,#.+($.&"#1(/

4/(4&/35#$'<&"%$'*#%+&$/#1)'-":#J(,&<&/=#%+&#23?("%#"$?)3%2'&()"#&?&/*&'.&#(1#%+&#'&,#4&'"$('

!"#$%"& '($)*+)*,##-&

!"

.
"&

/
&

0
"/

1
(#

,
/

+
"1

",
2

("&
("0

)
1
/

&
3

! "#$%%&'(")*#(+,#-,#.//*0(1233!45(67*88,9.'&,(:,0/'*0(;##<0%,=,0./>("),(7</,(*?(@9,8<0AB6(C<C,#(C#,C<#,A(?*#(.),(DE7F5

."45*)(678(

9)&#"-&(.5&3(/##),#(

439(*/,"-:(;

!
"
#
$%
&'
!
"
#
$%
&#
'(
)
*
+&
$,
+)
(
)
&+
(
'$
-
.
/
#
01
+2
3
04
$5
.
6"
3
0+
64

Size of financial markets/GDPFinancial instability: price volatility 
(CBOE-VIX index)

Volumes traded within financial
industry (e.g. credit derivatives)

Financial systemic risk: networks, contagion, etc...

Can this happen even without market imperfections, misaligned 
incentives, toxic assets, contagion effects, etc?



The financial innovation spiral 

(Merton and Bodie 2005)

"As products such as futures, options, swaps, and securitized loans become 
standardized [...] the producers (typically, financial intermediaries) trade in 
these new markets and volume expands; increased volume reduces marginal 
transaction costs and thereby makes possible further implementation of more 
new products and trading strategies by intermediaries, which in turn leads to 
still more volume [...] and so on it goes, spiraling toward the theoretically 
limiting case of zero marginal transactions costs and dynamically complete 
markets."

“When particular transaction costs or behavioral patterns produce large 
departures from the predictions of the ideal frictionless neoclassical 
equilibrium for a given institutional structure, new institutions tend to develop 
that partially offset the resulting inefficiencies. In the longer run, after 
institutional structures have had time to fully develop, the predictions of the 
neoclassical model will be approximately valid for asset prices and resource 
allocations.”

(see also R. J. Shiller, “The Subprime Solution” 2008)



Main result
• As markets approach completeness:

• allocations become more and more 
unstable

• The size of the financial market grows 
unbounded wrt the ``real economy’’

• Stability vs size diagram
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Figure 1: Phase diagram of the economy. The equilibrium is unstable in the shaded region
on the bottom right. The dashed and dotted lines correspond to “trajectories”, where
the risk premium ε is determined endogenously, as discussed in Section 3, with γ = 0.05
(bottom) and γ = 0.1 (top).

2.2 Approaching complete markets

A similar analysis can be applied to Eq. (3), as discussed in the appendix. Let us focus
our discussion on the behavior of the following quantities

R =
ε

Ω

N∑

i=1

zi, σ2
q = Ω

Ω∑

ω=1

(qω − πω)2 , φ =
|{i : zi > 0}|

Ω
(8)

which are respectively the total revenue R of the financial sector, the deviation of the EMM
from the empirical measure and the degree of market completeness. Note, in particular,
that φ = 1 corresponds to a situation where the number of traded assets equals the number
of states, i.e. to complete markets.

In addition, one quantity which turns out to play a key role is the susceptibility. In
order to define this quantity, one first introduces a small variation in the utility E[u(c)]→
E[u(c)] +&h · &z. Then one computes the variation of the solution &z(&h) of the corresponding
optimization problem

χ =
1
N

N∑

i=1

∂zi

∂hi

∣∣∣∣∣
"h=0

(9)

for vanishing &h. χ measures the sensitivity of the solution &z to the parameters which specify
the original problem8.

8χ captures sensitivity wrt the definition of the utility function. Likewise, it is possible to define the

8
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Outline
• The basic intuition: 2 assets, 2 states

• A complex asset market in an equilibrium 
economy: N assets, Ω states: N, Ω→∞

• Spiraling toward complete markets 
in a competitive financial industry

• How big can the financial market be?

