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Abstract

The appatent solar motion is not unitorm and the length ot a solar dav is not constant
throughout a veat. The dittetence between appatent solat time and mean (tegolar) solat time
i5 called the equation ot time. Two well-known teatures ot out solar system lie at the basis
ot the petiodic irtegulatities in the solar motion. The angular velocity ot the sarth relative to
the sun varies pericdically in the conrse ot a vear. The plane of the orbit ot the zarth is
inclined with respect to the equatotial plane. Theretore, the anguolar velocity ot the relative
motion has to be projected trom the ecliptic onto the equatotial plane betote incotpotating it
into the measurement ot time. The mathematical expression of the projection tactor tor
ecliptic angular velocities vields an oscillating tunction with two periods pet year. The
ditterence between the extreme valoes ot the equation of time is about halt an hoot. The
tesponse of the squation ot time to a variation ot its kev patametets is analvzed. [n otdet to
visnalize tactots contributing to the equation ot time a model has been constrocted which
accounts tor the elliptical orbit of the satth, the peticdically changing anguolar velocity, and
the inclined axis ot the satth.

FACS numbets: 95.10.C=

L Introd uction
L.1. The measorement of tHme

This paper deals with a problem ot the astronocmical measorement ot time. Let us tirst introdoce some
basic detinitions. The natutal unit ot time is the rotation ot the eatth, that is the a pparent dail v coutse ot
the sun. The length ot time between two colminations of the sun is called a solarday. The time-system
based on this unit is called apparent solar fime. By this system, localities on a given meridian always
have the same time-readings.

A compatison of a sundial with a mechanical clock shows that the solar day has a variable length.
Thetetote, so-called mean selar time is commeonly used. This is based on a unit which is detined as the
average ot a solar day. The mean solar time has been tized in such 2 way that it doe=s not deviate too
much trom the appatent solar time. The deviations betwesn apparent solar timme and m=an solar time are
desctibed by the sgquation .::f]‘f.lue'

couaticon of fime = (apparent solar time) — (mean sclar time).
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The detivation, snitable apptoximations and relevant aspects ot the equation of time are discossed in this
papet. The detivation does not account tor minot ettects due to the gravitational tields ot the moon and
the planets. In principle, thetetore, 2 comparison of the resolts of such an idealized equation ot time with
the actual observations can be used to estimate the magnitudes ot these ettects. Furthermore, parameters
ot the orbit ot the satth, such as its eccentricity, can be veritied ot calcolated. [t should be mentioned
that the equation of time was very impottant tot navigation in eatliet times.

L.2 The periodicity in the solar motion

Two well-known teatures of oot solat system are at the basis ot the variations in the apparent motion ot
the sun:

1. Accotding to Keplet's second law, the angulat velocity ot the eatth relative to the sun varies
throughout a veat.

2. Equal angles which the sun in its apparent movement goss through in the scliptic do not
correspond to equal angles we measure on the equatorial plane. However, it is these latter angles
which are relevant tor the measurement of time, since the daily movement ot the sun is patall=] to
the equatotial plane (see Fig. 1).
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Fig.1. Apparent path ot the sun in a geocentric view. At the petihelion, the sun runs faster
than at the aphelion. Equal angles 4 on the plans ot the scliptic do not cotres pond to =qual

angles 7 on the equatorial plane. In this tigure there is 81 = B2 but 4 < 2.

2. The variable angular velocity of the earth
2.1. Kepler's laws

Keplets tirst law tells us that all planets are moving in =lliptical otbits around the sun, whereby the latter
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is positioned at one of the two tocal points. Kepler's second law — the so-called law ot areas — describes
the velocity ot the plansts. The ar=a swept out pet time intstval is constant (=44 /d¢).

Hence, duting the time petiod fthe tadins vector trom the sun to the =arth sweeps oot an atea of

GE| zah .
l-m = f? = f'ﬁﬂt" 1.1}

la, b — anes of the ellipse, T — duration of a revolation).

