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SUPERLUMINAL PULSE TUNNELING

M. Miiller
Gymnasium Miinchenstein, Grellingerstrasse 5, 4142 Miinchenstein, Switzerland

The quantitative aspects of the tunneling of a Gavssian pulse through a barrier are discuwssed. The salient
teatures are: the tunneling speed is generally greater than the vacuum speed ot light. However cansality is
not vialated. The tunneling time does not d=pend an the thickness ot the forbidden zone. A lateral
displacement ot the tfransmitted pulse is observed as iz known trom total retlexion. The propagation vector of
the transmitted pulse deviates trom that ot the incident pulse.

PACS mumbers: 42.25Bs, 42.25.0v, 4265 R

L. Introduction

The velocity of a light pulss in a dielectric medium without dispersion is given by the speed of light in that
medinm. Hawever, at the boundaries ot such media some interesting ettects occur especiall y under
conditions ot total retlection. Tt the boundary at which tatal retlection occurs does not represent an intinitely
extended barrier, partial tunneling thiough the barrier takes place. Experiments with multila vered mirros
and other barriers [1] which retlect almost all the light have shown that traremission ot i ght appears to occur
at supetluminal speeds and that tramemission speeds do not depend on the thickness ot the barner.

Inthis paper we discuss the etfects tor a special kind ot barrier which is hit by 2 Gawmsian pulse.

2. The arrangement of the barrier

As a barrier we detine a slab ot vacuum which separates twio dielectric media with a given refractive index
n=L. The critical angle ot incidence is given by

gine= 1. (1)
kil

Light pulses with an angle ot incidence greater than this critical angle are almost complete ly retlected.
However, there is a part of the electromagnetic tield which can tunnel thiwugh the slab if its thickness is of
the order of magnitude ot the average wavel=ngth of the pulse. [t is this transmitted part of the pulse which
we are interested in. Figure | outlines the amangement ot the boundary tor the incoming pulse, msulting in a
retlected and transmitted component.
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Fig.1l. The arrangement of the slab.

3. The description of the pulse

For the sake of simplicity we take 2 Gaussian pulse as can be provided by 2 mode-locked laser. For our
investigntion we define a two-dimensional coordinate system in the plane of incidence (the x.z-plane in
Fig L).Lets first introduce the two unit vectos &1 and #&n : &) being pamllel to the propagation direction

atfthe pulss, &z being perpendicular to &) . With the angle of incidence o we abtain

. f singg o f =—coBgg ’
S I[ﬂ'ﬁg-':':. )’ 5 = ( BN i :l 2

The tiequency at the laser is wh . which leads to the wave vector

4251 1]
i

by = kol = = (3

We choose the coordinate svstem in such a way that, at the time =0, the pulss maximum is located at the
ongn, Le., the electnc field at =01z given by

.

Fi(F = o, 4 b, t = 0) = Fpexp [‘E G}i - IE (g)g exp (i) . (4)

where w is half the pulse width at the point where the tield magnitude decreases to 1/,/c. and o is the length

ot the pulse. The duration ot the pulse is given by the w=lation

T=="2 (5}
, |
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[nEg. (4] the phass ot the electnc field at a specific point is determined by E; . The tield magnitude is a

Gaussian distribution with the parameters w and . The Fourier transtorm of (4] vields
o wdEy £ 1 [ () () I
AT L=U= o aap | = | % anp=1k{j, v prcdjckee, (5]

whers

Fif, m) = ko + &1 + mida. (7}

The integral (4] is the superposition of plane waves which propagate in tume. Thus, the complete description
ot the pulse in time and space is obtained as

| e I ik W9 -
E(il) = “’fﬁ f axp [- ) ";{‘"”* ]::-:mplir.u{j,m]t-i&-:;i,m]-r'-‘]djdm, i)

whers

. |E[j,m}|c
wif,m) = - ()

[

The Founer trarsfoun (8) ot the pulse allows vs to calculate foreach plans wave the corresponding reflectsd
and tramsmitted waves and to inte grate the contributions of all wave vectors.