• Illiquid markets and information efficiency

• Conclusions



Intuition: Asset allocation in a risky world

• Tomorrow: rain or sun?
wait and buy sunglasses or umbrella
Inefficient, if e.g. tomorrow
price of sunglasses > price of umbrella

• Contingent commodity markets:
markets and prices, open today for 
(sunglasses if rain), (sunglasses if sun), (umbrella if rain), (umbrella if sun)
Today: shopping in contingency commodity markets
Tomorrow: delivery and consumption

• Optimal allocation under perfect competition

☂

☁

☀

Yes No

No Yes

●●



• Financial market:1 riskless Bt and 1 risky St assets 
Today           B0=S0=1
Tomorrow   B1=1, S1=1+u if sun, S1=1-d if rain

• I want to have Crain euros to buy an umbrella if it rains and Csun euros to buy 
sunglasses if it is sunny. Can I do that? How much does it cost?

• Yes! Buy a portfolio zB units of B and zS units of S such that

• How much does it cost?

• This can be done for any contingent claim Cw. Independent of probability!

• Assumptions: 
i) perfect competition
ii) full information
iii) no-arbitrage:  ud>0
iv) complete market: what if there are three states? (e.g. sun, cloud, rain)

.

zB + (1 + u)zS = Csun.

zB + (1− d)zS = Crain

.

C0 = zB + zS =
d

u + d
Csun +

u

u + d
Crain = Eq[Ct=1]

What if contingent commodity markets do not exist?



An equilibrium economy: N assets, Ω states

.
r1
1 · · · rω

1 · · · rΩ
1

...
. . .

...
...

r1
k · · · rω

k · · · rΩ
k

...
...

. . .
...

r1
N · · · rω

N · · · rΩ
N

Financial industry
(banks)

.

⇐

.
z1
...

zk
...

zN

In
ve

st
or

s .

⇐
.

⇐

demand

.

r1
N+1 · · · rω

N+1 · · · rΩ
N+1

.

⇐
financial

innovation

The market (returns)

.

max
!z≥0

E [u (c(!z))] .

N,Ω→∞, n =
N

Ω



Optimizing consumers
Solution of optimal consumption problem:

First order conditions:

i) investors select the assets which are traded (zi>0) and those who are not (zi=0)

ii) they determine the Equivalent Martingale Measure (EMM)

.
∂

∂zi
Eπ [u (cω)] =

∑

ω

πω u′(cω)
pω

rω
i

{
= 0 ⇔ zi > 0
< 0 ⇔ zi = 0

.

qω = πω u′(cω)
Qpω

, Q =
∑

ω

πω u′(cω)
pω

max
!z≥0

E [u (c(!z))] cω =
w0 +

∑
i zirω

i

pω

w0 = initial wealth
pω = price of goods
      in state ω



A creative financial sector

• Financial instruments are drawn at random from a 
probability distribution with

• Key variables:
- financial complexity: n=N/Ω
- risk premium: ε

• Note: Successful innovations (zi>0) are not 
independent draws

Eπ [ri] =
∑

ω

πωrω
i = − ε

Ω
, Var [ri] =

1
Ω

, i = 1, . . . , N



Theory: statistical mechanics
Typical behavior of self-averaging quantities

.

lim
Ω→∞

〈
max
!z≥0

E[u(cω)]
〉

!p,â

= lim
β→∞

lim
Ω→∞

1
β

〈log Z(β)〉!p,â

.

Z(β) =
∑

{!z≥0}

eβu[cω(!z)]1- The partition function

2- The replica trick

3- For integer r

.

Φ̂ = order parameters

4- Saddle point:

(De Martino et al. Macroecon. Dyn. 2007)

.

〈log Z〉!p,â = lim
r→0

1
r

log〈Zr〉!p,â

.

〈Zr〉!p,â =
∑

{!z1≥0}

· · ·
∑

{!zr≥0}

〈
eβ

Pr
a=1 u[cω(!za)]

〉

!p,â

=
∫

dΦ̂erβν(r,β,Φ̂)

.

lim
Ω→∞

〈
max
!z≥0

E[u(cω)]
〉

!p,â

= lim
β→∞

lim
r→0

max
Φ̂

ν(r,β, Φ̂)



Theory: intuition

!z

!z

Two approximate solutions
converge to the same point
which depends on the sample

Average on

samples
!z

Two approximate solutions
attract each other



The typical behavior

•Observables: 
susceptibility
EMM dispersion 
market completeness
volume (or revenue)

•Consistency relations
Conservation
no-arbitrage

χ = lim
β→∞

β

2N

N∑

i=1

(zi,a − zi,b)2 =
1
N

∑

i

δzi

δp0
i

σ = |q − π|

φ = |{i : zi > 0}|/Ω

V =
∑

i

zi

Eq[cωpω] = Eq[1] = 1

.