L=t us now detive the angnlar velocity ot the 2arth as a tunction ot time. The angle coveted by the sarth
attet leaving the petihelion is called *ttue anomaly”™, denoted hete with R (se= Fig. 2).

" fj_u,u,m..
b ﬁ?r:, by TR et

: //,.g%l
Al (% 2 v el wurd o

Fig.l. Angles R, M and £ at a specitic time point. The attinity tactor betwesn the elliptical
otbit and the citcle going thtongh the perihelion and the aphelion is given by b/a. Asthe
angulat velocity ot the " teal earth™ and the "mean eatth™ ate both constant, the mtio
between the two hatched areas is the same as between the areas ot the circle and the ellipse,

viz., 1:&a.

Let us imagine 2~ mean eatth™ which has also a tevolution time T and is tunning at a constant speed on
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a circular orbit with the sun at its centre. This *“mean earth™ wonld cover an angle, called ““mean
anomaly” (M), in the same period of time as the true earth covers the angle . In Fig. 2, M is drawn trom
the centte ot the ellipse. The otbit of the “mean eatth™ is the citcle through the petihelion and the
aphelion. The "mean earth” starts trom the perihelion at the same time as the true sarth. Since the
angular velocity ot the " mean earth” is constant and its revolotion lasts one year (T), M satisties the
simple equation

L] 1 L}
i :l‘i:'j_,. (2)

whete ¢ is the time span after passage through the perihelion. It is very nsetul to detine a third angle as a
link betwesn M and R (see Fig. 2). The perpendicular drawn trom the position ot the true earth (E] onto
the majot axis intersects the citcle, that is the orbit of the “mean sarth”, at the point A. The angle PZA is
called eccentric anomaly (£) and was inttoduced by Johannes Kepler [1]. It can be used to calculate the
area ot elliptic sectors.

We get the tollowing relations trom Fig. 2

EF AR tusink b ok VT-Fenk
tanll = — = =3—— =—=& ¢ _ v , (3)
95 ZH-¥5 acoaF—ea aecoaF g e

tﬁﬂ-ﬂf:\ir; [ {cos B — ef* _ msE-¢ )

L4tan® R :f (cos b —e? 4+ (1= eZsin” & l—ecos I

h 1-cs A l—ceosh—es b +e F{1+.E}|fl—{:.'.:ﬂ.£’:i
tan & = - -4

2 1+emBR W 1-cemsF4ensF—e L (1 —&)(1+00a F)

fl+e [1—comn l+e. & .
“Vi—eViTmme = Vioe™ 1 ()

Let us write Eq. (5] with

I,l'm L F
+|||||1+8_{:mcr, 7 = g =T
TAT AN T
1 = — & y=arctan | — |. i
W= oga T VET (cma) (8)

The ditterentiation ot Eq. (6] vields
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dy _ COS _ CO8 &
de  1—sincoos?s 1_51,13&%1

_ 2enan
1+ o — sn” oeoe 2o

= [ (&). m

Since this expression is a periedic tunction of x it can be expanded into a Foutiet series

_dy _ CO8 o
I[I}-d#-l—ﬂﬁnmﬂr
=ag+ameoar +haine+ . tageane +hgsinng 4., (&)
whets
1 f‘h dy 1
=5 |, fle)de = 3ol = f dy =1 (@)
and
1 gin 1 fi
iy = — flehcosneds, by = — f Flabsinneds [or n = 0. (1)
T Jn EL

Replacing sine and cosine by the complex exponential tunction vields

Lof e
f coace (89 4 e ) de
v

g I+fm*ﬂ—ain"‘n[5—|—'?—"'g'ﬁ‘)

i COS X [:s""’ + z‘""’lﬂ
—2z (1 + eos® ) + 60" @ (2% + 1)

wilh = Elm“. [ll:l

1 f COB 7k (5""'2+r“"r3]

gin cr(f' ﬂgﬁg—l +1)

The contour of integration is twice the unit circle. The denominator has the roots
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1- z 1 *
N, = .cc-aa:: — tan? 4::, N = +Icma = cot? c:_ i12)
BT X 2 EiTL % 2
Mow, Eq. (11) can be written in the form
i [ eose I::;"-' + ¥ "mjl