4. A plane wave at the barrier

=
We will now imvestigate what happens to a plane wave which hits the barrier. & denotes the wave vector, 4

i5 the angle ot incidence. The plane wave can be written in the torm
HiF, i) = Bexpliwt — &) = b explicd — iz sine + z cos)]. { LLT}
According to Snellivs’ law the angle of retraction 4 ot the wave transmitted into the vacmum slab is
Bii1 ) = fi 50, (11}

This angle is only real as long as 5 is smaller than the critical angle (L), The transmitted wave is described

by

T(7,1) = Tanp{ =iklesiay + = a)oosy]}, (12)

http://into.itpan.edu. plitiststep/aw-worksAsTILmul/moell et html] 2002008



mueller Page 4 ot 16

where ¥ = g, is the position ot the boundary. The wave vectoris & = Ef = -E"; = 3:- The co=tticiznt T is

given by Fresnel’s tormul ae

B dging cof g
B singg cos w + singd 00848

Lz =0,2= 2,1,

2giny co8

Foir = = .1t 17
= dnygenat) 4 8n feos Al =0.2=2.1) (3]

where the indices p and s indicate the polarization of the electric tield parallel and perpendicular,
respectively, ta the plane ot incidence. E is the electnc field at the boundary. The tormulas (L1 and (L3) can
be denived directl v trom the Maxwell equations and are theretore also valid for complex valuves ot .

Let us examine what the evanescent wave looks like it the angle ot incidence 1o is greater than the critical

angle. We mse (1L) to get an expression for enamh

m:gﬁ:i_ﬁ—sin*:,.h:Jl—n%iu*;:ﬁn'nﬂﬁniw—l. (14)

Far the transmitted wave (127, we then abtain

P =1 ovp [—irmiw:— o s - 1] : (15)

where we have chosen the negative sign in (L4) becanse otherwise the amplitude of the transmitted wave
would increase exponentially. As we can see, the electric fizld in the slab is an evanescent wave which
propagates pamllel to the x-axis. The amplitode ot the wave decimases exponentiallv with the depth 2 = 5.

[ntact. the evanescent field is partially retlected at the secand boundary ot the slab and again at the tirst
boundary, so that thei= 15 a superposition of multiple reflected waves in the slab. However, we can neglect
the parts ot the transmitted wave which are retlected several times in the slab betore they leave it. For each
time the "“wave” in the slab travels back and torth. its amplitude decreases by the tactor

p i:—ﬂ ﬁ-,;"ﬂi sin @ = 1] |l denotes the thickness of the slab). This value is much smaller than | unless

the slab iz thinner than a small multiple ot the average wavelength ot the pulss ar the angle of incidence is
almast v:qu.ll to the critical angle. However, we want to study th: tunneling ettect under cnnd itians of almost
tatal reflection, Thus, we exclude extremely thin slabs and angles ot incidence close ta the critical an gle.

The evanescent wave in the slab produces a transmitted wave at the second boundary
T'(71) = T exp{—ikfz sing + (z — 2 — cosw]} . (16)

1is the thickness of the slab. T is detetmined by Fresnel’s formulas
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T — 2Ein @ cosy
P ainpoos + aing cosql

Tlx =02 =2z +1,).

_ 2 8 4 caos 1)

HE ﬁnwmgﬁ+ﬁ.ﬂ#ﬂmﬁ¢j}@:a’3: g+ 1Lt (17)

We will comsider only parallel polarized waves. The description ot the transmitted wave is obtained tram
(1070, (L3), (L5), (16) and (L7)

4 pin 3poos i singe eos o

'.E"I:'I?,E-:l= . )
F (Anwcos s + En costl )

: m.:p{ — ik, eoEiE — :Wﬁﬂ'mn‘“:ﬂ— 14wt —ikfesing + (2 — 3, — l]lmsl,::]}

and with 1 14]

—dinoos g;v’rﬂ“ainﬁ w—1

2
{m;:—iﬂfniﬁnﬂg— L)

[

1R =

xm{—:ifn*ain“p—l+i:=1t—ik[:|:ain~;ﬂ +[r—ijcmt,:|] . (18]

[t we compare the tormulas= (18) and (10 tor a s=lected value of x we ses that the incoming wave and the
transmitted ane are not in phase since the amplitude in (18] is complex whereas in (10) it is wal. This will be
umpottant below.

Let us tmnstorm the amplitude in (18):

—4in cosig/me BN o — 1 ST
— Al a1l 19
{mw _ ml”illﬂ'a ﬂinn ":I — 1]2 l::'ll'::H H l: ]
wher=
dy = Amooniay/n sin®y - 1
T (0 = 1)(n® din® @ — oos® )
and

tanply)2 = DYR S0 =1 (20)

eogys
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Finally, we have

Ty(F 1) = Al B exp | = Slyfntsin®p — L it — iklzsing + (2 —Doasg] +i [0 - 3] ] (20)

5. The transmitted pulke

Let us return to the Gavssian pulse. In order to abtain the description of the tmmemitted pulss we have fo
replace the expressions tor the plane waves in (8] by (21)

Y] . P
T e S )