1 = 〈c∗p〉t,p + εn〈z∗〉t



Phase diagram

• χ→∞ ∀ε
• σ→0 for ε>0
• σ→∞ for ε<0
• For ε>0 
singularity = complete market (ε= 0, n > 2)

• For ε<0 
singularity < complete market

unstable
(arbitrage)

stable (no-arbitrage)Independent of u(c) & p
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Increasing financial 
complexity
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Intuition: landscape E[u] 

-2

-1

 0

 1

 0  1  2  3  4

!

n

E[u(c(!z))]

E[u(c(!z))]

E[u(c(!z))]

!z

!z

!z

Ω free variables (zi>0), Ω constraints
ε<0 ⇒ unstable directions can appear (arbitrages)

φ



Learning to invest

Hard to learn when market is nearly complete
(cfr Brock, Hommes, Wagener, 2006)

.

ε = 0.01, γ = 0.5, Ω = 32

.

σ2 =
1
Ω

∑

ω

(qω − q̄)2

 0
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1
N

∑
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zi



A competitive Financial 
Industry

• Part of the risk of a new instrument can be hedged 
buying existing instruments

• Residual risk

• In competitive market, risk premium vanishes as 
e.g. Mean Variance profit function

• The weights of portfolios used to hedge each 
instrument diverges as

• Susceptibility in the interbank market also diverges 

⇒ ε =
γ

2
(1− φ)

φ→ 1
∑

i

v2
i =

φ

1− φ

Σ = min
!u

Var

[
rω
new −

∑

i

vir
ω
i

]
= 1− φ

φ→ 1



Mean variance banks ε =
γ

2
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Figure 4: Susceptibility χ (left) and volume V = R/ε (right) of consumers’ portfolios (Eqs.
8, 9) as a function of n, along the two trajectories depicted in Fig. 1. The risk premium ε is
determined as in Eq. (13) with γ = 0.05 (dashed line) and 0.1 (full line). The susceptibility
χw and the weights of hedging portfolios diverge, as φ→ 1, according to Eq. (15).

that, in this limit, the volume of trading in the interbank market diverges. More precisely,
one finds that ∑

i

w2
i =

φ

1− φ
, χw =

δw

δh

∣∣∣∣
h=0

=
φ

γ(1− φ)
(15)

where the definition of χw is analogous of that given in Eq. (9) for χ. The volume implied
by hedging each new financial instrument diverges as the market becomes complete12.

Two trajectories of the economy in the (n, ε) plane, derived from Eq. (14) for risk
aversion coefficients γ = 0.05 and 0.1, are shown in Fig. 1. Fig. 4 reports the value
of χ and V along these lines. All these trajectories ultimately terminate on the line of
complete markets (φ → 1), which separates the no-arbitrage from the unstable region.
As this line is approached the portfolio &z of consumers becomes unstable, but the volume
V = R/ε of consumers portfolios (Eq. 8) remains finite. Hedging and pricing in the
financial industry becomes even more problematic. Not only the susceptibility χw, but
also the weights wi of hedging portfolios diverge as φ→ 1, as specified by Eq. (15). Each

12Alternatively, one may assume that banks maximize υ("w) without the constraint
P

i wi = 0. This leads
to very similar results, with ε = γ

2Ω (1 − φ) smaller by a factor Ω. Furthermore, at the optimum one findsP
i wi < 0. This means that the strategy which maximizes banks expected profit entails a net sale of “old”

financial instruments, for each unit of the new one. This excess supply, however, has no counterpart that
can absorb it, in the present model.
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Figure 1: Phase diagram of the economy. The equilibrium is unstable in the shaded region
on the bottom right. The dashed and dotted lines correspond to “trajectories”, where
the risk premium ε is determined endogenously, as discussed in Section 3, with γ = 0.05
(bottom) and γ = 0.1 (top).