-5",=

gnta [z — tan’ "‘:I (z cot? "‘:I

- copa (5% 4 2~ 1 o
T o) snfatan® 2 - et 2 | (2 - tangij (7 — cot® Z)

i 2, ,—n/2 1 _ 1
-—hjf(;"- +z )’(:_tﬂns%] (z—mtigj]d“' (13)

As commenl v known, it is

4le
_ _| b for p#FE -1
fﬂdx-[ﬂ rfdr-{ dix Tor P:-lz (14)

Thetetore, we can develop the tractions of the integrand (13) into convergent seties and go on
calculating enly with tetirs ot the torm g{a)/ s, becanse all othet tetms contribute zeto to the int=gral.

)

1 £x gy i
— = tan* (,ti.a.ﬁi :] } (16)
a i 2
The intzgrand (13 becomes

e ) [E () g B ).

=¥

(L7]

. R 1 -1 . , . L L
Expressions in - = 77 only resnlt it the exponent 35 is an integer. Consequently, the integral is zeto it

n is odd, that is, a, vanishes it n is odd. a,=0 tor odd n. Itn is even we get the costticient of 17 in the
integrand as the sum of two expressions, each trom one ot the two seties
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i1 ¥ 5 ¥ S i1 i¥
— —— (tan® = + tan” — tan "—)=——— M, 18)
h;(ﬂn 2+ P o+ bz Y (18]
The intzgration ot this term vields
. u.l -
=-" tan"© dz=—,_ tan" " dir =2tan" ° 10
B h'ﬂﬂﬂ 2 e = . o b " (1)
o ¥
= op = 2tan” o for even n>0. (20)

The coetticients b" can be obtained similatly. It n is odd, b“ disappeats. It n is even, ohe has to write
inst=ad ot Eq. (18]

1 1 ot L n
— — =1 ™
h(zm 2 :i.sm 2:] 0 (1)

Consequently, the Foutiet seties onlv consists of cosine tetims with an even coetticient in the argument

oy _ T L
%_1+E§tan 5 €08 2ig, (22)

=0 ' -
- ; O 5in 24T
y=ga+ ) lan™ 2 —— +corsl. (23)
=1
Ln Eq. (5], we have to set
- "l—ﬁ i 1—= 1—m
wme JIE L osa_1oema Ty T/t
Y1+ T Troma 1y fis 1- =
Lo

Cltetl—e=21=—& 1-yI-&

T4e—1+e €

F = — 4+ —, [24)

-

With RIE=D=0 we get
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oo 1 . .
R:E+EE(§+%) ﬂmﬁ;‘*ﬁr

a=I

£2 L

3
§ , 8i02E +  sin3E. (25)

n:c.E+(E+ 4)EILE+

The angle Eis so usetol becanse the area swept oot by the radivs vector from the sun to the earth in the
titn= span f can be calcolated =asily by nsing the attinity betwesn the citcle and the ellipse

F = clliptic sector SEP = !'{sm:tur ZAF — triangle 2 AS),
o

_bfR o ZFAHN b {E 5 asosink
F'E(an"'ﬁ“““ 2 ]'m{i‘“ 2 )

— E (gﬂﬂ - HFEE]I;'E) = %{_ﬂ — egin M) (20}

On the other hand, the law ot areas implies

t ] t Mah
b = —grab, or with M = 2 ooe gels F = . (27)
T T <@
The compatison with BEq. (26) vields
E=M+esink (28)

Equation (28] is called Keplet's equation. [t is not possible fo solve this squation tot E in clossd torm.
Thetetote, the position of the =atth — given by E - can only be approximated as a tunction ot time. The
“reversion theorem” ot Lagranges allows us to expand any tunction in £ into a series in ¢ and M. Its basis
is an equation in the torm

s=pt+zfi=). (20)
According to Lagrange, any tunction giz) can be expanded into a seties depending on v and v:

2 4

o(=) = gla) + =g W)+ o {77
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o AT + 20

In the case ot Keplet's equation (28], we set

z=#, y=M, = [(z]=sink, [ly)=sinM, gz ==z (31}

E tuths ont as

L _ e B ed BE
b_‘H+&Em‘H+Ea—M[ﬂn2M]+EW[EIﬂ M)+...
. g e :

=M+ esnM + 2:11121‘:!+ E[&mnﬂ-}r{—ﬂmﬂ!}+... (A2}

To be able to express B in Eq. (25) as a tunction of M, we also have to expand the sine tunctions of E,
2E and 3E as tar as needed

sinp=2=M =ﬁnM+§ﬁn2M+§[ﬂﬁnm—ainM}+--. (33)
An2k =andM +ean M Jens2M + ...
= ain 3 M + elain M —atn M) +__. (k)
in3E = snaM +... (35)

Replacing the tunctions in £ of Eq. (25) with these tormolas in M, we obtain

& e” e
Fa —lan B+ —an2E 4+ —ain 38
R o= +(e+¢]an +4aln +wsﬂ3

AT N i E 4 L dn B4 e sin 3
= +(2E:+E]ﬂﬂa+iﬂh ;-l—ﬁain:_-l;

5 1 13
ez M + Zegin M +Eeﬂmnm +¢ (—;amm+ﬁmw) +etl. (36
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Ln this seties, we have onlv taken into acoount tetms op to thitd powet of @, (This approxi mation is
already vety accutate, tot « is about 0.0167.) The angolar velocity ot the earth can now be obtained as
the titst detivative ot & with respect to time

.f;}_d_ﬂ_ﬁd_”_ﬁ_fﬂ
WHT I Tam @ T am

2n 1 1
mj—"[1+2emaaf+ge°mszu+eﬂ(—Emanf+13maam)]. (37)

This tunction is plotted in Fig. 3. [t is mainly determined by the fitst vatiable term of the series
{2e008 M) . The tactor 2 fT is the mean angular velecity. The deviations amount to about +3.5 % |
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Fig.}. The angular velocity ot the sarth as a function ot time. On average it is about
Dx /36525 per day or 360736625 ¢ /day = 02986 ° iday.

3. The inclined plane of the ecliptic

3.1. The earth in space

Since the equation ot time is to be emamined during a vear, the sarth can be supposed to always have the
same direction in space, i.e., we will not take into account precession and nutation.

We can desctibe the ditection ot the axis ot the earth with two angles. The titst is the angle between the
axis and the notm ot the orbit (£ ). The sscond is the angle P totmed by the major axis ot the orbit and
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the projection ot the axis ot the earth onto the plane of the orbit (see Fig. 41. At present, & measores
abount 2345 Pis about 12.25° (P is also the angle which is coverad by the sarth between the
beginning ot wintet (21st Decembet) and the attival ot the eatth at perihelion (2nd Janoaty). )

mesidian
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Fig.4. The angle F and the inclination ot the axis ot the earth at the winter solstice.

.. The projection of ecliptic angles onto the equatorial plane

The angles which the sun appeats to cover relative to the sarth are equal to those the sarth actuoall v
covets telative to the sun. Since the cotresponding angles patallel to the equatotial plane are needed tor
the measurement of time, the scliptical angles have to be projected onto the equatotial plane. This resolts
in angle widening ot shottening. Fot an intinitesimall v small angle the projection tactor (the
detormation tactot) is detetmined by the angle parametets @ and £ in Fig. 3, which represents the

geocentric view. o is measuted trom the winter solstice.
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Fig.5. Geocentric view of the projection. In a shott time intetval, the sun has coversd the
angle @. w¥ is the orthogonal projection of &'
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Fig.6. The projection tactor as a tunction ot time. The maxima are at the solstices, the
minima at the equinomes.