® exp [i;ut—ikl:raing:- + (=1 cosg] -|-i||:-a:ih[p]n— %:i] }djdm. (22

Fix. X The components of the wave vactors.
LT, pa

The dependence ot 4 is gvenby Bee Fig 2)

"".)w.:+—- (23)

M= + Arcpin
a= (n'm +3

It is usetul to recall the relations

fanp = (ko + Flenmn + meosiag,

kenri = (kg 4 §) o084 — MEINEg, (24

which can be obtained from Fig. 2. wo is the angle of incidence comesponding to fp . The main

contributions of the integral (22) come trom values j and m which ate small compared to ky For such jand m

values the amplitude Afz) in (22115 aslowly changing tunction ot i and can thus be regarded as a
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constant whose value is determined by the value at v = ;.

o= 40 7 2

< exp [t = ikfesingg + (z = 1) cos o] + i (#g) = E}] }ayaun. (25)

[norder to see the intluence ot the new teuns in the exponential function we nesd the tollowing expansions:

H q
mEit g €O N 28

a2 Fogo 3
k"hﬂﬂim ﬁ?-lﬁﬂl:ku-'-j}’i‘.ﬂkﬂﬂ ?n-l"‘m, )

n ainT @ — 1 2m AT, m
n * wm [ ] <1 [2'?}
ens i [n® sin® o — cos™ wn ) /0" s’ on — 1

whers

W
ﬂ,;.::rAmLan[“ il L Teh

G5 oy

Terms of higher orderin j and m are neglected. Let us now examine the real and the imaginary exponent in
[17) separately.

For the real part we get the appmoximation

L b e

n a
G -I;liwml - %Ehﬂ:”.;—nimaw_l_ WTfum%r
it wn —

. _ =3 - a
L .'iu}*+:"‘[m Mg —1": ,.'ﬂgﬂin:.ﬁ_wi-rﬁu}*;(umu]

with
b .
Fo ‘———f_u“ ‘f“iﬂiﬂg Po—1

and
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vul BN CO8 o (28)

H'i.: = - . R
wis/niaind @ — 1

The imaginary part is obtained as

it — ik fesinng + (5 — ) ccsl +i [9(e) - 5

e bl = i [(Ro + j) sim oo + mensign] + (2 = £} [(ko + ) cosigo = msinpol}

+i [ il E—E]

" (nisin® on — cos® g/ an” ga — 1
= iwt = i {{z = Ax)[(ko + j) siryeo + m cos g
+{z =1+ a2)(kn +jjcmw—?nsinw|}+i{:ﬂn-%jl

it —ik[(x — Ag) sin ¢ + (5 — 1 + B5)cosg] +i (Bn— T )

with
Ar = 2l Bl gy Cos g
el 2in” iy — ooa? gyl ain® wy =1
o “n, ¥a
and

2l'l'ﬁ'ﬁ”'i*.i:un
Ag = . 20
knin® sin® o — eos” oo )y nPsie” o — 1 (29)

Replacing the above approximations in (25]) vields

Iy e R B ELEEES )

*emp (vt = ik[{z = Ax)sin g + (=1 + Az) cos ] } djdm (30
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with

B = Afgn) cxp '_ (kg P +1|:-1L'1'1'1-:-:"3 — ‘:.I-.I."nﬂ sin’ o — 141 (If.i'.;. - :)] .

[ntroducing the new integration variables
Ff=i—-f1 and m=m-mg (31)

transters (30 inta

Tt .q.i: Fa {"’*' e exp [_ (') +2tum']‘]
w exp{int — ik[(z — Az)sine + (¢ + Az = D coay|} 4’ (32

This is the description ot a Gaussian pulse with new parameters. Let us determine them by the two relations

K=k (ki) +m® =g+ 0™ 2 kg sk + 5, (33)

Ky sinig) = (ko + o) sin gy = (ko + 5o sinipe +mo coso

ﬂ'?&ﬁﬂn+ﬁtﬂﬂiﬂ{h+jﬂ)ﬁﬁ+%- (34)

The resulting values are only approximations in the tirst order of nry and j, However, this is suthcient

becauss these are rather small compared to &y The amplitude ot the tansmitted pulse is smaller by the

amount ot the factor B. | The phase ot B is not m=levant for our considerations. ) The main direction ot the
puls= changes by the amall angle

_ il 80 n CO8 ) 15
Ay ka whkn +/r® gin® on = 1 (35)