2.2 Approaching complete markets

A similar analysis can be applied to Eq. (3), as discussed in the appendix. Let us focus
our discussion on the behavior of the following quantities

R =
ε

Ω

N∑

i=1

zi, σ2
q = Ω

Ω∑

ω=1

(qω − πω)2 , φ =
|{i : zi > 0}|

Ω
(8)

which are respectively the total revenue R of the financial sector, the deviation of the EMM
from the empirical measure and the degree of market completeness. Note, in particular,
that φ = 1 corresponds to a situation where the number of traded assets equals the number
of states, i.e. to complete markets.

In addition, one quantity which turns out to play a key role is the susceptibility. In
order to define this quantity, one first introduces a small variation in the utility E[u(c)]→
E[u(c)] +&h · &z. Then one computes the variation of the solution &z(&h) of the corresponding
optimization problem

χ =
1
N

N∑

i=1

∂zi

∂hi

∣∣∣∣∣
"h=0

(9)

for vanishing &h. χ measures the sensitivity of the solution &z to the parameters which specify
the original problem8.

8χ captures sensitivity wrt the definition of the utility function. Likewise, it is possible to define the

8

unstable

Consumer market: 
infinite susceptibility, finite volume

Interbank market: 
both susceptibility and volumes diverge as φ→ 1



Stability and the size of 
financial markets

• Relative size of financial markets ≈ 
volume of trading for hedging 
one unit of a new asset

• Financial stability:
→ price uncertainty

• Stability diagram
on a given trajectory in
(n,ε) plane.
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√∑
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Toward illiquid markets:
underlying and derivatives

.
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1 · · · rω

1 · · · rΩ
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. . .
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r1
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k
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. . .
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r1
N · · · rω

N · · · rΩ
N .

f1
1 · · · fω

1 · · · fΩ
1

...
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...
f1

H · · · fω
H · · · fΩ

H

.
ζ1
...

ζH

.
z1
...

zk
...

zN

demand

.

rω
k = ρ(zk, ζ1, . . . , ζH)

.

fω
h = Fh(rω

1 , . . . , rω
N )− f0

h

.

f0
h(z1, . . . , zN , ζ1, . . . , ζH)

Derivatives:

Return of underlying:

Price of derivatives:
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Figure 8: Phase diagram for the case of unbounded supply. Left panel: the plane is divided into two region.
Above the blue line the supply diverges, while bleow it remains finite. Right panel: critical line for different
values of σε (σ3 > σ2 > σ1) .

and, as before,
g = nEz[s2z ], (21)

χ =
nEz[szz](1 + χ)√

g + ∆+ σε(1 + χ)2
. (22)

In contrast with the bounded case and similarly to the case σε = 0, the system displays
a phase separation in the (ε, n) plane between a region in which the average supply remains
finite and a region in which the volume of the traded assets diverges (see left panel of Figure
8).

Introducing a distribution of risk premia with variance σε has then very different effects
depending on whether the supply is bounded or not. In the first case σε acts as a regularizer
preventing the occurrence of a sharp phase transition. In the second case, namely s0 →∞,
σε #= 0 entails a deformation of the critical line that tends to flatten along the n = 2 line as
σε grows (see right panel of Figure 8 ). This characterization allows to get some insigths
on the case in which prices are dynamically generated.
As we showed before, in such a situation the system is characterized by a distribution of
effective risk premia which becomes broader as market increases in complexity. Hence,
upon increasing n, one expects a transition from a situation where volumes are limited by
the profitability of derivative trading, to one where the demand is saturated.
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Conclusions
• The proliferation of financial instruments, even in an ideal world 

(perfect competition and full information), leads to systemic instability

• Complete markets lie on a critical line with infinite susceptibility

• A competitive financial sector is expected to converge to this singularity

• The volume generated by banks to hedge financial instruments they sell diverges as 
markets approaches completeness

• Learning to invest optimally is hard (Brock, Hommes, Wagener 2006)

• The larger (and more complex) the financial market is, the more price 
indeterminacy is problematic

• Institution should grow in size with financial complexity

• Quantitative measure of financial stability based on price indeterminacy and relative 
size of financial sector?



Ns=501, Np=1000, P=32

Financial complexity and 
market information efficiency

diversity of speculators time
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• Markets as information “food chain” (e.g. Minority Games)

Excess volatility as signature of market information 
efficiency (Challet, MM, Zhang ’05)

Market impact matters (markets are always illiquid)



Financial stability as a 
public good

•how much are we prepared to pay for

• Complete markets?

• Informationally efficient markets?

• Perfect competition?

• ...