We get the tollowing relations trom Fig. 3:
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tan i = cos £ tan gt tanly +w) = cosctan (Y 4+ &P (B8]

The projection tactor f tor 2 small angle can be calculated as a function of & and £

II:[::I} - liﬂ] 0O & LHE

w30

. arctan |22t | repan (L)
(" ) = lim i (30)

£ e

Using the series (22) detived in Sec. 2.1 [ £ = & ), we get an approximation which converges very
quickly

Flg) = f(R+P) = L+ 2tan® 2 cos2(1T + 1)

3

! I L]
+2tar' T cosd{ R+ P+ 2tan® y

5 eoa (R + Py + ... {20y

The projection tactor f is plotted as a function of time in Fig. 6. This graph resembles a cosine function
since it is mainly detetmined by the fitst vatiable term of the approximation. The amplitude ot the

wvatiation {Etani %} amonnts to F.% % and, thus, is greater than that of the angolar velocity (compars

with Fig. 3].
The extremes are situated at the beginning of the seasons. At the summer and winter solstice, the sun
teaches, respectively, its highest and lowest position. Here, an ecliptic angle is stretched maximally. At

the vernal and antumnal squinowx, the sun stands vettically above the equator. Here, ecliptic angles are
shottened maximally.

4. T'he calculation of the equation of time
4.1. Derivation of a more accurate approximation

Ln otdet to calculate the squation of time we nesd the projection of the trus anomaly AP as a tunction ot
time

Rl’:fdﬁl’ =ff{n+f}¢m =f[1+2£tan5"' f::cmﬂ-iiﬂ+f'} an (L)
a=1
1l oaE
=H+% ;tar-z 5 S Zi(H + F) + consl.- (42)

The constant tetm will be detetimined later. Let us replace B by M with Eq. (36)
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5 1 13
ﬂ=m+ﬂaainﬂ+1-s“smm + o (—EaiﬂM +Esin.':h'ﬂ]... (43)

Thus, fiF becoimes a tunction of M and hence ot time.

1 1
i = M+Eealh.'.f+ie’aih2.'.r+e’ (—4511‘. M+ lzmnam') + ...

£

2
+1?-H|'I2

ﬂﬂ{ﬂ{M+P}+ﬂ Degin M 4+ :giﬂnzm

1 13
B _
- ( 4ﬂnM+12aalﬂ3M')+.-.:|]

l I
+3 tan?! %ﬁn {-I.(H +r+a [Ee sin M + Ee“ainEM

H*(_% in M + %ainl'ld!') +]}

1 g h
+§tana = &in {uw + 1 +0 [:.i‘& Bin il + Ea”smm

1 13
Hﬂ(—isinjd'+ﬁsinﬂm]+...]}+...+1:::;ﬂsl.. (44)

The expansion of the sine tunctions vields

KP s M + tan” f—i_(l — 4" 8in2(M + F) + 2esin M

—2etan® 2 sin(3f + 2%} + Zetan’ S sin(38 + 21
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1 e | >
3 l.a.n‘;smi-[.'l-:! +f}+ge?mn:m —:!emn‘;sm{ﬂm + 48

1
T3

26 tant %ainiﬁih" +4P) + %fﬂ ban? % dAn(d M 4 2P)

ﬂ'gsinﬁl[M+P}+tumt- (45)

The equation ot time is detined by

cguation of time

= “truc couatorial mm angle®

— “mean egualarial sun angle” {geocenlric view)
= =(true projected ancrmaly — mean ancmaly) (46
(heliocentric view)

M — HP.

L=t us now determine the constant of integration. A commaonly nsed detinition implies that the ™ me=an
sun” attives at the vernal equinox at the same time as 2 “dynamic sun” that tuns in the ecliptic ata
constant speed and leaves the perihelion at the same time as the real sun (see [2]). Becanse ot this
definition the angles of the two regulatly running suns to the vernal equinox are al wa yvs equal.
Consequently, the angle P between the perihelion and the direction earth-wintetr solstice in Fig. 7 is
equal to the angle of the " dynamic sun™ on the squatot to the projected winter solstice direction. The
constant ot integration can now be detetmined it we examine the passage thtough the perihelion (ses