The main frequency of the pulse is also slightly modified, i.e. there is asmall red shitt caused by the

tunneling
ﬁu.h=-ih]ﬂ=j]ﬂ = — ol ﬂlil?iﬂﬂj.tlglﬁ'n—l. (36
] ! friy e ‘

The latter increases with the angle ot incidence and the thickness of the slab. The shorter the incoming pulse
the greater the fisquency shitt, the latter depending on the inveise square ot the pulse duration.
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Let us tind the maximum ot the transmitted Ganssian wave packet at a specific time £, In 2 homoge neous
medinm without dispersion the maximum ot a Gavssian pulse travels at a constant speed given by the
vacuum speed ot light divided by the retractive index of the medium. [ts amplitude decavs with time bec mze
ot the ditfraction of the puls=. After the pulse travelled a distance As | its width can be devived as

A g? o
w[ﬁvﬂ} = 'b‘llﬂwz + 'H??_&EI {"?H .ll
whers w denotes the initial width of the puls=. As longas A% is smaller than the so-callsd Rayleigh rang=
1-I'2.£2':|. the pulse diftraction is marginal. Bevand this range the width ot the pulse incizases almost linzarly

with the propagation distance.

The transmitted wave propagates in the direction ot the new wave vector ﬁ, . The physical interpr=tation ot

this directional change is the tollowing. There are wave components of the incoming pulse that have
prepagation directions which are more tavorable for tmmemission thiough the slab than along the main
direction ot the pulse. These preterentially transmitted components decay less in the slab than the other
companents of the pulse. These pulse components having the smaller angles of incidence constiiite the main
part ot the transmitted pulse. This explains why the tmmsmitted pulse leaves the slab under an angle slightly
smaller than the imtial angle ot incidence.

Where and when does the transmitted pulse occur on the opposite side of the slab? Equation (32] describes
the pulse atter transmission through the slab. By way of extrapolation to the time =0, we may detine a
virtual onigin of the pulss, which is shifted by ¥ = A%, » =1 — Az with respect to the te origin (x=0,

=0). From this vittual arigin and the propagation vector we abtain the exit position [ 2444, 2gg = 73 + £

tor the transmitted pulse

.l y ml]
wl = Az oh R A —_— Az
Lol — AT 4 (3 + Az tan @i & a:+:a(tan¢:-n+k¢ i':ﬂ":-).k ban gy
Zattlangnl 21 Latgn

=2, tangg - (35)

+ [
wikoyn2 s o — L Enin?sin® yn — cos? o) /10 B wn — |

The tirst teun is the r-coordinate where the incoming pulse hits the slab. The second teun is the shift due to
the tact that the transmitted pulse is mostly built up by waves with a smaller angle ot incidence than 43 . The

part of the pulse which propagates in the direction of 'i:'El t=aches the slab earli=r and at a smaller valve of x

than the whale wave packet. Thewetore the transmitted pulse leaves the slab at a backward shitted position.
The third tenn is the latetal shitt of the Gavssian pulse which is well known from total retlection [2] This is
dueto the phase ditterences between the transmitted and incoming pulse compaonents. In the case of 2 single
slab the lateral displacement of Gamssian pulses is never greater than the width of the pulse. The tact that the
sscond term is proportional to the inttial distance, #, . of the pulse from the slab is related to the dittraction

ot the pulse: the longer this distance the latger the spatial s=paration trom the main pulse of those wave
components which contribute most to transmission. The time point at which the transmitted pulse leaves the
slab is given by
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nn+Ar n 1 sith wp T n Az
tljul, = - T s — + A —_— +——
O COR e \OCEwn 08" wn ko £ O08 g
Z4TH i ain g tan g, N 2 min i tan g (28]

B - . }
£00aw) -u,-%ilm-.,,.'n""-slnjg:q;.—l eh[ﬂ“amim—m“mjﬁn“ﬁn?pn—l

The tirst teun denotes the time when the incoming pulse reaches the slab. The second expression is due to
the shorter distance which pulse components with a smaller angle of incidence have to travel. The last term,
which is mther small, denotes the additional time which is required tor the lateral displacement ot the pulse.
[t the pulse is not extremely wide (small w) and if ther is a sutticiently long path to the slab. the ttamsmitted
pulss appears sarifer on the farside of the slab than the incident pulse r=aches the barrier.