Fig. 71:

p Sqaine
vernal equines
ekl
Fié 24 AuT R M
] end woliptical nozan

sunin (e perfhe.ion

Fig.7. The determination ot the constant ot integration K¥ — M = PP — P.
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P
M—R=P_p» =P—f: Fiig)de

'y hind . — 1 y
=P_ 142 - =_% _tam?_ P Ch
/ (+ 3 un ﬂmmﬁ)a@ IERRIE )

It we set =0 in Bq. (+4) we will tind that the constant of int=gration vanishes. Mow we can calcolate the
coctticients in Eq. (45) with £ = 23.45" and «=0.0167. Finally we g=t

cquation of time = M — Y e —501.Tem M + P) — 450.68sin
+19.585in{ M + 2F) = 19.8sin(IM + 2F) = 128eind( M + )
=4 Bain2W + (Ssinf 3M + 48] = 0.9sin(30d + 4H)

—05sin(dM + 20) — O dsinG(M + ) [s]. (48]

At present, the angle P measores abont 12257

wamiisc pl By [rin|

NI

~n

+1

T ]

-1%

Fig.8. The equation of time with its two main tetims. The dittetence betwesn the maximum
in October (& 16 min) and the minimoom in Febroaty (& = 14 min) is about halt an hout.
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Figure 8 shows the equation ot time tor a whole period ot one year. In winter, the valoe of the equation
ot time decreases mostly becanse the angolar velocity of the satth and the projection tactor reach their
maximum. The opposite holds true between the passage throngh the aphelion and the beginning of
autumn. Atterwards, the equation ot time itselt reaches an extreme valoe. In the time span between those
extrema, especiall y in sumumer, the lower anguolar velocity and the greater projection tactor compensate
each other.

Figure 9 (taken trom [2]) shows the observed phenocmenon ot the equation of time. In intervals ot ten
davs, a picture of the skv was taken at 8. 14 (mean solar time). It the sun moved at a constant spesd
through the skv, all pictutes ot the sun would lay on a straight line that would be perpendiculat to the
daily path ot the sun. In winter and in summet, the sun has not reached as tar as one would expect (it is
below the “average line™ (2]). Theretore, the value of the equation ot time is negative (s=e Fig. §). On
the other hand, the sun advances taster trom April to June and at the end ot the vear (it is above the
“average line”) and the value ot the equation of time is positive. These variations prodoce the torm of a
stretched and inclined “eight” in the pictote.

4.1. The equation of time as a fonction of its parameters
The squation ot time is detetmined by the tollowing patametets:

s the eccentricity ot the orbit ot the earth

s the angle betwesn the ecliptic and the equatotial planes

= the angle F between the winter solstice and the perihelion relative to the sun

ot: the time span At tiom the beginning ot wintet to the passage through the perihelion

The last two patametets change gradually by nutation and precession. 1t is theretote intetesting to
examine the intluence ot each parameter. Figures 10-12 show how the equation of time changes when

one patameter is varied.

1. parametet: the ecoentricity. It e=0 a reguolar variation resuolts that is cansed by the inclination ot the
ecliptic plane. The deviations ot the apparent solar time trom the mean solar time increase with growing
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& in winter and automn. Thuos, the yearly variation becomes dominant. Since at the perihelion and
aphelion the equation ot time is only a function ot the ecliptic inclination and the angle F, all plots have
the same value at these two points.

2. parameter: the inclination of the ecliptic. £ = 0 vields a plot which is symmetric to the passage
through the aphelion. The greater £ the mote dominant the variation with a period ot halt a year. All
plots have oot comimon points at the beginning of =ach s=ason, tor the squation ot time depends only on
the two other parametets thers (eccentricity and F). As the projection from the ecliptic plane onto the
equatotial plane does not change the polar angle relative to the winter solstice, £ does not intfluence the
value of the equation ot time at the beginning ot a season.

apaion ul we
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Fig.10. 1. patametet: the eccentricity. +++e=0000, noo g= 0.005,
MO e =00L0 «sa ¢ =00L5 xxx 0020
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