Let us consider the tunneling time. There are some ditficulties to detine a tunneling time. Experimentally it

15 not possible to detect divectly the tume point when the pulse leaves the slab, bt the pulse must be observed
somew here in the adjacent medium behind the slab. The time needed by the pulse to get trom its origin to the
point of detection can be measured. The question is what we should compare it to. We could do the same
experiment without a slab. However, as we have seen the transmitted pulse has a slightly ditterent direction
than the ariginal pulse. Thus, an identical but undisturbed pulse will nat be detected at the same place as the
transmitted pulse. Thus, the two paths of the pulses cannot be divectly compared. It is much better to take as
reterence a pulse which travels through the homogeneons medium with the same ditection as the transmitted
pulss (se= Fig. 31. In this case the two paths are parallel and ditteronly in the small lateral shitt caused by
the slab. Let us detine the tunneling time as the ditterence betwesn the time point when the maximum ot the
transmitted pulse appears on the tar side ot the slab and the time point when the undisturbed pulse hits the
slab. This vields

" P ,
fhr-alzhm’c—E LEy -':"-f = _Emmhﬂutﬁﬂaﬂn — ;
CCO8g  CEOSP  ohn(n®sin” g — cos” g/ sinT wn — 1

|:.|:I.l:l ]

This value is ind=pendent ot the thickness ot the slab!

b hed pulse

bl
uniiyngrbed palac

waruum alsb

pan tha: budlds
Up e raw pulse

path of the pulse maximam mileckd pulac

Fig. A The arrangement of the experiment to measure the time ditterences betwesn tunneled and
undistuthed pulses.
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It we calculate the ditterence betwesn the time needed by a pulse to reach the detector (Fig. 3) either with or
without a slab in between we abtain

At = :."_"-.a—t-.m.] =: [i c08 w4+ (o — 25 ten )} 880 2] — Fyoampel

21 nandsy

BNl | — Fopmns)
ke (n® sin® g — 008? wag) /2 s 1 — 1 —

L b
R Leos g +

M = %.Ecu:m,;:a. (41}

’

This result iz quite inteesting. [t shows that the tunneling happens almost instantansowsly. The time required
tor the tunneling corresponds to the time which the evanescent field needs to cover the lateral shitt. Had we
defined the tunneling time as the ditterence between the time points of the incoming and outgoing pulss
maxima, we would even have obtained a negative valuoe.

The question is whether these results violate causality. Apparntly the tunneling time tor the pulse manmum
15 superluminal. However, it must be emphasized that it is only the maximum which appears to travel at this
speed. Actually the pulse is reshaped in the slab and comes out in a difterent torm. Fuithermore, the ensggy
distribution of Gaussian pulses is not limited in space. Therefore. we cannot apply the principle of causality
in its simplest torm. Cnly if thers was a distinct tront ot the pulse one could state that at any point no signal
can be detected betore the pulse tront propagating with the vacuum speed of light would wach it.

6. Visualization of tunneling
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e

Fig.4. Development ot a pulse retlected at and transmitted thiough a barrier.
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Fig.5. Development ot a pulse retlected at and transmitted through a barrier (viewed along the z-
axis).
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impdnad

aropodlusds

Fig.6. Development ot a pulse retlected at and transmitted through a barrier (viewed along the x-
axis).

The tollowing pictures are not based an the above approximations, but take into account multiple pulse
retlections. Thev show the development ot a tunneling pulse in time. The tist senes (Fig. 4) gives an
averview: the incident pulss appmwaches fiom behind (220, 220, In the tirst picture (Fig 4a) the pulss
maximum is expected to be still in tront ot the slab which iz located betwesn =0 and =3. The z coordinate
15 scaled in units of vacuum wavelengths of the laser. As the pulss is very close to the slab, parts of the
incident and =flected pulse intertere. This causes the disturbances and the high values of the amplitude in
the vicinity ot the slab. Actually one would tind standing waves in tront ot the slab (2<0): however, this fine
strocture is not resolved. As can be seen, the tield magnitude decreases very mpidly in the slab. The
maximum ot the transmitted pulze alr=ady appears in ‘the second picturs (Fig. 4b) when the calculated
position ot the maximum ot the incident Puls: has nat wet reached the slab. The last twa tignres (Fig 4c. d)
show the turther development. Apart fiom the transmitted Gaussian pulse we canses a second small pulse.
Probably it is due to the multiple retlections or to higher order teuns which we did not take into account in
our approximations. The tallowing twa seties (Fig. 5a-d and 6a-djshow the pulse at the same time points.
but in views perpendicular to the z-axis and x-amis, respectively. In thess views the two main eftects related
to tunneling are nicely born out. In the series ot Fig. 5 the backwad shitt can be observed, wheras in the
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series of Fig. 6 the tact that tunneling occurs taster than reflection is evident. The maximum ot the
transmitted pulse already leaves the slab betore the incident pulse hits the slab. [nFig. 6d. the transmitted
pulss iz farther away trom the slab than the retlected one.
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